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Planar Piecewise Linear System (PWL) with Two Zones

where

POINCARÉ SECTION (Separation line) 
<latexit sha1_base64="XrL624ZS/cWxTRYEiG/s4Asnxno="></latexit>

⌃ =
�
(x1, x2) 2 R2 : x1 = 0

 

The main objetive:  
Prove the uniqueness of non-trivial isolated invariant 
closed curves and determine their stability as a simple 

function of the parameters of the system (with no 
sliding regions)

<latexit sha1_base64="vSoDaw6i5bKX+8TfPI3j9BGOwXw="></latexit>

ẋ =
⇢

ALx + bL, if x1 < 0,
ARx + bR, if x1 > 0,

<latexit sha1_base64="ecroqpZ8lJhoGcDE9hjMFOPqoaI="></latexit>
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x1
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◆ <latexit sha1_base64="U4Kr9+mGes8/jLDPT8LzdQ/Piu4="></latexit>

AL,R =
 

aL,R11 aL,R12

aL,R21 aL,R22

! <latexit sha1_base64="FqFmfICe1c12BMfIGKqE1JDcdFE="></latexit>
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0
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then the flow system does not cross twice the Poincaré section
<latexit sha1_base64="XrL624ZS/cWxTRYEiG/s4Asnxno="></latexit>

⌃ =
�
(x1, x2) 2 R2 : x1 = 0

 

,
<latexit sha1_base64="uhMmtShdswtGHp60/FLOYc51X6M="></latexit>

aL12aR12 ! 0• If

Since system is piecewise linear, this condition precludes the existence non-trivial 
isolated invariant closed curves.

Thus, we assume that
<latexit sha1_base64="6r7VGLlKf9Vr5MYyMEz1B2qqA1g="></latexit>

aL12aR12 > 0
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<latexit sha1_base64="jkZLTxD/l6sLpwFRF5npN6F1pd8="></latexit>(
ẋ = TLx – y
ẏ = DLx – aL

for x < 0,
(

ẋ = TRx – y + b
ẏ = DRx – aR

for x > 0,

<latexit sha1_base64="mOedXQ3GmOAJpY6zQ6GSsBi1cxQ="></latexit>

aL,R = aL,R
12 b

L,R
2 – aL,R

22 b
L,R
1

<latexit sha1_base64="0wBGcR8C1ccaqApnlVlgs7KNajY="></latexit>

TL,R = tr
�
AL,R� <latexit sha1_base64="HgJghjmRFHBlB+RHDnyz0o62t6s="></latexit>

DL,R = det
�
AL,R�

<latexit sha1_base64="8pUsbgSPfur3gQN5t+muPxnApqs="></latexit>

b =
aL12
aR12

bR1 – b
L
1

Liénard Canonical Form
<latexit sha1_base64="6r7VGLlKf9Vr5MYyMEz1B2qqA1g="></latexit>

aL12aR12 > 0• If ,

E. Freire et al. Canonical discontinuous planar piecewise linear systems. SIAM J. Appl. Dyn. Syst., 2012.

then there exists a homeomorphism preserving 
<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃ such that the

system can be transformed into the Liénard canonical form



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

The system has no sliding regions if and only if
<latexit sha1_base64="tbYxMdqD6M5slQ03qac1fNjXbyU="></latexit>

b = 0
<latexit sha1_base64="q+h3hAfwJNuj9QFQU0BdDBiE6BQ="></latexit>{

ẋ = TLx – y
ẏ = DLx – aL

for x < 0,
{

ẋ = TRx – y
ẏ = DRx – aR

for x > 0. <latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃
The origin is the unique point in    where the flow is tangent. 

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

Liénard Canonical Form
<latexit sha1_base64="jkZLTxD/l6sLpwFRF5npN6F1pd8="></latexit>(
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Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:

• Limit cycles: (crossing) isolated periodic orbits. 

• Homoclinic connections. 

• Two heteroclinic connections consisting a heteroclinic cycle. 

• A fold-fold connection. 

<latexit sha1_base64="q+h3hAfwJNuj9QFQU0BdDBiE6BQ="></latexit>{
ẋ = TLx – y
ẏ = DLx – aL

for x < 0,
{

ẋ = TRx – y
ẏ = DRx – aR

for x > 0. <latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:
• Limit cycles: (crossing) isolated periodic orbits.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

The origin is the unique point in    where the flow is tangent. 
<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:
• Homoclinic connections.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

- Homoclinic connection associated to an equilibrium point outside   .
<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point Saddle point

Saddle homoclinic.



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:
• Homoclinic connections.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

- Homoclinic connection associated to an equilibrium point in   .
<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

Asymptotically stable node Unstable Node

The system has a continuum 
of homoclinic orbits. These 
invariant closed curves are 
not isolated.

Node homoclinic



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:
•Two heteroclinic connections consisting a heteroclinic cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point Saddle point



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:
• A fold-fold connection. 

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Asymptotically  
stable focus

Unstable  
focus

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

Unstable  
focus

Asymptotically  
stable focus



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:

• Limit cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point

• Saddle homoclinic.

• Heteroclinic cycle.

Saddle point
<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point

• A fold-fold connection. 

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Asymptotically  
stable focus

Unstable  
focus

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

<latexit sha1_base64="q+h3hAfwJNuj9QFQU0BdDBiE6BQ="></latexit>{
ẋ = TLx – y
ẏ = DLx – aL

for x < 0,
{

ẋ = TRx – y
ẏ = DRx – aR

for x > 0.

• When the system is continuous (          ), the maximum number of crossing 
limit cycles is 1. 
E. Freire, E. Ponce, F. Rodrigo, and F. Torres. Bifurcation sets of continuous piecewise linear systems with two 
zones. Internat. J. Bifur. Chaos, 1998. (Case-by-case study). 

V. C., F. Fernández-Sánchez and Douglas D. Novaes. A new simple proof for Lum-Chua’s conjecture, Nonlinear Anal-
Hybrid, 2021. (No case-by-case study).

<latexit sha1_base64="9GvckdLvzHSkXqUiY87By/zgwIA="></latexit>aL = aR
We know:

• In the general case, the maximum number of crossing limit cycles is also 1. 
V. C., F. Fernández-Sánchez and Douglas D. Novaes. Uniqueness and stability of limit cycles in planar piecewise linear 
differential systems without sliding region, Commun. Nonlinear Sci. Numer. Simul., 2023. (No case-by-case study). 

