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The first time | met Javier

“Professor Chavarriga?
May I come in?
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Departamento de Matéfiticas
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Geometric idea in the works of the UAB team:

p p=P(¢,po)

PO Ty [I=Ry0TioR,;0T,0R,

IT(po)

t t t T L5
e 9% O%+¢ O*+m-¢ Q*+m+e 2T
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The Newton diagram N(Z) of an analytic planar vector

field Z

We will use the following notation. Let

Z = Z agx'yi L ox + Z bijx'~'y! dy (1)
(ij)eN? (ij)eN?

be an analytic vector field in a neighborhood of the origin of R?.
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The Newton diagram N(Z) of an analytic planar vector

field Z

We will use the following notation. Let
Z= Z agx'yi L ox + Z bix' "1yl oy (1)
(ij)EN? (iJ)eN?
be an analytic vector field in a neighborhood of the origin of R?.

The Newton diagram N(Z) of Z is the polygonal line that appears
when considering the boundary (modulus the two open rays) of the
convex hull of the set U(; jycsupp(z){(-/) + R3}, where

supp(Z) = {(i,Jj) € N? : (ay, by) # (0,0)}.
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Example of Newton diagram for X

Let X be
x = Bx?y + Ay®, y = Dxy® + G5, (2)
so that
supp(X) = {(2,2),(0,6),(6,0)}.
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Example of Newton diagram for X

Let X be
x = Bx?y + Ay®, y = Dxy® + G5, (2)
so that
supp(X) = {(2,2),(0,6),(6,0)}.

i
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Example of Newton diagram for X

Let X be
x = Bx?y + Ay®, y = Dxy® + G5, (2)
so that
supp(X) = {(2,2),(0,6),(6,0)}.

i

L L L L L
1 2 3 4 5

The weights are: W(N(X)) ={(2,1),(1,2)}
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Example of Newton diagram for X’[!]

Let the first extension X[ of X be:

4y = Dxy? + O+ byt + box3y.

(3)

x = By + Ay® +a1xy® + apx

so that
supp(X[I]) = supp(X) U {(1,4), (4. 1)}.
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Example of Newton diagram for X’[!]

Let the first extension X[ of X be:
x = By +Ay® +aixy® + aox*, y = Dxy?+ <5+ biy* + boxPy.
(3)
so that
supp(X M) = supp(x) U {(1,4). (4,1)}.

.
s
4 .
af
2 [~
1 -
- . 2
1 2 3 4 5 6
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Example of Newton diagram for X'

The second extension X2 of X is:

X = BX2y + Ay5 + 31Xy3 + 32X4 + E(,}J)es ai,‘j—lxiyjil,
Y = Dxy? + OS5 + by + baxPy + 5 jyes bio1ix 1y,

where S = {(i,j) € N?:2i+j > 6,i +2j > 6}.
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Example of Newton diagram for X'

The second extension X2 of X is:

X = Bx2y + Ay® + alxy3 + apx* + E(,-J)eg ai,j—lxiyjila

. j j 4
y = ny2 + CX5 + b1y4 + b2X3y + Z(i,j)es biijXIilyJa ( )

where S = {(i,j) € N?:2i+j > 6,i +2j > 6}.
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The Brunella-Miari principal part Za of an analytic vector

field Z

Given Z, we define Za as the biggest part of Z such that
supp(Za) C N(2).

, Jaume Giné and Victor Maiiosa Stability of some monodromic singularities with two edges in t



The Brunella-Miari principal part Za of an analytic vector

field Z

Given Z, we define Za as the biggest part of Z such that
supp(Za) C N(2).

NOTATION: Zp = @F_; Z, where Z = Z, +--- is the
(pi, gi)-quasihomogeneous expansion with (p;, g;) € W(N(Z2)).
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The Brunella-Miari principal part Za of an analytic vector

field Z

Given Z, we define Za as the biggest part of Z such that
supp(Za) C N(2).

NOTATION: Zp = @F_; Z,. where Z = Z, +--- is the
(pi, gi)-quasihomogeneous expansion with (p;, g;) € W(N(Z2)).

