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Abstract

The existence of a time-reversal symmetry in periodic linear systems
Imposes some structure in the monodromy matrix.

For planar systems, we take advantage of such a structure to study the
local geometry of their stability boundaries around some critical points
Im the space of parameters.

A general result for reversible Hill's equation will be stated. We also
revisit the elliptic-elliptic case of Meissner’s equation.
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A motivating example: the inverted pendulum

The stabilizing effect of vibrations has been known
as early as 1908 through Stephenson’s experimental
demonstration of stability of an inverted pendulum
with the vertically oscillating suspension.

Somewhat later, in 1928, van der Pol and Strutt
have drawn the stability diagram for the Mathieu’s
equation. This diagram implies, among other facts,
Stephenson’s result.



A motivating example: the inverted pendulum

In 1951, Kapitsa studied stability of the inverted
pendulum through effective potentials and had also
suggested to apply vibrational stabilization to me-
chanical objects other than pendula, such as large
molecules.

The related idea of levitating charged particles via
an oscillating electric field (the ‘Paul trap’) goes
back to 1958:; for this work Paul was awarded the
Nobel Prize in 1989.
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A motivating example: the inverted pendulum

<€

e The suspension point undergoes a periodic oscillation p(t),
with period T' = 27 /w.

g o From x = Isinf, and y = p(t) + l[cosf, we get = = 10 cos 0,
and y = p(t) — [0 sin 6.
Therefore, Epor = mg (p(t) + [ cos ), while

1 1 . .
Exin = 5m (2 + 97) = S (5292 — 2p(t)l0sin @ +p(t)2) .

Taking a new time 7 = wt, so that (") denotes the new derivative,

v (after dividing by mw?l*) the normalized Lagrangian becomes

- ((6”)2—2]9/57)6”81116’ : MT)Q) 7 (p(T) : COSH) 7

2 [2 w2l [



1 p'(7), ., D(1)°
5 (0?2 =270 sin 0 +

. Q_L BL_ p/(T), 2 .3 8_L_/
Wlth we get 59 : 0" cos @ + (2*sin @ and 50 =0

d (0L OL
The Euler-Lagrange equation of motion o (M) = 25

From the Lagrangian L =

becomes

/] / /
9// p (T) Siné’ p (7)9/ COSH _ p (T)e

/ 2 _:
: : : cos + (2°sin 6,

that 1s




We assume small oscillations, so that sinf ~ 6, and for the 2mw-periodic
function p(7) we take the convention p”(7) = Asw(7), where ‘sw’ stands
for a unitary square wave.

Sw(T)
1 (T —m)(2m —7)/2
Y
./
T v r(r —m)/2

camshaft



We assume small oscillations, so that sinf ~ 6, and for the 2mw-periodic
function p(7) we take the convention p”(7) = Asw(7), where ‘sw’ stands

for a unitary square wave. sw(7)
: (T —m)2m —7)/2
/T

v L
i m) |9 cam profile
i v ) \
i T(T — ) /2
i . l ( )/ camshaft
I

We get the Hill’s equation




A motivating example: the inverted pendulum

We take advantage of the piecewise constant character of the
restoring force term to solve the equation. Assuming a > 2,

and defining and we have

9"—529:0, for 0 < 7 <,

and
0" + €0 =0, for 1 < 7 < 27

Remark Note that, by definition, we have 0 < ¢ < 0, and
0% + € = 2a, while 6% — €# = 20°.
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We take advantage of the piecewise constant character of the
restoring force term to solve the equation. Assuming a > 2,

and defining , and , we have

and

(to be periodically extended for 7 > 2m)
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A motivating example: the inverted pendulum

Reminder. For periodic linear systems in the form

r = A(t)x, where x(t) € R", A(t+T)= A(t),

for all ¢ and some T > 0, if X (¢) is a fundamental matrix of solutions
with X (0) = I, being I the identity matrix, then X (¢t + T) is also a
fundamental matrix and there exists a non-singular matrix C' such
that X (¢t +T) = X(¢)C for all t. Therefore,

X(t+T)=X(t)X(T) and X(nT) = X(T)", for any n € N.
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A motivating example: the inverted pendulum

Reminder. Thus, the monodromy matriz M = X (T') contains all the
information needed to characterize the whole dynamics. In particular,
the eigenvalues of M (characteristic multipliers or Floguet multipliers)
characterize the stability of solutions. Thus, if 1 € R and v € R™ verify
Mv = pw, then for the solution z(t) = X (¢t)v, with z(0) = v,

r(t+T)=X{t+T)v=XH)X(T)v=X{@t)Mv = X(t)uv = px(t).

e The existence of T-peritodic solutions is associated to the existence ot
a multiplier p = 1.

o If 1 = —1 is an eigenvalue of M, then we have 2T -periodic solutions.
e Periodic solutions are not isolated (linearity + homogeneity).
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Here, exceptionally, we can compute the principal fundamental
matriz of solutions X (7), and the corresponding monodromy
matrix M = X (27), by writing

M = exp K_Oe? é) 771 - exp K(SOQ é) Wl
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A motivating example: the inverted pendulum

Here, exceptionally, we can compute the principal fundamental
matriz of solutions X(7), and the corresponding monodromy

matrix M = X (27), by writing (§ > 0,¢ > 0)

A — ( COS Tr€ e 1 sin 7'('6) | (cosh 70 O 1sinh 77(5)

