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The existence of a time-reversal symmetry in periodic linear systems 
imposes some structure in the monodromy matrix. 

For planar systems, we take advantage of such a structure to study the 
local geometry of their stability boundaries around some critical points 
im the space of parameters. 

A general result for reversible Hill’s equation will be stated. We also 
revisit the elliptic-elliptic case of Meissner’s equation.

Abstract
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Summary
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The stabilizing e!ect of vibrations has been known
as early as 1908 through Stephenson’s experimental
demonstration of stability of an inverted pendulum
with the vertically oscillating suspension.

Somewhat later, in 1928, van der Pol and Strutt
have drawn the stability diagram for the Mathieu’s
equation. This diagram implies, among other facts,
Stephenson’s result.
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Quotation after [L]Levi, M. (1999). Geometry and physics of averaging
with applications, Physica D, 132: 150–164.
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In 1951, Kapitsa studied stability of the inverted
pendulum through e!ective potentials and had also
suggested to apply vibrational stabilization to me-
chanical objects other than pendula, such as large
molecules.

The related idea of levitating charged particles via
an oscillating electric field (the ‘Paul trap’) goes
back to 1958; for this work Paul was awarded the
Nobel Prize in 1989.
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• The suspension point undergoes a periodic oscillation p(t),
with period T = 2ω/ε.
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• From x = l sin ω, and y = p(t) + l cos ω, we get ẋ = lω̇ cos ω,
and ẏ = ṗ(t)→ lω̇ sin ω.
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Therefore, EPOT = mg (p(t) + l cos ω), while

EKIN =
1

2
m

(
ẋ2 + ẏ2

)
=

1

2
m

(
l2ω̇2 → 2ṗ(t)lω̇ sin ω + ṗ(t)2

)
.

<latexit sha1_base64="1/lLIgX/kbB6VR/LeJ2juOHy1hw="></latexit>

Taking a new time ω = εt, so that (→) denotes the new derivative,
(after dividing by mε2l2) the normalized Lagrangian becomes

L =
1

2

(
(ϑ→)2 → 2

p→(ω)

l
ϑ→ sin ϑ +

p→(ω)2

l2

)
→ g

ε2l

(
p(ω)

l
+ cos ϑ

)
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From the Lagrangian L =
1

2

(
(ω→)2 → 2

p→(ε)

l
ω→ sin ω +

p→(ε)2

l2

)
→!2

(
p(ε)

l
+ cos ω

)
,

with !2 =
g

ϑ2l
, we get

ϖL

ϖω
= →p→(ε)

l
ω→ cos ω + !2 sin ω, and

ϖL

ϖω→
= ω→ → p→(ε)

l
sin ω.

<latexit sha1_base64="4ONGHEWyD5O2ayUnkjq+Djf6SbU="></latexit>

The Euler-Lagrange equation of motion
d

dω

(
εL

εϑ→

)
=

εL

εϑ
becomes

ϑ→→ → p→→(ω)

l
sin ϑ → p→(ω)

l
ϑ→ cos ϑ = →p→(ω)

l
ϑ→ cos ϑ + !2 sin ϑ,

that is

ϑ→→ →
(
!2 +

p→→(ω)

l

)
sin ϑ = 0.
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p(t)

<latexit sha1_base64="7kSiP0PW0+ixysUXar7CZM8IIh4="></latexit>

We assume small oscillations, so that sin ω → ω, and for the 2ε-periodic
function p(ϑ) we take the convention p→→(ϑ) = A sw(ϑ), where ‘sw’ stands
for a unitary square wave.

π 2π

-1

1

<latexit sha1_base64="avfb58qGkoAH2iIoT+S8zcDEx/o=">AAAB+nicbVDLTsJAFJ3iC/FVdeHCTSOaYExI6wJdEt24xEQeCSVkOlxgwrTTzNxqSOUv/AJdGXXnZ/gD/I0DuFDwrM6959zMnBPEgmt03bGVWVpeWV3Lruc2Nre2d+zdvZqWiWJQZVJI1QioBsEjqCJHAY1YAQ0DAfVgcD3R6/egNJfRHQ5jaIW0F/EuZxTNqm0f+DIGRVGqiIaQ6odRwUeanLbtvFt0p3AWifdD8uVj/+xpXB5W2vaX35EsCSFCJqjWTc+NsZVShZwJGOX8RENM2YD2oGno5DXdSqcBRs5JVyoH++BM59/elIZaD8PAeEKKfT2vTZb/ac0Eu5etlEdxghAxYzFaNxEOSmfSg9PhChiKoSGUKW5+6bA+VZShaStn4nvzYRdJ7bzolYqlW9PDFZkhSw7JESkQj1yQMrkhFVIljIzIC3knH9aj9Wy9Wm8za8b6udknf2B9fgMWb5eA</latexit>

sw(ω)

<latexit sha1_base64="avfb58qGkoAH2iIoT+S8zcDEx/o=">AAAB+nicbVDLTsJAFJ3iC/FVdeHCTSOaYExI6wJdEt24xEQeCSVkOlxgwrTTzNxqSOUv/AJdGXXnZ/gD/I0DuFDwrM6959zMnBPEgmt03bGVWVpeWV3Lruc2Nre2d+zdvZqWiWJQZVJI1QioBsEjqCJHAY1YAQ0DAfVgcD3R6/egNJfRHQ5jaIW0F/EuZxTNqm0f+DIGRVGqiIaQ6odRwUeanLbtvFt0p3AWifdD8uVj/+xpXB5W2vaX35EsCSFCJqjWTc+NsZVShZwJGOX8RENM2YD2oGno5DXdSqcBRs5JVyoH++BM59/elIZaD8PAeEKKfT2vTZb/ac0Eu5etlEdxghAxYzFaNxEOSmfSg9PhChiKoSGUKW5+6bA+VZShaStn4nvzYRdJ7bzolYqlW9PDFZkhSw7JESkQj1yQMrkhFVIljIzIC3knH9aj9Wy9Wm8za8b6udknf2B9fgMWb5eA</latexit>

sw(ω)