Limit cycles



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

<latexit sha1_base64="q+h3hAfwJNuj9QFQU0BdDBiE6BQ="></latexit>{
ẋ = TLx – y
ẏ = DLx – aL

for x < 0,
{

ẋ = TRx – y
ẏ = DRx – aR

for x > 0.

We know:
• In the general case, the maximum number of crossing limit cycles is also 1. 
V. C., F. Fernández-Sánchez and Douglas D. Novaes. Uniqueness and stability of limit cycles in planar piecewise linear 
differential systems without sliding region, Commun. Nonlinear Sci. Numer. Simul., 2023. (No case-by-case study). 

Limit cycles

Here, the value is essential 
<latexit sha1_base64="SHGBGjioAGfb9OkjyGp1qqDyGfk="></latexit>

ξ0 = aRTL – aLTR
Theorem: Suppose that the system has a limit cycle. Then, it is unique, hyperbolic 
and        

<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0. Moreover,

If 
<latexit sha1_base64="TBAw68h1Rd3o2aQy++UZoZhmHK0="></latexit>

ξ0 < 0 , then the limit cycle is asymptotically stable. 

If 
<latexit sha1_base64="PLioDamY53jQ18yr915brwGaz8o="></latexit>

ξ0 > 0 , then the limit cycle is unstable. 



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

<latexit sha1_base64="q+h3hAfwJNuj9QFQU0BdDBiE6BQ="></latexit>{
ẋ = TLx – y
ẏ = DLx – aL

for x < 0,
{

ẋ = TRx – y
ẏ = DRx – aR

for x > 0.

• (Manageable) Expression of the Poincaré half-maps 
and their firsts derivatives. 

• (Manageable) Expressions of the displacement function 
   and its first derivative.

The most important and useful tools



Poincaré Half-Maps: an integral characterization

<latexit sha1_base64="Qq0mEG74BVPQq363qpvoFLp9wZE="></latexit>

y
1
= y

L
(y

0
)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="lqRrxy/rmUFgNXwtAsVQQv02wko="></latexit>y
0

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)
<latexit sha1_base64="ELDXEuGnYy9ynYLEr1TVg7+OWoY="></latexit>

V(x, y) = D2x2 – DTxy + Dy2 + a(T2 – 2D)x – aTy + a2

The function

is orthogonal to the flow of the linear system

is an inverse integrating factor (IIF) for the linear system. 

Giacomini, J. Llibre, H M. Viano. Nonlinearity 9 (1996). L.R. Berrone, H. Giacomini. Qual. Theory Dyn. Syst. 1 (2000). 

I.A. García, D.S. Shafer. JDE 217 (2005).I.A. García, M. Grau. Qual. Theory Dyn. Syst. 9 (2010). 

This means that the vector field
<latexit sha1_base64="ea7JaxalwdWEpcJma61W2QXf6RA="></latexit>

G(x, y) =
)
– Dx – a
V(x, y)

,
Tx – y
V(x, y)

)
<latexit sha1_base64="YCl/fWNeM0MJNVCCBv7zKC+TAL0="></latexit>

V != 0

and conservative in each connected component of        . 
<latexit sha1_base64="YCl/fWNeM0MJNVCCBv7zKC+TAL0="></latexit>

V != 0

<latexit sha1_base64="h+e/VsuUoaugfxliRISTLB2ne+w="></latexit>{
ẋ = Tx – y
ẏ = Dx – aWe consider the linear system



Poincaré Half-Maps: an integral characterization
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⌃

<latexit sha1_base64="Qq0mEG74BVPQq363qpvoFLp9wZE="></latexit>
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1
= y

L
(y

0
)

<latexit sha1_base64="lqRrxy/rmUFgNXwtAsVQQv02wko="></latexit>y
0

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="h+e/VsuUoaugfxliRISTLB2ne+w="></latexit>{
ẋ = Tx – y
ẏ = Dx – a

<latexit sha1_base64="ELDXEuGnYy9ynYLEr1TVg7+OWoY="></latexit>

V(x, y) = D2x2 – DTxy + Dy2 + a(T2 – 2D)x – aTy + a2

<latexit sha1_base64="ea7JaxalwdWEpcJma61W2QXf6RA="></latexit>

G(x, y) =
)
– Dx – a
V(x, y)

,
Tx – y
V(x, y)

)

<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2

Suppose that the equilibria are not located in int(  U  )
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2
<latexit sha1_base64="wqZg5gOsnAZQH5uhpRtOD6NeDAY="></latexit>∫
G(x, y) ·dr = 0

  U  
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2

(conservative)

(orthogonal)
<latexit sha1_base64="DPi9IUvbpymLdGrsNs20g8INPm0="></latexit>∫
G(x, y) ·dr =

∫
G(x, y) ·dr +

∫
G(x, y) ·dr =

∫
G(x, y) ·dr

  U  
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2
<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2

<latexit sha1_base64="GaMJVkl8olG4EBHcaDJdJGNrr2U="></latexit>

V–1({0}) contains the equilibria and the linear 
invariant manifolds of the linear system



Poincaré Half-Maps: an integral characterization
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<latexit sha1_base64="h+e/VsuUoaugfxliRISTLB2ne+w="></latexit>{
ẋ = Tx – y
ẏ = Dx – a

<latexit sha1_base64="ELDXEuGnYy9ynYLEr1TVg7+OWoY="></latexit>

V(x, y) = D2x2 – DTxy + Dy2 + a(T2 – 2D)x – aTy + a2

<latexit sha1_base64="ea7JaxalwdWEpcJma61W2QXf6RA="></latexit>

G(x, y) =
)
– Dx – a
V(x, y)

,
Tx – y
V(x, y)

)

<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2 Suppose that the equilibrium in not located in int(  U  )<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1
<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2

<latexit sha1_base64="wqZg5gOsnAZQH5uhpRtOD6NeDAY="></latexit>∫
G(x, y) ·dr = 0

  U  
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2
<latexit sha1_base64="DPi9IUvbpymLdGrsNs20g8INPm0="></latexit>∫
G(x, y) ·dr =

∫
G(x, y) ·dr +

∫
G(x, y) ·dr =

∫
G(x, y) ·dr

  U  
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2
<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2

<latexit sha1_base64="HDOzHwrmGaxnwd35GDOIV28wAFg="></latexit>

0 =
∫
G(x, y) ·dr =

∫ y
0

y
L
(y

0
)

–y
V(0, y)

dy
<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2



Poincaré Half-Maps: an integral characterization
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<latexit sha1_base64="h+e/VsuUoaugfxliRISTLB2ne+w="></latexit>{
ẋ = Tx – y
ẏ = Dx – a