—€SIN TTE COS TT€ O sinh 0 cosh 7o
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A motivating example: the inverted pendulum

Here, exceptionally, we can compute the principal fundamental
matriz of solutions X(7), and the corresponding monodromy

matrix M = X (27), by writing (§ > 0,¢ > 0)

A — ( COS Tr€ e 1 sin 7'('6) | (cosh 70 O 1sinh 77(5)

—€SINTE  COSTE 0 sinh 7o cosh o
Clearly, det M = 1. For the trace of M, we get

0
tr(M) = 2 cos me cosh md + (— ;) sin e sinh 7 0.
€

17



The case e = 0 with 0 > 0 gives

M = exp

where

(

0 1
0 0

)r

-eXP

(

0
52

1
0

)r

g

1 7

0

1

)

tr(M) = 2coshwd + md sinh md > 2,

coshmd d !sinhmd

0 sinh 70

while for the singular point ¢ = 6 = 0 we have tr(M) = 2.

cosh o

).



A motivating example: the inverted pendulum

The stability of the upper position § = 0 can be deduced from
the Floquet multipliers, that is, from the eigenvalues p1 and po
of the monodromy matrix M. Since these multipliers are the

roots of the quadratic
1 —tr(M)u+1=0,

we need the condition |tr(M)| < 2, and we emphasize that if
tr(M)| = 2 the matrix should be diagonalizable.
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Complex plane

O

See the file

multipiersversustrace.mp4
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In looking for parametric regions of stability,
we must draw in the positive quadrant of plane
(6, €) the curves corresponding to tr(M) = 2 (in
blue), and to tr(M) = —2 (in red), which act as
bifurcation curves.




A motivating example: the inverted pendulum

In looking for parametric regions of stability,
we must draw in the positive quadrant of plane
(6, €) the curves corresponding to tr(M) = 2 (in
blue), and to tr(M) = —2 (in red), which act as
bifurcation curves.

Recall:

Our physical setting requires 0 < € < 0.
Keeping constant the amplitude A and increas-
ing w, we follow the arc §° + €* = 2a.

2.0
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0.0
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We can do a local study near the origin in the plane (4, €) for the curve tr(M) = 2.

From the expression

0 €
e 0

tr(M) = 2 cos e coshmd + ( ) sin e sinh 79,

we see that tr(M) =2 <= (6 — €?)sinmesinh 10 = 2d¢(1 — cos we cosh w6).

After some standard simplifications, and using the implicit function theorem, we get

2 2 2A2
T T R T T T 1

2
leading to the practical condition|wA > —+/3¢l.
T 23




See the file video_vibrated_pendulum.mp4

Courtesy of my colleague Daniel J. Pagano,
Autamacao e Sistemas, UFSC Florianépolis.
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Restricting our attention to linear reversing symmetries, we say that the
autonomous dynamical system © = F(x), where F' : R” — R", is R-reversible,
with R a real non-singular constant matrix, if

F(Rx) = —RF(x), for all x € R".

It is easy to deduce that whenever xz(t) is a solution of the system, then
Rx(—t) is also a solution: ‘the future is determined by the past of an alternative
present’.

25



Typically, R is an involution, that is, R* = I with R # +1.

Example. Consider the differential system

—1, (1 0
- yz) and R — (O _1> .

7
J



Reversibility notions

The above notions can be extended to non-automous systems
v = F(x,t), where F': R*™! — R"™ by accepting some freedom

in the time origin for reversal.

Definition. Introducing, for a certain ty &

and a given

matrix R, the map Ry, : (x,t) — (Rx,t9 —t), we say that
the above non-autonomous system is R;,-reversible if it is

invariant under the transformation R;,, that is

RF(x,t) = —F(Rx,ty — t), for all (x,1).

27



As suggested in [LR]|, taking a new time 7 =t — t43/2, for the translated vector
field F(x,7) = F(x,7 + ty/2), the extended (autonomous) dynamical system

d(g’;) _ (ﬁ(x,f)g) _ (F (.cm : t;) ,1) |

becomes Ry-reversible, where Ry : (xz,7) — (Rx, —7). Effectively, for RE (x,T)
we can write




In the context of T-periodic linear systems, assume that for the system
r=A(t)x, A(t+T)= A(t) for all t,

where £ € R", we know that, for a given involution R and a certain value ty, for all ¢
the property
RA(t) = —A(to —t)R=—A(—(t —t9))R

holds. If we define the new time 7 =1 — ty/2 then t = 7 + t7/2, and we see that

RA(T + to/z) — —A(t() — T — tQ/Q)R — —A(—T + tQ/Z))R

In short, by defining A(7) = A(T + ty/2) the reversibility property simplifies to

29



Suppose that X (¢) with X(0) = I is a fundamental matrix of solutions for the
original system, that is X (t) = A(t)X(¢). Then we conclude that X (7 + ty/2)
is a solution matrix of the translated system

T = A(T)z.

For the fundamental matrix of solutions X (7), with X(0) = I and X(7) =
A(T)X (1), we can write X (7 +ty/2) = X(7)X(t9/2), so that, putting 7 = T,
we get

~

X(T +1t9/2) =|X(t0/2)X(T) = X(T') X (to/2)

that is, the two monodromy matrices M = X(T) and M = X (T) are similar.




In the sequel, we assume that, after a translation in time if needed, we have a
reversible, T-periodic linear system

Proposition The following statements hold.

(a) Whenever z(t) is a solution of the system, then Rx(—t) is also a solution.