As example: Z = Za +--- where W(N(Z)) = {(1,1),(1,3)}:
Zp = (BXPy+Ay> +aixy?+axx®)0x+H(Dxy?+Cx +-bry> +bax*y )0,
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The Brunella-Miari principal part Za of an analytic vector

field Z

Given Z, we define Za as the biggest part of Z such that
supp(Za) C N(2).

NOTATION: Zp = @F_; Z,. where Z = Z, +--- is the
(pi, gi)-quasihomogeneous expansion with (p;, g;) € W(N(Z2)).

As example: Z = Za +--- where W(N(Z)) = {(1,1),(1,3)}:
Zp = (BXPy+Ay> +aixy?+axx®)0x+H(Dxy?+Cx +-bry> +bax*y )0,
(1,1)-quasihomogeneous expansion: Z = Z, + --- with

25 = (Bx%y + Ay® + a1xy?) Oc + (Dxy? + bry®) 9,

, Jaume Giné and Victor Maiiosa Stability of some monodromic singularities with two edges in t



The Brunella-Miari principal part Za of an analytic vector

field Z

Given Z, we define Za as the biggest part of Z such that
supp(Za) C N(2).

NOTATION: Zp = @F_; Z,. where Z = Z, +--- is the
(pi, gi)-quasihomogeneous expansion with (p;, g;) € W(N(Z2)).

As example: Z = Za +--- where W(N(Z)) = {(1,1),(1,3)}:
Zp = (BXPy+Ay> +aixy?+axx®)0x+H(Dxy?+Cx +-bry> +bax*y )0,
(1,1)-quasihomogeneous expansion: Z = Z, + --- with
Zy = (BPy + Ay® + a1xy?) 0« + (Dxy® + b1y?) 0,
(1, 3)-quasihomogeneous expansion: Z = Z4 + --- with

Z4 = (szy + axx”) Ox + (ny2 + Cx" + box*y) 0,
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Monodromy and Brunella-Miari principal part

Non-degenerate Za

We say that Za is non-degenerate when no quasihomogeneous
component Z,, of Za have singularities outside the coordinate
axes.
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Monodromy and Brunella-Miari principal part

Non-degenerate Za

We say that Za is non-degenerate when no quasihomogeneous
component Z,, of Za have singularities outside the coordinate
axes.

Brunella-Miari monodromic result

The origin of Z is monodromic < The origin of Za is
monodromic (provided Za is non-degenerate).

, Jaume Giné and Victor Maiiosa Stability of some monodromic singularities with two edges in t



Monodromy and Brunella-Miari principal part

Non-degenerate Za

We say that Za is non-degenerate when no quasihomogeneous
component Z,, of Za have singularities outside the coordinate
axes.

Brunella-Miari monodromic result

The origin of Z is monodromic < The origin of Za is
monodromic (provided Za is non-degenerate).

Open problem:

Let the origin be a monodromic singularity of both Z and Za and
M(x) = nx + o(x) and Ma(x) = nax + o(x) its Poincaré maps,
respectively. Then, is it true that n = na”?
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Characteristic directions of a monodromic singularity

We define the (p, g)-weighted polar coordinates (¢, p) as:

x = pPcosp, y=pTsinp,
with (p, q) € W(N(X)).
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Characteristic directions of a monodromic singularity

We define the (p, g)-weighted polar coordinates (¢, p) as:
x=pPcosp, y=pIsingp,
with (p, q) € W(N(X)).

We transform a monodromic analytic vector field to
(p, q)-weighted polar coordinates

¢ = Go(p) + O(p), p=Ri(e)p+ O(p%).

The set of characteristic directions of the origin is

Qpg = Gy 1(0) = {0, € S*: Go(0) = 0}.
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Characteristic directions of a monodromic singularity

We define the (p, g)-weighted polar coordinates (¢, p) as:
x=pPcosp, y=pIsingp,
with (p, q) € W(N(X)).

We transform a monodromic analytic vector field to
(p, q)-weighted polar coordinates

¢ = Go(p) + O(p), p=Ri(e)p+ O(p%).

The set of characteristic directions of the origin is

Qpg = Gy 1(0) = {0, € S*: Go(0) = 0}.

