
V SYMPOSIUM ON PLANAR VECTOR FIELDS

New lower bounds for limit tori in 3D polynomial
vector fields

Lucas Queiroz Arakaki (larakaki@unicamp.br)
IMECC - Unicamp

Introduction
Motivated by Hilbert’s 16th Problem, the quest to determine the finiteness of the maximum number H(m)

of limit cycles that planar polynomial vector fields of degree m ⩾ 2 can exhibit has driven research for over a
century.
Most advances concerning H(m) have centered on establishing lower bounds. In recent decades, substantial

progress particularly in the study of the cyclicity problem, both local and global has led to further improve-
ments in the known lower bounds forH(m) at low degrees. The best-known global estimatesincludeH(2) ≥ 4
[1], H(3) ≥ 13 [2], and, for higher degrees, H(4) ≥ 28, H(5) ≥ 37, H(6) ≥ 53, H(7) ≥ 74, H(8) ≥ 96,
H(9) ≥ 120, and H(10) ≥ 142 [3].
In higher dimensions, isolated invariant tori play a role analogous to that of limit cycles in the plane, providing

a natural framework for extending classical questions related to existence, stability, number, and distribution.
From this perspective, the authors of [4] proposed an analogue of Hilbert’s 16th Problem in three-dimensional
space: to investigate the maximal number N(m) of isolated invariant tori in polynomial vector fields of degree
m.
Among the compact invariant manifolds of vector fields, normally hyperbolic ones are of particular interest

due to their robust dynamical properties, such as persistence under small perturbations. This motivates the
following definition:

Nh(m) := sup {τh(P,Q,R) : deg(P ), deg(Q), deg(R) ⩽ m} ,

where τh(P,Q,R) denotes the number of normally hyperbolic limit tori of the vector field X = P∂x+Q∂y+
R∂z. It is evident that Nh(m) ⩽ N(m). Analogously to the Hilbert number H(m), it is an open question
whether N(m) or Nh(m) are finite.
Motivated by developments in the planar case to establish and refine lower bounds for H(m), the goal of

this work is to improve the known lower bounds for Nh(m) for all m ≥ 2. Our approach is based on recent
advances in the averaging method, which we apply to detect limit tori in three-dimensional vector fields that
are close to ones exhibiting monodromic behavior around the z-axis.

Preliminary results
The main tool used to investigate the tori bifurcation is the Averaging theory. For a detailed exposition on

this method, we refer the reader to [5].
We consider systems of non-autonomous T -periodic differential equations, given in the standard form

ẋ =

N∑
i=1

εiFi(t,x;µ) + εN+1F̃ (t,x;µ, ε), (1)

where F̃ : R×D×Λ× [0, ε0] → R2 and each Fi : R×D×Λ → R2, i ∈ {1, . . . , N} is a Cr function, r > 1
and T -periodic in the variable t. Here D is a bounded subset of R2, Λ is an open subset of Rn, ε0 > 0.
Since Fi and F̃ are periodic, we can consider (1) as a family of autonomous systems in the extended phase

space S1 ×D, where S1 ≡ R/TZ:

ẋ =
∑N

i=1 ε
iFi(t,x;µ) + εN+1F̃ (t,x;µ, ε),

ṫ = 1.
(2)

The Poincaré map Π(x;µ, ε) associated to the equation (2) defined on the section {t = 0} is given by

Π(x;µ, ε) = x +

N∑
i=m

εifi(x;µ) +O(εN+1). (3)

The functions fi are the Melnikov functions, which can be recursively computed [6]. The first two Melnikov
functions are given by

f1(z;µ) =

∫ T

0
F1(t, z;µ)dt,

f2(z;µ) =

∫ T

0

(
F2(t, z;µ) + ∂xF1(t, z;µ)

∫ t

0
F1(s, z;µ)ds

)
dt.

Let ℓ ∈ {1, . . . , N} be the index of the first non-vanishing Melnikov function and consider the so-called
guiding system

ż = gℓ(z;µ) =
1

T
fℓ(z;µ). (4)

Theorem 1 Consider the differential equation (1). Suppose that for some ℓ ∈ {1, . . . , N}, f1 = · · · =
fℓ−1 = 0, fℓ ̸= 0 and that the guiding system (4) has a hyperbolic attracting (resp. repelling) limit cycle
γ. Then, for each ε > 0 sufficiently small, the differential equation (1) has a T -periodic solution γint and a
normally hyperbolic attracting (resp. repelling) invariant torus in the extended phase space. In addition, the
torus surrounds the periodic solution γint and converges to γ × S1 as ε → 0.

Thus, the problem of finding limit tori in the extended phase space of system (1) reduces to the search for
limit cycles in the phase space of the associated guiding system, which, in our case, will be a planar differential
equation. From here, the classical tools in the investigation of limit cycle bifurcation can be applied.