(b) If M = X (T) is the monodromy matrix, then R = M RM, both products
RM and M R are involutions, and so det(RM) = det(M R) = +1.

(c) The monodromy matrix M is unimodal, that is, det M = 1.
(d) The matrix M is ruled by X(7/2), that is, M = RX(T/2)"*RX(T/2).

31



Proof (a) First, we note that by the change of time variable ¢t — —t we also have
RA(—t) = —A(t)R. Take now y(t) = Rx(—t), where x(t) is a given solution,
that is, @(¢) = A(t)xz(t). By using again the change t — —t, we also have
t(—t) = A(—t)x(—t). Taking time derivative on y(t), we get

y(t) = —Ri(—t) = —RA(=t)x(—t) = A(t)Rx(—t) = A(t)y(?).

and so y(t) is also a solution. The statement follows.

32



(b) Since the matrix RX (—t) has solutions in its columns by the reversibility,
there exists a nonsingular matrix C such that RX(—t) = X(¢)C. Using that
X(0)=1, we get C =R, and so RX(—t) = X(¢)R for all ¢, and in particular

By putting ¢t = —T in the equality X (¢t + T) = X (¢t)X(T'), we see that [ =
X(=T)X(T). Therefore, by right-multiplying by X (7") we get

R = X(T)RX(T).

Left-multiplying by R the last equality, we see that I = RX(T)RX (T') and the
statement follows. Note that I = X (T )RX (T)R is also true.

33



(c) We know that both det(RX (7)) = +1 and det R = +1, being involutions.
However,

det(X(T)) = exp (/OT trace A(t) dt) > (),

and the statement follows.

(d) By putting ¢t = —T/2 in the equality X(t +7T) = X(¢)X(T), we get
X(T/2) = X(-T/2)X(T), and so RX(T/2) = RX(— T/Z)X( ). But from
RX(—t) = X(t)R we also have RX(—T/2) = X(T/2)R, and s

X (T/2) = X(T/2)RX (T).

The conclusion follows by multiplying by RX (7/2)~!, and the proof is complete. y



Remark. Given a involution R, for invertible maps II : R™ — R"™ it is usual to
say that it is an R-reversible map whenever II = RII"'R. In such a case, we
see that the equalities

RII=1T'R, TIR=RII"! TIRII=R, RIRIN=1, andORIR=1,

are equivalent. In this sense, statement (b) above says that the monodromy
matrix M = X(T') is an R-reversible map.
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Lemma (Reversibility and changes of variables) Given
a system that admits a time-reversal symmetry R, after any
invertible linear change of variables of the form y = Px, the new
system has a reversibility given by the matrix S = P"'R P.

Proof. From the assumption, we have RA(t) = —A(—t)R. After the change of variables, the
system becomes ¢ = B(t)y with B(t) = P~1A(t)P. Now, we see that

SB(t)= (P 'RP) (P 'A(t)P) = —P 'A(—t)RP = —P ' A(-t)PP""'RP = —B(—t1)S,

as required. The conclusion follows.

36



Lemma (Canonical reversibility)

2

Any proper involution in R“ is similar to R = diag(1, —1).

2 2
Proof. A direct computation shows that if R* = T Tz} _ (71T T2t 7“1%(7"11 + 722)
ro1(r11 + T22) Ty + 712721

must be equal to the identity matrix, we need 7“%1 + ri9r9] = 7“%2 + 112791 = 1, so that r%l — 7“%2, and

T12(T11 —+ 7’22) — 7’21(T11 -+ TQQ) — (. T'wo cases appear.
If 711 + 792 # 0 then r19 = r9;7 = 0, and so 7“%1 — 7“%2 = 1, concluding that r1; = r9o = =£1; then the
original matrix is plus or minus the identity matrix, not a proper involution.

When 11 oo — O, we can write that

. :Zl O
LR - Tél r12 , when r15 # 0; otherwise, T T2 .
ra1 T22 (1 — 7°11)/7"12 —T11 21 T929 ro1 F1

Since in these two cases the matrix has null trace and determinant equal to —1, it is similar to the
matrix R = diag(1,—1), as stated. 37




Reversibilities: the planar case

Proposition (Reversibility induced structure in the
monodromy matrix).

Given a planar T-periodic linear system & = A(t)x and the
matrix R = diag(1, —1), the following statements hold.

(a) The system is R-reversible if and only if for the functions in
the entries of matrix A(t), given by

A0 = (o) )

both a1 (¢) and ags(t) are odd, while a12(t) and a9 (t) are even. |



Proposition (Reversibility induced structure in the
monodromy matrix).

Given a planar T-periodic linear system & = A(t)x and the
matrix R = diag(1,—1), the following statements hold.

(b) If the system is R-reversible, then the monodromy matrix
M = X (T') has the structure

M = (aM bM) : with det(M) — CL%W — bMCM = 1.
Cng AN
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Proof. (a) The equality RA(t) = —A(—t)R for all ¢t € R is equivalent to

( ai1(t)  aa(t) ) _ <—a11(—t) a12(—t))

—a21(t) —a929 (t) —&21(—t> CLQQ(—t)

for all ¢, so that statement (a) follows.

(b) It suffices to impose for a generic M = X (7T') the equality R = M RM, namely

1 0 [ ap bM A pn bM o CL%W—Z?MCM bM(CLM—dM)
0 —1 o CM dM —CM —dM o CM(CLM—CZM) bMCM—d%W .