<latexit sha1_base64="ELDXEuGnYy9ynYLEr1TVg7+OWoY="></latexit>

V(x, y) = D2x2 – DTxy + Dy2 + a(T2 – 2D)x – aTy + a2

<latexit sha1_base64="ea7JaxalwdWEpcJma61W2QXf6RA="></latexit>

G(x, y) =
)
– Dx – a
V(x, y)

,
Tx – y
V(x, y)

)
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G(x, y) ·dr =

∫
G(x, y) ·dr +

∫
G(x, y) ·dr =

∫
G(x, y) ·dr

  U  
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2
<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2

Suppose that the equilibrium is located in int(  U  )
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2

  U  
<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2
<latexit sha1_base64="zxkG1EXdwACHEfzDiQlLXOtXy4Y="></latexit>γ3

<latexit sha1_base64="JGZ2c7QKYUU22B175CEgOwGMn1M="></latexit>∫
G(x, y) ·dr =

∫
G(x, y) ·dr (conservative)

<latexit sha1_base64="z4O7KpDYOCEfg7/V/qUeautGGWw="></latexit>∫
G(x, y)dr = 2π

(
DR

√
4DR – T2

R

)–1

<latexit sha1_base64="zxkG1EXdwACHEfzDiQlLXOtXy4Y="></latexit>γ3
(a direct computation)

<latexit sha1_base64="zxkG1EXdwACHEfzDiQlLXOtXy4Y="></latexit>γ3

<latexit sha1_base64="jGkhw3Fh7Yo6ptla/kdVZkZP9qA="></latexit>∫ y
0

y
L
(y

0
)

–y
V(0, y)

dy = 2π
(
DR

√
4DR – T2

R

)–1



Poincaré Half-Maps: an integral characterization

<latexit sha1_base64="Qq0mEG74BVPQq363qpvoFLp9wZE="></latexit>

y
1
= y

L
(y

0
)

<latexit sha1_base64="lqRrxy/rmUFgNXwtAsVQQv02wko="></latexit>y
0

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="h+e/VsuUoaugfxliRISTLB2ne+w="></latexit>{
ẋ = Tx – y
ẏ = Dx – a

<latexit sha1_base64="ELDXEuGnYy9ynYLEr1TVg7+OWoY="></latexit>

V(x, y) = D2x2 – DTxy + Dy2 + a(T2 – 2D)x – aTy + a2

<latexit sha1_base64="ea7JaxalwdWEpcJma61W2QXf6RA="></latexit>

G(x, y) =
)
– Dx – a
V(x, y)

,
Tx – y
V(x, y)

)

<latexit sha1_base64="/ECWGwmzDy8GbFTgHfNBSSzBhtA="></latexit>γ1

<latexit sha1_base64="vgPsd196/OdUDOJ6JKl82152aJw="></latexit>γ2

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="zxkG1EXdwACHEfzDiQlLXOtXy4Y="></latexit>γ3
<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃Suppose that the equilibrium point (0,0) is located on

<latexit sha1_base64="FbMkQuO3ED4JGJ5x0RQ6n/xOaCM="></latexit>

PV
{∫ y

0

y
L
(y

0
)

–y
V(0, y)

dy
}
= π

(
DR

√
4DR – T2

R

)–1

PV system stands for the Cauchy Principal Value at the origin.



The forward Poincaré half-map  

- V. C., F. Fernández-Sánchez. Integral characterization for Poincaré half-maps in planar linear systems, J. Differ. Equ., 2021.

PV system stands for the Cauchy Principal Value at the origin.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

Poincaré Half-Maps: an integral characterization

<latexit sha1_base64="Qq0mEG74BVPQq363qpvoFLp9wZE="></latexit>

y
1
= y

L
(y

0
)

<latexit sha1_base64="lqRrxy/rmUFgNXwtAsVQQv02wko="></latexit>y
0

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="Qq0mEG74BVPQq363qpvoFLp9wZE="></latexit>

y
1
= y

L
(y

0
)

<latexit sha1_base64="YhtnxO6Fjsr2t5hJKFtuR5UPqO8="></latexit>

y
L
: IL ⇢ [0, +1) �! (–1, 0]

<latexit sha1_base64="166OBHKJfZC6IVPWyTfsJjiRJTo="></latexit>

PV
(Z y

0

y
L
(y

0
)

–y
WL(y)

dy
)
= cLTL, for y

0
2 IL,

<latexit sha1_base64="JmXIGi8aPqxPepwqMG8WwuF6gh4="></latexit>

(i) cL = 0 if aL > 0
<latexit sha1_base64="UTi/n69b4IVsrzxetD6+rM8EIJA="></latexit>

(ii) cL = ⇡

✓
DL

q
4DL – T2

L

◆–1
2 R if aL = 0

<latexit sha1_base64="V1lcE5VHoXfTHR+W2oqDakK5hVI="></latexit>

(iii) cL = 2⇡
✓
DL

q
4DL – T2

L

◆–1
2 R if aL < 0

<latexit sha1_base64="LDDmMXCe8H/s4kwyDpvcPiW2cS4="></latexit>

WL(y) = DLy2 – aLTLy + a2L � 0



The backward Poincaré half-map  

- V. C., F. Fernández-Sánchez. Integral characterization for Poincaré half-maps in planar linear systems, J. Differ. Equ., 2021.

PV system stands for the Cauchy Principal Value at the origin.

Poincaré Half-Maps: an integral characterization

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="lqRrxy/rmUFgNXwtAsVQQv02wko="></latexit>y
0

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="MpZaaZK8Sg+CuCcjAe8oRCc6DlM="></latexit>

y
1
= y

R
(y

0
)

<latexit sha1_base64="eexpk+BtPnrh7FYrIa0FxyaC724="></latexit>

y
R
: IR ⇢ [0, +1) �! (–1, 0]

<latexit sha1_base64="/lR3LqOv7kn1heF5LRaI1f4wPi0="></latexit>

WR(y) = DRy2 – aRTRy + a2R � 0

<latexit sha1_base64="2ubLnzolOk5qkarBONo1YJs3PFk="></latexit>

PV
(Z y

0

y
R
(y

0
)

–y
WR(y)

dy
)
= –cRTR, for y

0
2 IR,

<latexit sha1_base64="zxfz9ZF3gO6koQlc0l+2p+qVmtQ="></latexit>

(i) cR = 0 if aR < 0
<latexit sha1_base64="yXbaOYBHzQgEx0ZxJj/iN3WL9mc="></latexit>

(ii) cR = ⇡

✓
DR

q
4DR – T2

R

◆–1
2 R if aR = 0

<latexit sha1_base64="h0fbgnxNTpyB0PN20LzjHhkDMjw="></latexit>

(iii) cR = 2⇡
✓
DR

q
4DR – T2

R

◆–1
2 R if aR > 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:

• Limit cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point

• Saddle homoclinic.