When Qpq # 0 then p = 0 corresponds to a monodromic polycycle.
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Simple example: the nilpotent monodromic case

We consider a vector field Z with a nilpotent singularity at the
origin

x=—y, y=x"+aly, (5)
with A={a€eR:12— 22> 0} and W(N(2)) = {(1,3)}.
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Simple example: the nilpotent monodromic case

We consider a vector field Z with a nilpotent singularity at the
origin

Xx=—y, y=x"+ady, (5)
with A={a€R:12—a% >0} and W(N(Z)) = {(1,3)}.

1 computed using that Qi3 = ()

In (1, 3)-weighted polar coordinates

¢ = Go(p) + O(p), p=Ri(e)p+ O(p?), Go(p)>0.
Then, dp/de = F(p)p + o(p) with F = Ry /Gy and

2 2T .2 . .
1 COSs ¢ sin —4acosw + 5sin ¢ + sin(3
n:exp( f(ga)dgo) = exp (——/ L 690( 3¢ - 1 s ( S0))d
0 0 (cos® ¢ + acos3 psin p + 3sin” p)
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Simple example: the nilpotent monodromic case

We consider a vector field Z with a nilpotent singularity at the
origin

x=—y, y=x>4ax?y, (6)
with A ={a€eR:12— 2% >0} and W(N(2)) = {(1,3)}.
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Simple example: the nilpotent monodromic case

We consider a vector field Z with a nilpotent singularity at the
origin

X=—y, y=x>+ax’y, (6)
with A ={a€eR:12— 2% >0} and W(N(2)) = {(1,3)}.

n computed using blow-ups W(N(Z)) = {(1, 3)}

The blow up z = y/x3 and time rescaling dt = x?>dr:
X' =—xz, Z=P(z) =1+ az +32%

with P(z) > 0 on A.
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Simple example: the nilpotent monodromic case

We consider a vector field Z with a nilpotent singularity at the
origin

X=—y, y=x>+ax’y, (6)
with A ={a€eR:12— 2% >0} and W(N(2)) = {(1,3)}.

n computed using blow-ups W(N(Z)) = {(1, 3)}

The blow up z = y/x3 and time rescaling dt = x?>dr:
/ /

X' =—xz, Z=P(z) =1+ az +32%

with P(z) > 0 on A.
The blow up v = x>/y and and time rescaling dt = (yv)?/3dr:

y=yla+v), vVv=Q(v)=-3-av— v2,

with Q(v) <0 on A.
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Type A characteristic direction

Let 6, =0 € Qpq, and #W(N(Z)) > 2.
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Type A characteristic direction

Let 6, =0 € Qpq, and #W(N(Z)) > 2.

We say that 6, = 0 is of type A with weights (p, q) € W(N(Z2))
and (p, q) # (p1, q1) if it can be desingularized using the following
two blow-ups:
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Type A characteristic direction

Let 6, =0 € Qpq, and #W(N(Z)) > 2.
We say that 6, = 0 is of type A with weights (p, q) € W(N(Z2))
and (p, q) # (p1, q1) if it can be desingularized using the following
two blow-ups:
m FIRST BLOW-UP: (x,y) — (z,w) with z = x9/yP and
w = y/x which gives a hyperbolic saddle at the origin of

Z.:Z(Z,W):—az-|-...7 w = W(Z,W):bW+---; (A)

with a, b # 0 and A = a/b > 0 being its hyperbolicity ratio.
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Type A characteristic direction

Let 6, =0 € Qpq, and #W(N(Z)) > 2.

We say that 6, = 0 is of type A with weights (p, q) € W(N(Z2))
and (p, q) # (p1, q1) if it can be desingularized using the following
two blow-ups:

m FIRST BLOW-UP: (x,y) — (z,w) with z = x9/yP and
w = y/x which gives a hyperbolic saddle at the origin of

Z.:Z(Z,W):—az-|-...7 w = W(Z,W):bW+---; (A)

with a, b # 0 and A = a/b > 0 being its hyperbolicity ratio.
m SECOND BLOW-UP: (x,y) — (x, v) with v = yP/x9 giving a
regular flow in a neighborhood of the regular solution x = 0 of

x=X(x,v), v=V(x,v), (B1)

that is with X(0,v) =0 and V(0,v) # 0,
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The desingularization scheme for the type A characteristic
direction

FIGURE 2. Transition maps in local coordinates for A-type char-
acteristic directions in the case p and ¢ odd.
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Type A characteristic direction when #{Q,, N[0, 7)} > 2

Let R_g+ be a planar rotation of angle —6*.