If we suppose ays # dys, then we have by = ¢py = 0, and so a4, = d5, = 1, leading

to apy = —dps = £1. Hence, apdys = —1, but then det M £ 1. Thus, ays = dyy.

40



Coming back to our inverted pendu.

we were dealing with the 2mw-perioc

. 0 1 (1) = —0%, 0<t<m,
v —p(t) O L P = et m<t<2m,

um example, using t for the time and taking x1 = 0, x5 = ¢’,

ic Hill’s equation

which, is R.-reversible, as p(t) = p(m —t).
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Coming back to our inverted pendu.

we were dealing with the 2mw-perioc

um example, using t for the time and taking x1 = 0, x5 = ¢’,

ic Hill’s equation

—5? <t<
T = (_Z?(t) 1) r, p(t)= { 52’ O=stsm, which, is R.-reversible, as p(t) = p(m —t).

, o om <t <2,

p(1) = p(T + 7/2)

T=1—1/2
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—€SIn e COS TT€ 0 sinh 7o cosh o

From M :( COS TT€ e 1 SiIlT('E) | (Cosh’zr(? o1 Siﬂhﬂé)



0

cos mecosh w8 + — sinresinh wd 6! cos mesinh wd + €1 sin e cosh 7
From M = € )

0 cos e sinh md — e sin e cosh o cOs e cosh md — — sin e sinh 7o

0



)
cos mecosh w8 + — sinresinh wd 6! cos mesinh wd + €1 sin e cosh 7
From M = € )
0 cos e sinh w0 — e sin e cosh o cos e cosh mo — 5 sin 7re sinh 7o

we can pass, for the translated in time, R-reversible system, to

AT (0 1\ 7 [0 1\ (0 1\ 7
M: exXp 52 0 5 - EXP —62 0 T - €XP 52 0 5




0 —1

cos mecosh w8 + — sinresinh wd 6! cos mesinh wd + €1 sin e cosh 7
From M = : )
0 cos e sinh w0 — e sin e cosh o cos e cosh mo — 5 sin 7re sinh 7o

we can pass, for the translated in time, R-reversible system, to

cosmesinhmd 0% + €* + (6% — €?) coshmd
| S TTE

&
DO
=)
&
o

0% + €% + (0% — €%) cosh o

0 cos e sinh 7o : SIN e
€

showing the structure predicted by the above proposition.
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Another example of reversible periodic system comes from the Ince-Hill equation, namely

(1 +acoswt)x + (bsinwt)z 4+ (¢ + dcoswt)x = 0.

Effectively, atter introducing the variable y = =, we can rewrite the equation as the system

0 1
r\ T
) ¢ + dcoswt b sin wt Y
1 + acoswt 1 + acoswt

where we assume |a| < 1. We note that we have got a R-reversible (27 /w)-periodic system,
according to statement (a) of the above proposition.

47



Our goal is to get, for reversible planar systems, a deeper insight about the parametric

stability boundaries given by the conditions trace(M) = +2.
From statement (b) of above proposition, since the diagonal entries of M are equal, the

condition trace(M ) = 2 corresponds to aj; = 1, and there appear the three cases

Stable Unstable

48



Bifurcating from critical values

We want to characterize, in terms of the parameters, the geometric structure

of the bifurcation sets (i.e. the stability boundaries) in a neighborhood of their
stable situations (M = +1).

Since the three parameters defining M evolve on the surface @%\4 — byrep = 1,

it seems natural to study the possible expansions of the monodromy matrix
M (e) assuming for its entries (aps, bas, cpr) some dependence on a bidimensional

parameter € = (e1,€2) € R?, so that M(0) = +1.

We will denote the first derivatives of M () by

_ OM(e)
N 887; 7

0% M (e .
Mz](€> — 858(8 _)7 by ) = 172
[

Mz(g)
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Lemma (Parametric derivatives of the monodromy matrix entries)
Let us consider the monodromy matrix M (e) of a T-periodic linear system
hat admits the time-reversal symmetry R = diag(l,—1). Assuming for
he entries of M a dependence (aps(€),bar(€),car(€)) on € = (e1,€e2) with

S

N

M(0) = +1, that is (ax(0),ba7(0), car(0)) = (£1,0,0), we have

M0 =520 = (0 0.

C;
b
b; = %é\j (0), ¢ = %C;\j (0), and furthermore
0%a 0%a 1
;7 — 6622 (O) — __biCi, Qi5 — 867;883' (O) — __5(1?@6]' + bij,;),

so that trace M;;(0) = +2b;c;, trace M;;(0) = £(b;c;+bjc;), fori,5 =1,2.

50



Bifurcating from critical values

Starting from a parameter comfiguration for M (g) such that M(0) = +1,
we can study the expansion

1
M(e) = £I+e1M:(0)+e2M2(0)+5 (e7M11(0) + 22169 M12(0) + £5M22(0))+- - -

and, in particular, we are specially interested in the function

so that we can identify the local stability boundaries by solving the equation
d(e) = 0. From the above proposition, we know that the main diagonal
entries both for M;(0) and M5(0) vanish, and so the most significative

terms for the expansion of the function ® are quadratic. .