• Heteroclinic cycle.

Saddle point
<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point

• A fold-fold connection. 

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Asymptotically  
stable focus

Unstable  
focus

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:
•Two heteroclinic connections consisting a heteroclinic cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)
Saddle point Saddle point

<latexit sha1_base64="q8feoGTRlo7v+xqGSwMnB1HbBfs="></latexit>

λ

<latexit sha1_base64="ao03CXa90yiCta3pTYJW+l+cXJM="></latexit>µ
<latexit sha1_base64="/lR3LqOv7kn1heF5LRaI1f4wPi0="></latexit>

WR(y) = DRy2 – aRTRy + a2R � 0

<latexit sha1_base64="XXc2QDcVGStMZaLUL/BghynU3Pw="></latexit>∫ y
0

y
R
(y

0
)

–y
WR(y)

dy = 0

<latexit sha1_base64="6525TN4jvcqnkpQTU+OdGRNays4="></latexit>

y
R
(y

0
)

<latexit sha1_base64="LDDmMXCe8H/s4kwyDpvcPiW2cS4="></latexit>

WL(y) = DLy2 – aLTLy + a2L � 0

<latexit sha1_base64="UYlZeuERP3VYPBWeedA7l37T5Vo="></latexit>∫ y
0

y
L
(y

0
)

–y
WL(y)

dy = 0
<latexit sha1_base64="lqRrxy/rmUFgNXwtAsVQQv02wko="></latexit>y
0

<latexit sha1_base64="iz8Hrw45OIKzGG6PAkLFWewyLIY="></latexit>

y
L
(y

0
)

<latexit sha1_base64="LS80kphzW1czkS1LaAacq31wgdY="></latexit>

WL(µ) = WL(λ) = 0
<latexit sha1_base64="Ewo8rv3QU+R7ehXD5Y5884pfLjc="></latexit>

WR(µ) = WR(λ) = 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:
•Two heteroclinic connections consisting a heteroclinic cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="LDDmMXCe8H/s4kwyDpvcPiW2cS4="></latexit>

WL(y) = DLy2 – aLTLy + a2L � 0
<latexit sha1_base64="/lR3LqOv7kn1heF5LRaI1f4wPi0="></latexit>

WR(y) = DRy2 – aRTRy + a2R � 0
<latexit sha1_base64="lqRrxy/rmUFgNXwtAsVQQv02wko="></latexit>y
0

<latexit sha1_base64="q8feoGTRlo7v+xqGSwMnB1HbBfs="></latexit>

λ

<latexit sha1_base64="ao03CXa90yiCta3pTYJW+l+cXJM="></latexit>µ

<latexit sha1_base64="UYlZeuERP3VYPBWeedA7l37T5Vo="></latexit>∫ y
0

y
L
(y

0
)

–y
WL(y)

dy = 0

<latexit sha1_base64="XXc2QDcVGStMZaLUL/BghynU3Pw="></latexit>∫ y
0

y
R
(y

0
)

–y
WR(y)

dy = 0

<latexit sha1_base64="6525TN4jvcqnkpQTU+OdGRNays4="></latexit>

y
R
(y

0
)

<latexit sha1_base64="iz8Hrw45OIKzGG6PAkLFWewyLIY="></latexit>

y
L
(y

0
)

<latexit sha1_base64="DfxBI/sKOsChPizCp22vyVAaSrs="></latexit>

{WL(y),WR(y)} is linearly dependent 
<latexit sha1_base64="/Jn5ymSDzjp8RXO/RmgFEtKSiUo="></latexit>

y
L
(y

0
) = y

R
(y

0
) ∀y

0
∈ (µ,λ)

<latexit sha1_base64="/lR3LqOv7kn1heF5LRaI1f4wPi0="></latexit>

WR(y) = DRy2 – aRTRy + a2R � 0
<latexit sha1_base64="LDDmMXCe8H/s4kwyDpvcPiW2cS4="></latexit>

WL(y) = DLy2 – aLTLy + a2L � 0
<latexit sha1_base64="LS80kphzW1czkS1LaAacq31wgdY="></latexit>

WL(µ) = WL(λ) = 0
<latexit sha1_base64="Ewo8rv3QU+R7ehXD5Y5884pfLjc="></latexit>

WR(µ) = WR(λ) = 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:
•Two heteroclinic connections consisting a heteroclinic cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="q8feoGTRlo7v+xqGSwMnB1HbBfs="></latexit>

λ

<latexit sha1_base64="ao03CXa90yiCta3pTYJW+l+cXJM="></latexit>µ

<latexit sha1_base64="/Jn5ymSDzjp8RXO/RmgFEtKSiUo="></latexit>

y
L
(y

0
) = y

R
(y

0
) ∀y

0
∈ (µ,λ)

The system has a continuum of crossing periodic orbits (that is, a crossing period 
annulus)  and the heteroclinic cycle is not an isolated invariant closed curve. 



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:

• Limit cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point

• Saddle homoclinic.

• Heteroclinic cycle.

Saddle point
<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃
Saddle point

• A fold-fold connection. 

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Asymptotically  
stable focus

Unstable  
focus

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃Non-isolated



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:

• Limit cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point

• Saddle homoclinic.

• A fold-fold connection. 

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Asymptotically  
stable focus

Unstable  
focus

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

A important detail

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="LDDmMXCe8H/s4kwyDpvcPiW2cS4="></latexit>

WL(y) = DLy2 – aLTLy + a2L � 0
<latexit sha1_base64="/lR3LqOv7kn1heF5LRaI1f4wPi0="></latexit>

WR(y) = DRy2 – aRTRy + a2R � 0
<latexit sha1_base64="q8feoGTRlo7v+xqGSwMnB1HbBfs="></latexit>

λ

<latexit sha1_base64="ao03CXa90yiCta3pTYJW+l+cXJM="></latexit>µ

<latexit sha1_base64="UYlZeuERP3VYPBWeedA7l37T5Vo="></latexit>∫ y
0

y
L
(y

0
)

–y
WL(y)

dy = 0

<latexit sha1_base64="XXc2QDcVGStMZaLUL/BghynU3Pw="></latexit>∫ y
0

y
R
(y

0
)

–y
WR(y)

dy = 0

<latexit sha1_base64="LS80kphzW1czkS1LaAacq31wgdY="></latexit>

WL(µ) = WL(λ) = 0
<latexit sha1_base64="Ewo8rv3QU+R7ehXD5Y5884pfLjc="></latexit>

WR(µ) = WR(λ) = 0

<latexit sha1_base64="DfxBI/sKOsChPizCp22vyVAaSrs="></latexit>

{WL(y),WR(y)} is linearly dependent 

The system has a crossing period annulus.