Type A characteristic direction 6, # 0

We say that 0 # 0* € €, is of type A for the vector field Z if 0 is
a type A characteristic of the rotated vector field R*,. Z.
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Type A characteristic direction when #{Q,, N[0, 7)} > 2

Let R_g+ be a planar rotation of angle —6*.

Type A characteristic direction 6, # 0

We say that 0 # 0* € €, is of type A for the vector field Z if 0 is
a type A characteristic of the rotated vector field R*,. Z.

Remark: Complementary characteristic directions

Let 0* be a type A characteristic direction with respect to some
weights (p, g) € W(N(Z)). Then 6* + 7 is too.
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Stability result for type A characteristic directions

We assume:
m The origin is a monodromic point of an analytic Z;
m The set Qp,q N[0, 7) = {67,...,0;} is of type A;
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Stability result for type A characteristic directions

We assume:
m The origin is a monodromic point of an analytic Z;
m The set Qp,q N[0, 7) = {67,...,0;} is of type A;
Then we consider:

m The differential equation dp/dy = F(¢) p + o(p) of the
orbits of Z in (p, q)-weighted polar coordinates (¢, p).
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Stability result for type A characteristic directions

We assume:
m The origin is a monodromic point of an analytic Z;
m The set Qp,q N[0, 7) = {67,...,0;} is of type A;
Then we consider:
m The differential equation dp/dy = F(¢) p + o(p) of the
orbits of Z in (p, q)-weighted polar coordinates (¢, p).

m Let )\; be the hyperbolicity ratio of the saddle at the origin of
the differential system z = Zj(z, w) and w = Wj(z, w)
associated to the first blow-up of each characteristic direction
07,
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Stability result for type A characteristic directions

We assume:
m The origin is a monodromic point of an analytic Z;
m The set Qp,q N[0, 7) = {67,...,0;} is of type A;
Then we consider:

m The differential equation dp/dy = F(¢) p + o(p) of the
orbits of Z in (p, q)-weighted polar coordinates (¢, p).

m Let )\; be the hyperbolicity ratio of the saddle at the origin of
the differential system z = Zj(z, w) and w = Wj(z, w)
associated to the first blow-up of each characteristic direction
07,

m Let x = Xi(x,v) and v = Vj(x, v) be the differential system
with regular orbit x = 0 associated to the second blow-up of
each characteristic direction 67;
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Stability result for type A characteristic directions

We assume:

m The origin is a monodromic point of an analytic Z;
m The set Qpq N[0, 7) = {67,...,0;} is of type A.

, Jaume Giné and Victor Maiiosa Stability of some monodromic singularities with two edges in t



Stability result for type A characteristic directions

We assume:
m The origin is a monodromic point of an analytic Z;
m The set Qpq N[0, 7) = {67,...,0;} is of type A.

We define A* C {1,...,n} such that, for any i € A*, 0% is of type
A with odd weights (pi, qi).
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Stability result for type A characteristic directions

We assume:

m The origin is a monodromic point of an analytic Z;

m The set Qpq N[0, 7) = {67,...,0;} is of type A.
We define A* C {1,...,n} such that, for any i € A*, 0% is of type
A with odd weights (pi, qi).
Then, the Poincaré map for x 2, 0 is [(x) = 1x + o(x) with

2m
dv
=0
Stability of some monodromic singularities with two edges in t

nzexp{PV Flo)dp+2 Y —PV/OO aax (xg 3)

e Aipi

where F : St \ Qpq — R and PV stands for the principal value.
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The minimal model with #W(N(X)) =2 and X = Xa

The minimal model (minimum number of monomials) is given by
the 4-parameter family of polynomial planar vector fields X

% = Ay2s 1 + BX2a 25— 1 y — CX2r—1 + DX2a_1y2ﬁ, (7)

with arbitrary degree such that N(X') satisfies the necessary
monodromic conditions

m All the vertices of N(&X') have even coordinates;

m There are two exterior vertices of N(X') on the axis.
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The minimal model with #W(N(X)) =2 and X = Xa