Substituting the second order derivatives a;; previously obtained, we get

trace (M(g)) — +2 CL11€% 2&128182 CL226§

and therefore

blcz bgcl
T (a1 a2 T b1c1 5
(I)(g) — & €_|_ rer — L€ bi1co+bscq €_|_
a12 Q22 ; b2C2

We are so impelled to study the character of the quadratic form defined by
the symmetric matrix

Q: bicq 5102‘50152 :1 b1 C1 C2 |
blcz—gqbz bQCQ ) bQ Co bl b2




Proposition (Relevance of anti-diagonal entries) Whenever the gradient
vectors Vbar(0) = (by,b2)' and Vea(0) = (c1,c2)' are linearly independent
the matrix () is indefinite, so that in the parameter plane (¢1,e2) the point
e = 0 is for ®(¢) an isolated non-degenerate critical point of saddle type.
Otherwise, when bico — byc; = 0, it 1s degenerate.

Proof. The conclusion follows easily from the equality

1
det(Q) — —Z(blcQ — b261)2 S 0.
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Bifurcating from critical values

Proposition (Relevance of anti-diagonal entries) Whenever the gradient
vectors Vbyr(0) = (by,b2)' and Vep (0) = (c1,c2) ' are linearly independent
the matrix () is indefinite, so that in the parameter plane (£1,e2) the point
e = 0 is for ®(¢) an isolated non-degenerate critical point of saddle type.
Otherwise, when bico — byc; = 0, it 1s degenerate.

Proof. The conclusion follows easily from the equality

1
det(Q) — —Z(blcQ — b261)2 S 0.

Moreover, the quadratic part factorizes as follows,

VCM (O)T

e Qe =5 (Vbm(0) &, Ven(0) ¢) (VbM(O)T

% §> — (VbM(O)TE)(VCM(O)Té) : N



Bifurcating from critical values

Proposition (Relevance of anti-diagonal entries) Whenever the gradient
vectors Vbyr(0) = (by,b2)' and Vep (0) = (c1,c2) ' are linearly independent
the matrix () is indefinite, so that in the parameter plane (£1,e2) the point
e = 0 is for ®(¢) an isolated non-degenerate critical point of saddle type.
Otherwise, when bico — byc; = 0, it 1s degenerate.

Proof. The conclusion follows easily from the equality

1
det(Q) — —Z(blcQ — b261)2 S 0.

Moreover, the quadratic part factorizes as follows,

e'Qe =

1
2 Vo (0)7T

(Vo (0)Te, Vens (0) ) (WM(O)TZ) — (Vbar(0)Te)- (Vens (0) ).
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Lemma (Anti-diagonal entries rule the curves where ®(¢) = 0)
The stability boundaries around any point where M (0) = 41 are determined
by the curves corresponding to by;(¢) = 0 and cps(e) = 0.

Proof. We have

0 = P(e) = trace M () F

because we know that ays(e)* — 1 = by (e) - ear(e), and apr(e) =1 # 0.



Proposition (The degenerate case, but not so much)

If the gradient vectors Vb (0) = (by,b2) ' and Vear(0) = (e1,c2) ' are linearly
dependent, but with Vb (0) # (0,0)" and Vear(0) # (0,0)", then in the
parameter plane (€1,e2), the point € = 0 generically becomes for ®(¢) an
isolated degenerate critical point of type double cusp.

S7



Proof. Since bico = bycy, without loss of generality we assume by # 0. Then, we get c; # 0, because

otherwise we would also have ¢y = 0, contrarily to the hypothesis. We have so det M;(0) = —b1cq # 0.

b C
Take o = —b—2 = ——2, and use the new parameters (€1,e2) = (61 + ad2, ) in the expansion
1 C1

1
bM(517 52) — b151 + b2€2 -+ 5 (6115% —+- 2[)125152 + gg) 4 ...

1
The new expression becomes by (d1,02) = bld; + 5 (b11(51 + @d2)? + 2b12(01 + da)ds + 5%) . that is,

1

5 (01107 + 2(b11 + b12)ad102 + (b11a® 4 2b12cr + b22)d3) ,or in a more compact form,

1
bM(él, 52) — b101 + 5 (b115% -+ 2b1<25152 -+ b;Qég) :
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Proof (Cont’d). Applying the i.f.t. to the equation bp;(d1,92) = 0 at the point (d1,92) = (0,0), we
get that there locally exists a unique function §; = gp(d2) whose graph corresponds to the points where
bar(01,02) = 0. In fact, we obtain the locally parabolic function

01 = 222 5% + .-+, with b;Q = b11042 + 2b1o0cx + boo.
1

Similarly, for the points where cp;(91,02) = 0, we get

k
Ca9 5
261

01

9 : * 2
5 + ... : with Coyg = C11(X -+ 2C12C¥ =+ C22,

which is locally another parabola.

b35 C39
0 ]
b, + o #+ 0, namely

The proof finishes by requiring the generic condition 0 #

bl

511 512 bz 1 C11 Ci12 C2
bo. —b — — .
(b2, b0 (bm b22> (_bl) £ Zlen, =) ( ) (_) £
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Bifurcating from critical values

We can also take advantage of the fact that for R-reversible systems the mon-
odromy matrix M = X(T') is ruled by X (7'/2), as follows. Recall also that,
under R-reversibility we know that for planar systems, when tr(M) = +2 then
ay; = £1 and at least one of the conditions by; = 0 or ¢p; = 0 holds.

Lemma (for critical situations at least one entry in X (7/2) vanishes).
For a planar R-reversible system, the following statements hold.

(a) If tr(X(T)) = 2 and for 7,5 = 1,2, with 7 # j, we have e, X(T)e; = 0, then
e, X(T/2)e; = 0. The reciprocal is also true.