<latexit sha1_base64="pAhDb/Nt2eJwK2yqBW36mbW6sMM="></latexit>

⇔ ξ0 = ξ∞ = 0
<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR
<latexit sha1_base64="FCTcsy9TGQPSz2BXmn9wHbGe+2s="></latexit>

ξ∞ = T2
LDR – T

2
RDL



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

A important detail
Existence of both Poincaré half-maps 

<latexit sha1_base64="cvYx/ypz3wNQv1NeqW6Dql2IzKw="></latexit>{
aL ≤ 0 and 4DL – T2

L > 0, or aL > 0;
aR ≥ 0 and 4DR – T2

R > 0, or aR < 0.
<latexit sha1_base64="enpB3HUdu6wn6M84nMsSlNwGgwE="></latexit>⇔

Existence a crossing invariant closed curve 

<latexit sha1_base64="q+h3hAfwJNuj9QFQU0BdDBiE6BQ="></latexit>{
ẋ = TLx – y
ẏ = DLx – aL

for x < 0,
{

ẋ = TRx – y
ẏ = DRx – aR

for x > 0.

<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR

<latexit sha1_base64="pAhDb/Nt2eJwK2yqBW36mbW6sMM="></latexit>

⇔ ξ0 = ξ∞ = 0
<latexit sha1_base64="FCTcsy9TGQPSz2BXmn9wHbGe+2s="></latexit>

ξ∞ = T2
LDR – T

2
RDL

Under this hypotheses, the system has a crossing period annulus 
Theorem:

V. C., F. Fernández-Sánchez and Douglas D. Novaes. A succinct characterization of period annuli in planar piecewise 
linear differential systems with a straight line of nonsmoothness. Journal of Nonlinear Science, 2023. 

<latexit sha1_base64="pdDOn5i6q3qbalaF5wSpHCo7bDw="></latexit>⇒ <latexit sha1_base64="rZ7X5+H0/SM2m8I/zp6t76B2dJM="></latexit>

sgn(TR) = –sgn(TL)
Green Th.



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

A important detail

<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR

<latexit sha1_base64="pAhDb/Nt2eJwK2yqBW36mbW6sMM="></latexit>

⇔ ξ0 = ξ∞ = 0
<latexit sha1_base64="FCTcsy9TGQPSz2BXmn9wHbGe+2s="></latexit>

ξ∞ = T2
LDR – T

2
RDL

Existence of both Poincaré half-maps 

<latexit sha1_base64="cvYx/ypz3wNQv1NeqW6Dql2IzKw="></latexit>{
aL ≤ 0 and 4DL – T2

L > 0, or aL > 0;
aR ≥ 0 and 4DR – T2

R > 0, or aR < 0.
<latexit sha1_base64="enpB3HUdu6wn6M84nMsSlNwGgwE="></latexit>⇔

Existence a crossing invariant closed curve 
<latexit sha1_base64="pdDOn5i6q3qbalaF5wSpHCo7bDw="></latexit>⇒ <latexit sha1_base64="rZ7X5+H0/SM2m8I/zp6t76B2dJM="></latexit>

sgn(TR) = –sgn(TL)

Under this hypotheses, the system has a crossing period annulus 
Theorem:

Remainder:
Theorem: Suppose that the system has a limit cycle. Then, it is unique, hyperbolic 
and        <latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0. Moreover,

If 
<latexit sha1_base64="TBAw68h1Rd3o2aQy++UZoZhmHK0="></latexit>

ξ0 < 0 , then the limit cycle is asymptotically stable. 

If 
<latexit sha1_base64="PLioDamY53jQ18yr915brwGaz8o="></latexit>

ξ0 > 0 , then the limit cycle is unstable. 



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

The stability of the monodromic singularities
<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR
<latexit sha1_base64="FCTcsy9TGQPSz2BXmn9wHbGe+2s="></latexit>

ξ∞ = T2
LDR – T

2
RDL

Suppose that 
Theorem:

, then the singularity is asymptotically stable. 

<latexit sha1_base64="inTJ5U2fhY674EAs/3o2znr9TOY="></latexit>

a2L + a
2
R != 0

 and the system has a crossing period annulus. 

,
<latexit sha1_base64="9634K9KkKpOddonDnHDdtvTwBLY="></latexit>

TLTR < 0 and the system admits a unique monodromic
singularity. Denote

If 
<latexit sha1_base64="icHEJANWcbCylAvMDIV5luvDaew="></latexit>

ξ0 > 0 or ξ0 = 0 and TLc2 < 0

<latexit sha1_base64="AXSKykRDuq+0eQFWwtoCZ5LNXJo="></latexit>

c2 = a2LDR – a
2
RDL.

, then the singularity is unstable. If 
<latexit sha1_base64="A3YASxZTz0sWLyvcPtay0DlzoXs="></latexit>

ξ0 < 0 or ξ0 = 0 and TLc2 > 0
, thenIf 

<latexit sha1_base64="kkrvC9SyU3Pxu5QqXHgzlASsCF0="></latexit>

ξ0 = c2 = 0
<latexit sha1_base64="+YajQTK01rKmNkgqfUYS4tZo0tM="></latexit>

ξ0 = ξ∞ = 0
<latexit sha1_base64="JWDUqRUMcNhYN+XbFpZhF6VwpEk="></latexit>

y
L
(y

0
) = –y

0
–
2TLy20
3aL

–
4T2

Ly30
9a2L

+
2
(
9DLTL – 22T3

L

)
y4
0

135a3L
+O

(
y5
0

)Proof:

<latexit sha1_base64="FQEBOQgKRzwMxTDLhkYrbi8jmRg="></latexit>

y
R
(y

0
) = –y

0
–
2TRy20
3aR

–
4T2

Ry30
9a2R

+
2
(
9DRTR – 22T3

R

)
y4
0

135a3R
+O

(
y5
0

)

V. C., F. Fernández-Sánchez, Douglas D. Novaes and E. Garcia-Medina. Electron. J. Qual. Theory Differ. Equ. 



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

The stability of the infinity 
<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR
<latexit sha1_base64="FCTcsy9TGQPSz2BXmn9wHbGe+2s="></latexit>

ξ∞ = T2
LDR – T

2
RDL

Suppose that 
Theorem:

, then the infinity is attracting.  