The minimal model (minimum number of monomials) is given by
the 4-parameter family of polynomial planar vector fields X

% = Ay2s 1 + BX2a 25— 1 y — CX2r—1 + DX2a_1y2ﬁ, (7)

with arbitrary degree such that N(X') satisfies the necessary
monodromic conditions

m All the vertices of N(&X') have even coordinates;
m There are two exterior vertices of N(X') on the axis.

m When (x,y) = (0,0) is a monodromic singularity of X then it
becomes a time-reversible center.
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The minimal model with #W(N(X)) =2 and X = X

The minimal model (minimum number of monomials) is given by
the 4-parameter family of polynomial planar vector fields X

% = Ay2s 1 + BX2a 25— 1 y — CX2r—1 + DX2a_1y2ﬁ, (7)

with arbitrary degree such that N(X') satisfies the necessary
monodromic conditions

m All the vertices of N(&X') have even coordinates;

m There are two exterior vertices of N(X') on the axis.

m When (x,y) = (0,0) is a monodromic singularity of X then it
becomes a time-reversible center.

m The weights are:

W(N(X)) = {(p1, q1), (P2, 92)} = {(s — B, ), (B, r — a)}.
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The monodromy of the minimal model X

The monodromic set A

The origin is a monodromic singular point of the minimal model X
if and only if its exponents belong to the set

£ = {rsapeN\{0}:s—p>1Lr—a>1,
(r—a)(s = B) >ap},

and its coefficients lie in the monodromic parameter space

AN = {(AB,C,D)cR*: AC < 0,A(D(s — ) — Ba) < 0,
C(B(a—r)+ DB) > 0}.
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The characteristic directions of the monodromic minimal
model X

Characteristic directions of the monodromic minimal model
u QPLQI N [0’ 7T) = {0};
m Q4 N[0, m) ={m/2}.

, Jaume Giné and Victor Maiiosa Stability of some monodromic singularities with two edges in t



The characteristic directions of the monodromic minimal
model X

Characteristic directions of the monodromic minimal model
u QPLQI N [0’ 7T) = {0};
m Q4 N[0, m) ={m/2}.

A symmetry result for the monodromic minimal model

If 0 € Qp, g, is of type A then m/2 € Qp, 4, is too.
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The characteristic directions of the monodromic minimal
model X

Characteristic directions of the monodromic minimal model
u QPLQI N [0’ 7T) = {0};
m Q4 N[0, m) ={m/2}.

A symmetry result for the monodromic minimal model

If 0 € Qp, g, is of type A then 7/2 € Q,, 4, is too.

The proof is based on the fact that if X = P(x, y)dx + Q(x,y)d,
is @ minimal model, then:

m R* -/2?(: —Q(x,y)0x — P(x,y)0y;

= W(N(X)) = {(p1, q1), (P2, g2)} = W(N(R*,; X)) =
{(g2,p2),(q1,P1)}.
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The monodromic minimal model X on £* N A*

We define the subset of exponents £* C £ as

E ={(a,B,r,s) €& :ei(a,p,r,s) e NU{0},i=1,...,8}, (8)

where
_ 2As—a-p) _ 2(=rs+sa+rpP) _2r—a-p)
@S e B T rath % s a g
2(rs — sa— rp) 2(rs —sa— rp3) 2r—a
€4 s—a_8 € = o ) 66:T’
_ 2(rs —sa—rp) 25— f
e = 5 =g
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The monodromic minimal model X on £* N A*

We define the subset of exponents £* C £ as

E ={(a,B,r,s) €& :ei(a,p,r,s) e NU{0},i=1,...,8}, (8)

where
_ 2As—a-p) _ 2(=rs+sa+rpP) _2r—a-p)
@S e B T rath % s a g
2(rs — sa— rp) 2(rs —sa— rp3) 2r—a
€4 s—a_8 € = o ) 66:T’
_ 2(rs —sa—rp) 25— f
e = 5 =g