The Method
We consider the following 1-parameter family of vector fields

X = X0 + εX1(µ) + ε2X2(µ), (5)

where µ ∈ Λ ⊂ RM , ε > 0 is a small parameter, and X1, X2 are polynomial vector fields of degree m. The
unperturbed part is given by

X0 = −y ∂x + x2n−1 ∂y,

with n ⩾ 1, and has the z-axis as an invariant line of singularities, around which nearby orbits exhibit rota-
tional (monodromic) behavior. When n = 1, the origin of X0 is a Hopf-zero singularity; for n > 1, we refer
to it as a nilpotent-zero singularity. In this latter case, n is called by Andreev number associated with the
singularity.
We now search for conditions on the parameters µ ∈ Λ for invariant tori bifurcations to occur. To fix

notation, we set µ = (ajkl, bjkl, cjkl) and

X1(µ) =
m∑

j+k+l=0

ajklx
jykzl∂x +

m∑
j+k+l=0

bjklx
jykzl∂y +

m∑
j+k+l=0

cjklx
jykzl∂z.

We introduce the change of variables

x = rCsθ, y = rnSnθ, z = w,

where Csθ and Snθ are the generalized trigonometric functions . After this change of variables, in the
associated differential system, we have

θ̇ = rn−1 +
ε

rn+1

 m∑
j+k+l=0

bjklr
j+kn+1SnkθCsj+1θwl − najklr

n+j+nkSnk+1θCsjθwl

 +O(ε2),

and since θ̇ does not vanish at ε = 0 for r ̸= 0, setting θ as the independent variable, we obtain the differential
system (

dr

dθ
,
dw

dθ

)
= εF1(r, θ, w;µ) + ε2F̃ (r, θ, w;µ, ε),

which is written in the standard form (1).
Now we are set to apply the averaging method to study the bifurcation of invariant tori in the original system

(5). Computing explicitly the first averaged function g1(r, w;µ), after a change of parameters, we obtain the
equivalent system

r′ =
m∑

j+k+l=1

ajklr
j+nkwl + r1−n

m∑
j+k+l=1

bjklr
j+nkwl,

w′ =
m∑

j+k+l=0

cjklr
j+nkwl, (6)

for the following admissible parameters

ajkl : j + 1 ≡ k ≡ 0 mod 2, bjkl : j ≡ k + 1 ≡ 0 mod 2, cjkl : j ≡ k ≡ 0 mod 2.

Once this process is completed, one may search for equilibrium points (ρ, w0) of (6) in the region r > 0
whose associated eigenvalues are conjugated complex with non zero imaginary part, and study whether a
degenerate Hopf bifurcation occurs or not. In practice, it is more effective to assume conditions on the
parameters (ajkl, bjkl, cjkl) such an equilibrium point exists.

Remark 1 The guiding system (6) is polynomial with degree d(m,n) given by

d(m,n) =

{
n(m− 1) + 1, for m odd,
nm, for m even

Thus, the number of limit tori one can detect via the first ordered averaged system is bounded by H(d(m,n)),
which suggests that in the search for better lower bounds on N(m), the nilpotent-zero singular points have
more potential. For instance, for quintic systems (5), the first order averaged function g1 has also degree 5,
but for n = 2, 3, the corresponding degrees are 9 and 13.

New lower bounds
Performing this investigation, we were able to obtain for n = 1, 2, 3, m = 2, 3, 4, 5, examples of 3D vector

fields with the following number of limit tori:

m
n

1 2 3

2 3 - -
3 3 5 -
4 6 7 -
5 9 11 13

As a consequence, we obtain our main result:

Theorem 2Nh(2) ⩾ 3, Nh(3) ⩾ 5, Nh(4) ⩾ 7, and Nh(5) ⩾ 13.

The above lower bounds for Nh are the best known in the literature.
Notably, and in contrast to the planar case, the best lower bounds for Nh(m) were obtained from nilpotent-

zero singularities. Moreover, it was shown in [7] that the function Nh(m) is strictly increasing. Another
important property of Nh(m) is that if there exists a three-dimensional vector field of degree m0 with τ0 limit
tori, then, as shown in [4] via a Christopher–Lloyd-type transformation, one obtains

N
(
2k(m0 + 2)− 2

)
≥ 8kτ0. (7)

This inequality also holds for Nh, provided that the τ0 limit tori are normally hyperbolic. Consequently, lower
bounds established for low degrees can be systematically extended to higher degrees.
In view of these results, the lower bounds for N(m) established in the above table can be extended to higher

degrees, as presented below. These improved lower bounds surpass those previously obtained in the literature.

m 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 · · ·
old lower bounds 1 2 2 2 8 8 16 16 28 28 37 37 64 64 64 · · ·
new lower bounds 3 5 7 13 24 25 40 41 56 57 104 105 192 193 200 · · ·
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