,
<latexit sha1_base64="9634K9KkKpOddonDnHDdtvTwBLY="></latexit>

TLTR < 0 . Then, the next items hold.

If 

<latexit sha1_base64="CqFv6SsEPHfc0Jr5Wndq/QTPhQ4="></latexit>

4DL – T2
L > 0

<latexit sha1_base64="tIDy39lADMggunGUuQWyUsCVVPc="></latexit>

4DR – T2R > 0 and
<latexit sha1_base64="EFsVdcP8MIb8f13CK5jOKxU1BOc="></latexit>

TLξ∞ > 0
<latexit sha1_base64="MecEi0K1i7OY8+GtzmCBeUAtDNs="></latexit>

TLξ∞ < 0, then the infinity is repelling.  

V. C., F. Fernández-Sánchez and Douglas D. Novaes. Uniqueness and stability of limit cycles in planar piecewise linear 
differential systems without sliding region, Commun. Nonlinear Sci. Numer. Simul., 2023. (No case-by-case study). 

If 

Corollary: 
Under hypotheses of the above theorems, if 

<latexit sha1_base64="0MXrfdFUO1BeYdqF7QporZw3IYg="></latexit>

ξ0TLξ∞ > 0, then the system has a  
croosing limit cycle.



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:

• Limit cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point

• Saddle homoclinic.

• A fold-fold connection. 

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Asymptotically  
stable focus

Unstable  
focus

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR

The system has at most one isolated non-trivial invariant closed curve. In 
addition, if such an invariant closed curve exists, it is either a limit cycle, or 
a saddle homoclinic connection, or a fold-fold connection  and      . 
Moreover,

V. C., F. Fernández-Sánchez and Douglas D. Novaes. Uniqueness and stability of isolated  invariant closed curves in 
sewing planar piecewise linear  differential systems preprint.

Non-trivial isolated invariant closed curves:

Theorem (main): 

<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0

, then the invariant closed curve is attracting.  If 
, then the invariant closed curve is repelling.  If 

<latexit sha1_base64="mppPqtUjk8SYYsrBZs+XMrW28Lo="></latexit>

ξ0 < 0
<latexit sha1_base64="PnFLAhRbwYu1bTe+Fq0Y9Vv2fT0="></latexit>

ξ0 > 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point

• Saddle homoclinic.• A fold-fold connection. 

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Asymptotically  
stable focus

Unstable  
focus

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

It is direct to see that the saddle homoclinic and the fold-fold connection can 
not coexist.



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Non-trivial isolated invariant closed curves:

• Limit cycle.

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

Saddle point

• Saddle homoclinic.

Now, we will prove that the saddle homoclinic and the limit cycle can not coexist.



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

• Saddle homoclinic.

Admit that there exists a system with a saddle homoclinic and a limit cycle  

Claudio A. Buzzi, Tiago Carvalho and Rodrigo D. Euzébio. On Poincare-Bendixson Theorem and non-trivial minimal sets 
in planar nonsmooth vector field. Publicacions Matemátiques, 2018. 

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

With a suitable 
perturbation 

• Another limit 
cycle appears 
and this is 
IMPOSSIBLE 

• The limit cycle is 
unique, hyperbolic 
and unstable.

Suppose that the limit cycle is unstable (an similar reasoning can be done when the 
limit cycle is asymptotically stable)

<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

• The limit cycle is 
unique, hyperbolic 
and unstable.

• Fold-fold connection

Admit that there exists a system with a fold-fold connection and a limit cycle  
Suppose that the limit cycle is unstable (an similar reasoning can be done when the 
limit cycle is asymptotically stable)

With a suitable 
perturbation 

Claudio A. Buzzi, Tiago Carvalho and Rodrigo D. Euzébio. On Poincare-Bendixson Theorem and non-trivial minimal sets 
in planar nonsmooth vector field. Publicacions Matemátiques, 2018. 

• Another limit 
cycle appears 
and this is 
IMPOSSIBLE 

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR

The system has at most one isolated non-trivial invariant closed curve. In 
addition, if such an invariant closed curve exists, it is either a limit cycle, or 
a saddle homoclinic connection, or a fold-fold connection  and      . 
Moreover,

V. C., F. Fernández-Sánchez and Douglas D. Novaes. Uniqueness and stability of isolated  invariant closed curves in 
sewing planar piecewise linear  differential systems preprint.

Non-trivial isolated invariant closed curves:

Theorem (main): 

<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0

, then the invariant closed curve is attracting.  If 
, then the invariant closed curve is repelling.  If 

<latexit sha1_base64="mppPqtUjk8SYYsrBZs+XMrW28Lo="></latexit>

ξ0 < 0
<latexit sha1_base64="PnFLAhRbwYu1bTe+Fq0Y9Vv2fT0="></latexit>

ξ0 > 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Now, we will prove that the parameter that

<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR
<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0 when the system has a isolated
invariant closed curve.

V. C., F. Fernández-Sánchez and Douglas D. Novaes. Uniqueness and stability of limit cycles in planar piecewise linear 
differential systems without sliding region, Commun. Nonlinear Sci. Numer. Simul., 2023. (No case-by-case study). 

Theorem: Suppose that the system has a limit cycle. Then, it is unique, hyperbolic 
and        

<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0. Moreover,

If 
<latexit sha1_base64="TBAw68h1Rd3o2aQy++UZoZhmHK0="></latexit>

ξ0 < 0 , then the limit cycle is asymptotically stable. 

If 
<latexit sha1_base64="PLioDamY53jQ18yr915brwGaz8o="></latexit>

ξ0 > 0 , then the limit cycle is unstable. 

Remainder:

If the isolated invariant closed curve is a limit cycle, then         . 
<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Now, we will prove that the parameter that
<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0 when the system has a isolated
invariant closed curve.

Next, we will show that if the value , then the system has no a isolated saddle 
homoclinic. 

<latexit sha1_base64="mE1y5X1ohtxifWgYCrpqlXMVGPk="></latexit>

ξ0 = 0

Existence a crossing invariant closed curve 
<latexit sha1_base64="pdDOn5i6q3qbalaF5wSpHCo7bDw="></latexit>⇒ <latexit sha1_base64="rZ7X5+H0/SM2m8I/zp6t76B2dJM="></latexit>

sgn(TR) = –sgn(TL)
Green Th.