We also define the monodromic parameter subset A* C A by

A* = An{(Ba—D(s—B))(B—D) > 0, (B(r—a)—DB)(B—D) > 0}.
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The monodromic minimal model X on £* N A*

We define the subset of exponents £* C £ as

E ={(a,B,r,s) €& :ei(a,p,r,s) e NU{0},i=1,...,8}, (8)

where
_ 2As—a-p) _ 2(=rs+sa+rpP) _2r—a-p)
@S e B T rath % s a g
2(rs — sa— rp) 2(rs —sa— rp3) 2r—a
€y = s—a_8 € = o ) 66:T’
_ 2(rs —sa—rp) 25— f
&7 = 5 =g

We also define the monodromic parameter subset A* C A by
N = A {(Ba—D(s—p5))(B—D) > 0,(B(r—a)—D3)(B—D) > 0}.

The minimal model X on £* N A* has a type-A desingularization.
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The monodromic minimal model X on EF N AT

We take p1 = g1 = s=a+ [.
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The monodromic minimal model X on EF N AT

We take p1 = g1 = s=a+ [.
We define the subset of exponents £F € £ as

et = {(a, B,r,s) €E:p1 = aqu, ei(a,B,r,s) e NU{0},i =7,8},

where e; and eg are defined before.
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The monodromic minimal model X on EF N AT

We take p1 = g1 = s=a+ [.
We define the subset of exponents £F € £ as

et = {(a, B,r,s) €E:p1 = aqu, ei(a,B,r,s) e NU{0},i =7,8},

where e; and eg are defined before.
We also define the monodromic parameter subset AT C A by

A =An{p1=q, (B(r—«a)— DB)(B - D) >0}
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The monodromic minimal model X on EF N AT

We take p1 = g1 = s=a+ [.
We define the subset of exponents £F € £ as

et = {(a, B,r,s) €E:p1 = aqu, ei(a,B,r,s) e NU{0},i =7,8},

where e; and eg are defined before.
We also define the monodromic parameter subset AT C A by

A =An{p1=q, (B(r—«a)— DB)(B - D) >0}

The minimal model X on £ N AT has a type-A desingularization.

, Jaume Giné and Victor Maiiosa Stability of some monodromic singularities with two edges in t



An example where X', X and X1 share type-A

desingularization

We consider the minimal model X with (a, 3,r,s) = (1,1,3,2)
x = Bx%y + Ay3, y = Cx® + Dxy?, 9)

so that W(N(X)) = {(1,1),(1,2)} and
A={(A B,C,D)eR*: AC <0,A(D— B) <0,C(D—2B) > 0}.
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An example where X', X and X1 share type-A

desingularization

We consider the minimal model X with (a, 3,r,s) = (1,1,3,2)
x = Bx%y + Ay3, y = Cx® + Dxy?, 9)

so that W(N(X)) = {(1,1),(1,2)} and
A={(A B,C,D)eR*: AC <0,A(D— B) <0,C(D—2B) > 0}.

type A characteristic directions

It follows that Q113 N[0, 7) = {0} is of type A.
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Stability of the origin for the example

The first extension X! of the minimal model X given by (9) is:
x = BxX%y +Ay> + aixy® + apx*, y = G5+ Dxy? + biy> + box3y.

The origin of X! is monodromic on A = AN {§; < 0,A; < 0},
61 = (a1 — b1)® + 4A(D — B), A1 = (2ar — by)> + 4C(2B — D).
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Stability of the origin for the example

The first extension X! of the minimal model X given by (9) is:
x = BxX%y +Ay> + aixy® + apx*, y = G5+ Dxy? + biy> + box3y.

The origin of X! is monodromic on A = AN {§; < 0,A; < 0},
61 = (a1 — b1)® + 4A(D — B), A1 = (2ar — by)> + 4C(2B — D).