(b) If tr(X(T)) = —2 and for ¢,7 = 1,2, with i # j, we have e, X(T)e; = 0,
then ejTX (T'/2)e; = 0. The reciprocal is also true.

For the proof, use RX (T/2) = X(T/2)RX(T)or X(T) = RX(T/2)"'RX(T/2).
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Bifurcating from critical values

We can also take advantage of the fact that for R-reversible systems the mon-
odromy matrix M = X(T') is ruled by X (7'/2), as follows. Recall also that,
under R-reversibility we know that for planar systems, when tr(M) = +2 then
ay; = £1 and at least one of the conditions by; = 0 or ¢p; = 0 holds.

Lemma (for critical situations at least one entry in X (7/2) vanishes).
For a planar R-reversible system, the following statements hold.

(a) If tr(X(T)) = 2 and for 7,5 = 1,2, with 7 # j, we have e, X(T)e; = 0, then
e, X(T/2)e; = 0. The reciprocal is also true.

(b) If tr(X(T)) = —2 and for ¢,7 = 1,2, with i # j, we have e, X(T)e; = 0,
then ejTX (T'/2)e; = 0. The reciprocal is also true.

The four entries of X (7'/2) determine, when vanishing, stability boundaries!
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Coming back again to the inverted pendulum problem, for the translated in
time, R-reversible version, we can write

[0 1\ 7 (0 1\ 7w
X(ﬂ') — €XP (—62 O) § - EXP (52 O) 5 .




Coming back again to the inverted pendulum problem, for the translated in
time, R-reversible version, we can write

B cos(me/2) 2¢~'sin(me/2)\ [ cosh(md/2) 261 sinh(7d/2)
X(m) = (—(e/z) sin(re/2)  cos(me/2) ) ((5/2) sinh(70/2)  cosh(rd/2)

so that

e; X(m)ey = 26~ sinh(7d/2) cos(me/2) + 2¢ ! cosh(md /2) sin(me/2),

).
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We conclude that cpr(d,¢) = 0 and tr(M) = 2 when e, X(m)e; = 0,
that 1is,
0
with o= 7, andy = %

This approach i1s computationally shorter and more elegant in getting
the stability boundary of the inverted pendulum.
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Practical bifurcation analysis

Since the monodromy matrix is generally not easy to obtain, in
computing its first derivatives with respect to parameters, it can
be useful to resort to some initial value problems, as follows.
Let X (t;¢) denote a fundamental matrix of solutions, so that

X(t;e) = A(t;e) X (t;e), X(0;¢) = 1.

By changing the order of derivation, for : = 1, 2, we get

% Oe; Oe; I O€;

d (8X(t;5)) 0 <o\ A 0X (t;e) aA(t;E)X(t;g).
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After substituting for € = 0, we have

d (0X(t;0)\ . 0X(t;0) O0A(t0) .
dt ( 86&' ) N A(t’ O) 062' I 6‘52- X(t’ O)’

cetting so the initial value problem

dU;(t)
dt

0A(t;0)

X(t; 0)7 U’L(O) — Ov

6‘52-




To solve the above equation, a first natural step is to write

U (1) = exp ( /O " A(5:0) ds) Vih).

getting so a new simpler initial value problem for V;(¢), namely

d‘gt(t) — €XP <—/0 A(s; 0) ds) ﬁAa(z; O)X(t; 0). V;(0)=0.
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Therefore, for 1" = 27 we conclude that

V;(21) = /O ” exp (— /O tA(s;O) ds) 8A§§; O x(t:0)at

and

M;(0) = Uy (21) = exp ( /O ” A(t:0) dt) Vi(2n), fori=1,2.
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Once known U, (t), this procedure can be extended for second order derivatives,
if needed. For instance, we can write

%(8 X(t;e)) :A(t;g)a X(t;e) 20A(t;6) 0X (t;e) 0 A(t;g)X(t;e),

Je? 02 O Os;  Og?

for 1 = 1, 2. After substituting for € = 0, we get the initial value problem

dU;; (1) 0A(t;0) 0 A(t; 0)
— A(t: z’it 2 Uit | Xt;(), UMO :O,
o (5 0)Uii(t) + 2—5 = Ui(1) E (£;0) (0)
2X t-
when our goal is to compute U;;(t) = 0 8227 O), to obtain M, .. (0) = U;;(2m).

[/
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Practical bifurcation analysis: Hill’s equation

Consider the R-reversible Hill’equation, that is,
7+ (0+ep(t)z =0,

where p(t) is an even 27w-periodic function with zero mean
value, being 0 and € constant parameters. Note also that the
simple harmonic oscillator is obtained for ¢ = 0 and 0 > 0, so
that the natural frequency becomes wg = V9.

If we take x1 = x, and x5 = x, then we get the planar system

(1) =00.9(3) = (s S 0) ()
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Practical bifurcation analysis: Hill’s equation

Let X(t;0,¢), with X (0;6,¢) = I, be a fundamental matrix of solutions
for such a system, and M (d,e¢) = X (27; 0, €¢) its monodromy matrix.
In general, we cannot compute such monodromy matrix, except
for exceptional cases. For instance, when ¢ = 0 the system matrix
becomes a constant matrix Ag, so that we van write (assuming o > 0)

X (t;:8,0) = exp (Aot) = cos(Vdt) I - sinf/\ggt) (_05 é) 7

where
Ay = A(£:6,0) = (_05 é) |
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Clearly, we get M (6,0) = +I whenever cos(2mv6) = +1,sin(v/2716) = 0,

that is, when|d = 0,, = n?/4,forn=1,2,...