<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR

<latexit sha1_base64="ay/8ttkowcP6Jr/hlBAGfDHavts="></latexit>

TL = TR = 0⇒ ξ0 = ξ∞ = 0⇒
<latexit sha1_base64="FCTcsy9TGQPSz2BXmn9wHbGe+2s="></latexit>

ξ∞ = T2
LDR – T

2
RDL

Existence a crossing period annulusIf

Existence of a isolated invariant closed curve 
<latexit sha1_base64="pdDOn5i6q3qbalaF5wSpHCo7bDw="></latexit>⇒ <latexit sha1_base64="idehAA4YGui0gCtshibqoZg4A6k="></latexit>

TLTR < 0
<latexit sha1_base64="KwkKKzOVNsJILs9kTmz84xbiFdE="></latexit>

ξ0 = aRTL – aLTR = 0⇒ aL = aR
TL
TR

<latexit sha1_base64="pdDOn5i6q3qbalaF5wSpHCo7bDw="></latexit>⇒ <latexit sha1_base64="nc7rhJvHiGJsaeMf6ShN2t/cUE8="></latexit>

sgn(aL) = –sgn(aR)



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Now, we will prove that the parameter that
<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0 when the system has a isolated
invariant closed curve.

Next, we will show that if the parameter , then the system has no a isolated 
saddle homoclinic. 

<latexit sha1_base64="mE1y5X1ohtxifWgYCrpqlXMVGPk="></latexit>

ξ0 = 0
<latexit sha1_base64="idehAA4YGui0gCtshibqoZg4A6k="></latexit>

TLTR < 0

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="MK+T1lBijKf9c6Ajw36Uso+sOck="></latexit>

λL

<latexit sha1_base64="YYvnXYXKgwLKuq1V6bGeO0i6eKw="></latexit>

λ̂L

Saddle point in 
the left zone

<latexit sha1_base64="vDKqCBumXnHWBEXvyFgzdc0h79I="></latexit>

aL > 0,DL < 0

<latexit sha1_base64="nc7rhJvHiGJsaeMf6ShN2t/cUE8="></latexit>

sgn(aL) = –sgn(aR)

<latexit sha1_base64="2Oni8iF0wpPBtTiymQ7oCJ/lpB8="></latexit>aR < 0

<latexit sha1_base64="KwkKKzOVNsJILs9kTmz84xbiFdE="></latexit>

ξ0 = aRTL – aLTR = 0⇒ aL = aR
TL
TR

<latexit sha1_base64="pdDOn5i6q3qbalaF5wSpHCo7bDw="></latexit>⇒ <latexit sha1_base64="nc7rhJvHiGJsaeMf6ShN2t/cUE8="></latexit>

sgn(aL) = –sgn(aR)

The backward Poincaré half-map 

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="lqRrxy/rmUFgNXwtAsVQQv02wko="></latexit>y
0

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="MpZaaZK8Sg+CuCcjAe8oRCc6DlM="></latexit>

y
1
= y

R
(y

0
)

<latexit sha1_base64="eexpk+BtPnrh7FYrIa0FxyaC724="></latexit>

y
R
: IR ⇢ [0, +1) �! (–1, 0]

<latexit sha1_base64="/lR3LqOv7kn1heF5LRaI1f4wPi0="></latexit>

WR(y) = DRy2 – aRTRy + a2R � 0

<latexit sha1_base64="2ubLnzolOk5qkarBONo1YJs3PFk="></latexit>

PV
(Z y

0

y
R
(y

0
)

–y
WR(y)

dy
)
= –cRTR, for y

0
2 IR,

<latexit sha1_base64="zxfz9ZF3gO6koQlc0l+2p+qVmtQ="></latexit>

(i) cR = 0 if aR < 0
<latexit sha1_base64="yXbaOYBHzQgEx0ZxJj/iN3WL9mc="></latexit>

(ii) cR = ⇡

✓
DR

q
4DR – T2

R

◆–1
2 R if aR = 0

<latexit sha1_base64="h0fbgnxNTpyB0PN20LzjHhkDMjw="></latexit>

(iii) cR = 2⇡
✓
DR

q
4DR – T2

R

◆–1
2 R if aR > 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

Now, we will prove that the parameter that
<latexit sha1_base64="njIsHNnW5IJoHuKoYLNS1iKDxkc="></latexit>

ξ0 != 0 when the system has a isolated
invariant closed curve.

Next, we see that if the parameter , then the system has no a isolated saddle 
homoclinic. 

<latexit sha1_base64="mE1y5X1ohtxifWgYCrpqlXMVGPk="></latexit>

ξ0 = 0

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="MK+T1lBijKf9c6Ajw36Uso+sOck="></latexit>

λL

<latexit sha1_base64="kGeizbUSfxB0QiqYvm2YauMne9U="></latexit>

ξ0 = aRTL – aLTR

<latexit sha1_base64="7tcaIsfQvK0PdqsW4tUNE02buHw="></latexit>

λL =
aL

(
TL –

√
T2
L – 4DL

)

2DL
> 0

<latexit sha1_base64="TiFP+SZZb1mSAN2o4gI1mMJ2BFI="></latexit>

bλL =
aL

✓
TL +

q
T2

L – 4DL

◆

2DL
< 0

<latexit sha1_base64="Y8J5tUfR6Uo/M3m6nkccZYs500k="></latexit>

bλL

<latexit sha1_base64="jcZMOVhFWxHtlFCLRd61SlYjTWo="></latexit>∫ λL

bλL

–y
WR(y)

dy = 0

<latexit sha1_base64="/lR3LqOv7kn1heF5LRaI1f4wPi0="></latexit>

WR(y) = DRy2 – aRTRy + a2R � 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="MK+T1lBijKf9c6Ajw36Uso+sOck="></latexit>

λL

<latexit sha1_base64="7tcaIsfQvK0PdqsW4tUNE02buHw="></latexit>

λL =
aL

(
TL –

√
T2
L – 4DL

)

2DL
> 0

<latexit sha1_base64="TiFP+SZZb1mSAN2o4gI1mMJ2BFI="></latexit>

bλL =
aL

✓
TL +

q
T2

L – 4DL

◆

2DL
< 0

<latexit sha1_base64="Y8J5tUfR6Uo/M3m6nkccZYs500k="></latexit>

bλL

<latexit sha1_base64="jcZMOVhFWxHtlFCLRd61SlYjTWo="></latexit>∫ λL

bλL

–y
WR(y)

dy = 0

<latexit sha1_base64="/lR3LqOv7kn1heF5LRaI1f4wPi0="></latexit>

WR(y) = DRy2 – aRTRy + a2R � 0

the change of variable 
<latexit sha1_base64="atsR7tPNdhAppsz7ujeQBk4JWS8="></latexit>