The second extension X2 is

% = By + Ay? + avy® + axt + 3 es aij-1xy T

10
y—CX +ny +b1y +b2X y+2(,u)65 i— l,JX yj ( )

where S = {(i,) €N2 i+j>4,i+2j>6} and the origin of
X2 restricted to A is monodromic.
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Stability of the origin for the example

Stability of X1 and X2
The Poincaré map of X[ and X2 in A is M(x) = nx + o(x) with

2 )
n:exp{ZPV/ (b14—cot0(A+D+cot0(al—|—Bcot0)))sm'02 dﬂ}
o D—A—B+(A— B+ D)cos(20) + (b1 — a1)sin“0)
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Minimal models X’ without type-.A desingularization

The minimal model X’ with (o, 3,r,s) = (1,1,4,2) € £ is:
x = Bx%y + Ay®, y = Dxy®+ Cx', (11)

with A = {AC < 0,AD < AB, CD > 3BC} and
W(N(X)) = {(1,1), (L, 3)}.
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Minimal models X’ without type-.A desingularization

The minimal model X’ with (o, 3,r,s) = (1,1,4,2) € £ is:
x = Bx%y + Ay®, y = Dxy®+ Cx', (11)

with A = {AC < 0,AD < AB,CD > 3BC} and
W(N(X)) = {(1,1),(1,3)}.
m Q11 N[0, 7) = {0} is NOT of type-A.
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Minimal models X’ without type-.A desingularization

The minimal model X’ with (o, 3,r,s) = (1,1,4,2) € £ is:
x = Bx%y + Ay®, y = Dxy®+ Cx', (11)

with A = {AC < 0,AD < AB,CD > 3BC} and
W(N(X)) = {(1,1), (L, 3)}.
m Q11 N[0, 7) = {0} is NOT of type-A.
m We know (we do not show here) a different desingularization

scheme shared for all X, X[ and X2 and the explicit
expression of 7 for X2,
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Possible behaviours

m There are minimal models X with type-A desingularization
not shared with X[,

, Jaume Giné and Victor Maiiosa Stability of some monodromic singularities with two edges in t



Possible behaviours

m There are minimal models X with type-A desingularization
not shared with X[, NOTE: In particular, the
desingularization of X" is not unique.
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Possible behaviours

m There are minimal models X with type-A desingularization
not shared with X[, NOTE: In particular, the
desingularization of X" is not unique.

m There are minimal models with associated non-hyperbolic
polycycle.
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Minimal models with associated non-hyperbolic polycycle

Minimal model with (a, 8, r,s) = (1,1,3,2) and (C, D) = (1, B)
x = Ay3 + Bx%y, y=x®+ Bxy?,
with A ={A < 0,B <0}, W(N(X)) ={(1,1),(1,2)}.
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Minimal models with associated non-hyperbolic polycycle

Minimal model with (a, 8, r,s) = (1,1,3,2) and (C, D) = (1, B)
x = Ay3 + Bx%y, y=x®+ Bxy?,
with A ={A < 0,B <0}, W(N(X)) ={(1,1),(1,2)}.

We desingularize Q11 N [0, 7) = {0} that IS NOT of type A:
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Minimal models with associated non-hyperbolic polycycle

Minimal model with (a, 8, r,s) = (1,1,3,2) and (C, D) = (1, B)
x = Ay3 + Bx%y, y=x®+ Bxy?,
with A ={A < 0,B <0}, W(N(X)) ={(1,1),(1,2)}.

We desingularize Q11 N [0, 7) = {0} that IS NOT of type A:
m 1 Blow-up: (x,y) — (x,w), w = y/x? and time-rescaling x>:

x=xf(x,w), w=1-Bw?+xg(x,w),

has the regular orbit x = 0 since B < 0 in A.
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Minimal models with associated non-hyperbolic polycycle

Minimal model with (a, 8, r,s) = (1,1,3,2) and (C, D) = (1, B)
x = Ay3 + Bx%y, y=x®+ Bxy?,
with A ={A < 0,B <0}, W(N(X)) ={(1,1),(1,2)}.

We desingularize Q11 N [0, 7) = {0} that IS NOT of type A:
m 1 Blow-up: (x,y) — (x,w), w = y/x? and time-rescaling x>:

x=xf(x,w), w=1-Bw?+xg(x,w),

has the regular orbit x = 0 since B < 0 in A.
m 2 Blow-up: (x,y)+ (u,2), u=y/x,z=x?/y and
time-rescaling z%u3:

7= Bz + z(—2% 4 u(b + 2Av)), 0= u(z® — Au?),

that has a saddle-node at the origin.
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