For the specific case 6 = 0, we get M (0,0) = exp (Aot) |t=2r = (1 27T> .

0 1
In order to compute the expansion
M(5,€) = M(6,,0) + Ms(6,,,0)(6 — 6,,) + M, (6,,,0)€ + - -

around the points (d,€) = (d,,0) in the parameter plane, we will resort to
the initial value problems indicated betore,by putting e; = 0 —0,, and €5 = €.
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With some abuse of notation, we write

A(t;e) = <_5n _ 510— 22p(t) (1)> |

o= (5, 3). (0 0y oae (0 o)




Next, we have

' cos — 2 gin 2t cos L 2 gin
exp o / A(Sa O) dS — Znt i nt 2 9 X(tv O) — . 2 nt " nt2 ’
0

T * T
5 SN 5 COS 5 5 SN 5 COS 75

and so

27T . .
cost  _Zgjpnt 0 O cos 2 gin 2t 0 2z
V. 27-‘-) _ 2 n 2 2 n 2 dt = n
1( nogin M cos —1 0 _gin ™ cos ™ —m7 0 /)
0 % % % % % %

The first derivative w.r.t. parameter ¢ =6 — 9,, at € = (0,0), becomes

nt 2 .. nt

U, (2r) = COS 5 = sin
L —Dgin™  cos

2 2 2
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Practical bifurcation analysis: Hill’s equation

Computations for V5 are similar, but we have now

27T 1 - 4 2 nt
=sinnt  —zsIn”

27) = n nto 2 ) p(t)dt.
V2(2m) /0 (—COSQ% —%Slﬂﬂt) p(t)
Assuming for the even function p(t) the Fourier series p(t) = > "~ av, cosnt,
we have that the diagonal entries of V5(27) vanish, while for the anti-

diagonal entries we obtain

n2

n? p

/ T 4 1 — cosnt t 27Ty, / “T 1 + cos nt T,
0 0
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Practical bifurcation analysis: Hill’s equation

We conclude that, at the points (4, €) = (d,,,0) of the parameter
plane, we have for the gradients of anti-diagonal entries

Vbar(0) = (4” 2”0‘”>T, Ver(0) = (—m,~T22)

n2’ n2 )

becoming linearly independent whenever «,, # 0.

For instance, in the case of the Mathieu’s equation, we have
p(t) = cost, and then these gradients are independent only for
n = 1, while for n > 1 we must expect double cusps points.
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The point (d,¢) = (0,0) of the parameter plane needs a special
analysis. We now have

o= Y, Beo=(% Y, Bao=( 8,

so that

oo ([ ats0yas) = () 7). xeor= (1 ).

(&4



Thus, for the point (d,¢) = (0,0) of the parameter plane, it
turns out that

O
)
where o = E —;L Therefore, regarding cys(¢), we see that
n
n—=1
cp = —2m, and co = 0. We look for second order terms.
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Lemma (only ¢y matters) Assuming the expansion
car(0,€) = €10 + ca€ + €110° + c120€ + can€” + - -

where ¢; # 0 and ¢y = 0, then the curve cp/(d,€) = 0 is locally

described by the graph of the tunction 0 = "2 .2 + O(€?).
C1

79



The initial value problem for Uss produces

> 2

27T t
Cop = — / P(t)*dt =— ) "n  where P(t) = / p(s) ds.
0 O

n2 ’

n=1

Therefore, the curve cps(d,¢) = 0 is locally described by the
oraph of the function

€22 2 3
0 = - =
” e + O(e”) 5
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o 0
0 1/4 1 9/4

For instance, in the case of the Mathieu’s equation, we have

p(t) = cost, and then these gradients are independent only for
n = 1, while for n > 1 we must expect double cusps points.
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Reversible Hill's equation: main result

Theorem. Consider the Hill’s equation & + (0 + ep(t)) x = 0,
where p(t) is an even 2m-periodic function with zero mean
value, being 0 and € constant parameters. The following state-
ments hold.

(a) As in any R-reversible system, the diagonal entries of the
monodromy matrix M (J, €) are equal. Moreover, for the values
(9, €) = (8,,,0) with 9,, = n*/4, n € N, such monodromy matrix
is equal to (—1)"1.
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Reversible Hill's equation: main result

Theorem. Consider the Hill’s equation & + (0 +ep(t)) x = O,
where p(t) is an even 2m-periodic function with zero mean
value, being 0 and € constant parameters. The following state-
ments hold.

(b) In the parameter plane (4, €), from each point (9, €¢) = (9, 0)
there emerge two curves where the value trace(M) = (—1)" 2
remains constant, acting as stability boundaries for the system.
These curves form a saddle point whenever the coeflicient «,, in

the Fourier series p(t) = > ", a, cosnt, does not vanish.
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Reversible Hill's equation: main result

Theorem. Consider the Hill’s equation & + (0 + ep(t)) x = 0,
where p(t) is an even 2m-periodic function with zero mean
value, being 0 and € constant parameters. The following state-

ments hold.

(c) When «,, = 0 in the above Fourier series, we must gener-
ically expect a double cusp point, but other more degenerate
confligurations are possible.
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Reversible Hill's equation: main result

Theorem. Consider the Hill’s equation & + (0 + ep(t)) x = 0,
where p(t) is an even 2m-periodic function with zero mean
value, being 0 and € constant parameters. The following state-
ments hold.