Y =
y
aL

transfroms the integral into the integral

By using             ,
<latexit sha1_base64="N5GRa01nUTIeYoqh8U+vGaG79UI="></latexit>

aL = aR
TL
TR

with

<latexit sha1_base64="wpS7zQbhUdD350akPi8rGALAjjE="></latexit>

H(DL) =
∫ µL(DL)

bµL(DL)

–Y
D2RY

2 – T2
RY/TL + T2

R/T
2
L
dY

<latexit sha1_base64="upBZEeWcOBiZYUPtZBK+wvpyFPE="></latexit>

µL(DL) =
TL –

√
T2
L – 4DL

2DL
> 0

<latexit sha1_base64="Y7deP2C+YFcADhPi3e2mDGtwGxk="></latexit>

bµL(DL) =
TL +

q
T2

L – 4DL

2DL
< 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)

<latexit sha1_base64="MK+T1lBijKf9c6Ajw36Uso+sOck="></latexit>

λL

<latexit sha1_base64="Y8J5tUfR6Uo/M3m6nkccZYs500k="></latexit>

bλL

<latexit sha1_base64="jcZMOVhFWxHtlFCLRd61SlYjTWo="></latexit>∫ λL

bλL

–y
WR(y)

dy = 0

<latexit sha1_base64="wpS7zQbhUdD350akPi8rGALAjjE="></latexit>

H(DL) =
∫ µL(DL)

bµL(DL)

–Y
D2RY

2 – T2
RY/TL + T2

R/T
2
L
dY

<latexit sha1_base64="upBZEeWcOBiZYUPtZBK+wvpyFPE="></latexit>

µL(DL) =
TL –

√
T2
L – 4DL

2DL
> 0

<latexit sha1_base64="Y7deP2C+YFcADhPi3e2mDGtwGxk="></latexit>

bµL(DL) =
TL +

q
T2

L – 4DL

2DL
< 0

<latexit sha1_base64="/n/yi4rU1JsaoH3JgnUx1jqgE5Q="></latexit>

H′(DL) =
T3
L

DLξ∞
√
T2
L – 4DL

!= 0

<latexit sha1_base64="iDhL9ESGuWrP0/Hlm49ZQ7zIiFM="></latexit>

lim
DL→–∞

H(DL) = 0

<latexit sha1_base64="RdqXQnn+uLYUWPtGe1e7DybTlU0="></latexit>

} <latexit sha1_base64="pdDOn5i6q3qbalaF5wSpHCo7bDw="></latexit>⇒ <latexit sha1_base64="e+qDOSUFwcZF1n2wNA82dTFeiB4="></latexit>

H(DL) != 0
<latexit sha1_base64="pdDOn5i6q3qbalaF5wSpHCo7bDw="></latexit>⇒

<latexit sha1_base64="pb6uq/c7TiJ+V3SZEIUz3/Z8Dow="></latexit>∫ λL

bλL

–y
WR(y)

dy != 0

In conclusion , the system has no a saddle homoclinic when 
<latexit sha1_base64="mE1y5X1ohtxifWgYCrpqlXMVGPk="></latexit>

ξ0 = 0



Planar Piecewise Linear System (PWL) with Two Zones 
without sliding regions 

The attractiveness of the saddle homiclinic is given by   .
<latexit sha1_base64="Vq8o92DAMNNZ/evd0LJa1cANY2s="></latexit>

ξ0

Suppose that 
Theorem:

, then the singularity is asymptotically stable. 

<latexit sha1_base64="inTJ5U2fhY674EAs/3o2znr9TOY="></latexit>

a2L + a
2
R != 0

 and the system has a crossing period annulus. 

,
<latexit sha1_base64="9634K9KkKpOddonDnHDdtvTwBLY="></latexit>

TLTR < 0 and the system admits a unique monodromic
singularity. Denote

If 
<latexit sha1_base64="icHEJANWcbCylAvMDIV5luvDaew="></latexit>

ξ0 > 0 or ξ0 = 0 and TLc2 < 0

<latexit sha1_base64="AXSKykRDuq+0eQFWwtoCZ5LNXJo="></latexit>

c2 = a2LDR – a
2
RDL.

, then the singularity is unstable. If 
<latexit sha1_base64="A3YASxZTz0sWLyvcPtay0DlzoXs="></latexit>

ξ0 < 0 or ξ0 = 0 and TLc2 > 0
, thenIf 

<latexit sha1_base64="kkrvC9SyU3Pxu5QqXHgzlASsCF0="></latexit>

ξ0 = c2 = 0
<latexit sha1_base64="+YajQTK01rKmNkgqfUYS4tZo0tM="></latexit>

ξ0 = ξ∞ = 0

<latexit sha1_base64="1uhkq2A+NSkyHCIeFHlikxZ5DHA=">AAAB7nicdVDLTsJAFJ3iC+sLdelmIpi4aqbUUNgR3bjEKI8EGjIdpjBh+nBmakIafkNXRt35Mf6Af+MUMVGjZ3XuPecm9xw/4UwqhN6Nwsrq2vpGcdPc2t7Z3SvtH3RknApC2yTmsej5WFLOItpWTHHaSwTFoc9p159e5Hr3jgrJ4uhGzRLqhXgcsYARrPTKq1TMwTUbh9jUbFgqI8uuIffMhchy67ZTRZrYjVrDcaBtoQXKYInWsPQ2GMUkDWmkCMdS9m2UKC/DQjHC6dwcpJImmEzxmPY1jXBIpZctnp7DkyAWUE0oXMzfvRkOpZyFvvaEWE3kby1f/qX1UxXUvYxFSapoRLRFa0HKoYphnh2OmKBE8ZkmmAimv4RkggUmSjeUx//KCP8nnaquyHKuquXm+bKIIjgCx+AU2MAFTXAJWqANCLgFD+AZvBiJcW88Gk+f1oKxvDkEP2C8fgDYWo3f</latexit>

⌃

<latexit sha1_base64="Pp/pu5b01aOB1SGpzIYO9XTXa5g="></latexit>

(0,0)
One can do the same (with a little more work), 
when the system has a fold-fold connection. 
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