(d) From the origin (0,€) = (0,0), where ay; = 1, byy = 2m,
and cp; = 0, only one stability curve emerges, which 1s locally
described by the graph of the function

5 — Q;
0 — e* + O(€’), with 7 = =
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Application to Meissner’s equation

In a previous work, see [FOP|, we studied the case of Meissner equations
with two steps in each period, obtaining the geometry of its parameter
stability regions. In particular, in the elliptic-elliptic case for the quoted
two step Meissner equation, we considered the 7-periodic equation

w2 >0, telo, ),

T+ q(t)r =0, Q(t):{ w%>07 telr,T).




Application to Meissner’s equation

6

w2 >0, tel0, ),
wi >0, te]m2n).

Bra(te =0, q(t ={

The stability boundaries appear build-

ing instability pockets, thanks to the
intersections between the curves where

3 3

trace(M) = 2 (in blue), or between the

curves with trace(M) = —2 (in red). :




Application to Meissner’s equation

6

. w2 >0, tel0, ),
T+q(t)r =0, q(t) :{ wi >0, te [7[7 272).

After the translation in time 7 = ¢t — 7/2 we
achieve a R-reversible equation with 4

5 6 an B

2 2 2 2] © ]

~ Wo T Wp || Wa — Wp 4 . nm S 3
Q(T) — _2_' | 2 } — S1I11 7 cosnrt. = °
7 17T :

Locally around the straightline w, = wp, we can
think of a Hill’s equation, where

2 2
Wo — Wy

2 )

2 2
Wy, + Wy,
2 )

5(waawb) — e(waawb) —

taking advantage of our previous computations. .. 88



Application to Meissner’s equation

6

w2 >0, tel0, ),
wi >0, te]m2n).

Bra(te =0, q(t ={

After the translation in time 7 = ¢t — 7/2 we
achieve a R-reversible equation with 4

5 6 an N

2 2) (2 2 o° i

~ Wo T Wp || Wa — Wp 4 . nm S 3
q(7) = -5 | 5 } — sin —-jcosnT. 33
—\nm |

Since «,, vanishes only for n even, at the points

1 TL2

wa:wb:§,Where(5n:zandezo,we

have saddles for n odd (where M = —1I) and
cusps for n even (where M = I).
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Application to Meissner’s equation

uuuuuuuuuuuuuuuuuuuuuu

For any point of the form (w,,wp) =
(ng,np) € N* with n, # ny, we have 20|

bry = ey = 0, and direct computations
show that blcg — bgCl # 0.

In our original setting, we had a third
parameter r, assoclated to the dura-

1.5¢

Wh

1.0

tion for the first step. In such a three-
parameter context, we can identify the
above points as the origin in the space
(€1,€2,63) = (Wg — Na, Wp — Np, T — ).

0.5¢

0.0

........................




Application to Meissner’s equation

Therefore, for the two equations
bri(€1,€2,€3) = 0, cp(er,e2,63) = 0,
we can apply the implicit function the-
orem at (€1,€2,€3) = (0,0,0) to assure
the existence of two smooth functions
hl,hg, with hl(O) — hQ(O) — (0 that
allow us to solve the above equations in
terms of £3. Thus, along the curve

(€1,€2) = (h1(e3), ha(e3))

the monodromy matrix M is £1.
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Richard H. Rand, in his Lecture Notes on Nonlinear Vibrations, see
p. 60, consider a specific Ince’s equation, which can be rewritten as

(1 + ecost)Z - ;jzsint+5a¢ — 0,

or equivalently

: 0 1
(:E) — 0 esint ($> ,
/ 1 + ecost 2(1 4 ecost) /
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For ¢ = 0, the system

: 0 1
(x) — 0 esint (az)
/ 1 + ecost 2(1 4+ ecost) /

exhibits the points (d,¢) = (4,,0) with §,, = n*/4, where M = +1I, as
in Hill’s equation.




Work required on a specific Ince’s equation

It 1s assured that for n > 1 the two

curves

emerging from the point (9,,0)

coincide, so that, as In any common

point

for both curves, the condition

M = -

-] 1s maintained.

We have computed up to second order
the expansions for by; and c,s, around
the first critical points, which seem pro-
portional, but a different technique is
needed to confirm the Rand’s state-

ment.

l
l
l
|
. . l_
0 1 4

Stability chart for (1 + 5 cos2t) %i% + £sin2t % 4 ¢ £ = 0. S=Stable, U=Unstable. Note that
there is only a single tongue of instablity. The usual instability regions which emanate from
the points ¢ = n?, n = 2,3, --- on the c—axis have zero width (and hence do not exist) due to

coexistence.
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Conclusion: Arnold tongues demystified!

We have reviewed the reversibility implications in periodic linear
systems, with emphasis in the planar case.

Its characterization allows to predict the structure of the monodromy
matrix, which can be obtained by working only with the semi-period.

The curves delimiting the stability boundaries appear associated to

the off-diagonal entries of the monodromy matrix, but also to any
entry of the half-period evolution operator.

A general result for reversible Hill’s equation has been presented.
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There are places I’'ll remember...

All my life, though some have changed
Some forever, not for better
Some have gone and some remain

All these places had their moments
With lovers and friends, I still can recall
Some are dead, and some are living

In my life, I've loved them all
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