<latexit sha1_base64="E0l3/Cuq+BkETij8UhXPm8bPiwc=">AAAB83icbVDLTgJBEJzFF+Jr1aOXiWiCMeIuB/RI9OIRE3kk7IbMDr0wYfaRmVmSDeEvvOnJqDf/xB/gb5wFDgrWoVPdVZ10lxdzJpVlTY3c2vrG5lZ+u7Czu7d/YB4eNWWUCAoNGvFItD0igbMQGoopDu1YAAk8Di1veJ/prREIyaLwSaUxuAHph8xnlCg96pqmo0hSysqVE7OL60rXLFplawa8SuwFKdbOnMvnaS2td81vpxfRJIBQUU6k7NhWrNwxEYpRDpOCk0iICR2SPnQ0DUkA0h3PLp/gcz8SWA0Az/rf3jEJpEwDT3sCogZyWcuG/2mdRPm37piFcaIgpNqiNT/hWEU4CwD3mACqeKoJoYLpKzEdEEGo0jEV9Pv28rOrpFkp29Vy9VHncIfmyKMTdIpKyEY3qIYeUB01EEUj9Io+0KeRGC/Gm/E+t+aMxc4x+gPj6wcJoZNY</latexit>

ω(ω → ε)/2

<latexit sha1_base64="BZeGbWKgBTeo1lQMv2MwGP3YlIg=">AAAB+nicbVDLTsJAFL3FF+Kr6sKFm0Y0gRixZYEuiW5cYiKPhDZkOkxhwvSRmalJU/kLv0BXRt35Gf4Af+MUWCh4FpNz7zk3mXPciFEhTXOi5VZW19Y38puFre2d3T19/6Alwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2u7oNtPbj4QLGgYPMomI46NBQD2KkVSrnn5UsiWKL+yIlktV9V5kY/my2tOLZsWcwlgm1pwU66f2+fOknjR6+rfdD3Hsk0BihoToWmYknRRxSTEj44IdCxIhPEID0lU0QD4RTjoNMDbOvJAbckiM6fzbmyJfiMR3lcdHcigWtWz5n9aNpXftpDSIYkkCrCxK82JmyNDIejD6lBMsWaIIwpyqXxp4iDjCUrVVUPGtxbDLpFWtWLVK7V71cAMz5OEYTqAEFlxBHe6gAU3AMIZX+IBP7Ul70d6095k1p81vDuEPtK8fB9qVgw==</latexit>

(ω → ε)(2ε → ω)/2
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A motivating example: the inverted pendulum

<latexit sha1_base64="U4eSuZdWBJXwmMZaIQFfpW1ajyI=">AAAB43icbZC7TgJBFIbP4g3xhpfOZiMxsSK7Fmgn0UJLNHJJYENmh7MwYfaSmVkjbngCrYza+Qo+iS9gySv4BM4ChYJ/9c35/0nOf9yIM6ks68vILCwuLa9kV3Nr6xubW/ntnZoMY0GxSkMeioZLJHIWYFUxxbERCSS+y7Hu9i9Sv36HQrIwuFWDCB2fdAPmMUqUHt3c59r5glW0xjLnwZ5C4ex7dPmx9zCqtPOfrU5IYx8DRTmRsmlbkXISIhSjHIe5ViwxIrRPutjUGBAfpZOMNx2ah14oTNVDc/z+nU2IL+XAd3XGJ6onZ710+J/XjJV36iQsiGKFAdUR7XkxN1VopoXNDhNIFR9oIFQwvaVJe0QQqvRZ0vr2bNl5qB0X7VKxdG0VyucwURb24QCOwIYTKMMVVKAKFDx4gld4M9B4NJ6Nl0k0Y0z/7MIfGe8/+COPIg==</latexit>x

<latexit sha1_base64="hYBPrErTsiGbqkF/qMmLAars8GI=">AAAB43icbZC7SgNBFIbPxluMt6ilzWAQUoVdC7UM2lhGMRdIljA7OZsMmb0wMyssS55AQRC182WsfQEfxN7ZJIUm/tU35/8Hzn+8WHClbfvLKqysrq1vFDdLW9s7u3vl/YOWihLJsMkiEcmORxUKHmJTcy2wE0ukgSew7Y2vcr99j1LxKLzTaYxuQIch9zmj2oxu01K/XLFr9lRkGZw5VOqkV/3+eOo1+uXP3iBiSYChZoIq1XXsWLsZlZozgZNSL1EYUzamQ+waDGmAys2mm07IiR9JokdIpu/f2YwGSqWBZzIB1SO16OXD/7xuov0LN+NhnGgMmYkYz08E0RHJC5MBl8i0SA1QJrnZkrARlZRpc5a8vrNYdhlapzXnrHZ2Y+5wCTMV4QiOoQoOnEMdrqEBTWDgwyO8wpuF1oP1bL3MogVr/ucQ/sh6/wG5z44z</latexit>y

<latexit sha1_base64="5vKJfO7LHOWXwLIWPqTOPMOa+hA=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpphFNMCakdYEuiW5cYmKBBBoyHW5hwvQnM1OTpuEVdKNRdz6QL8DbOAUWCp7VN/ecSe65XsyZVJY1NQpr6xubW8Xt0s7u3v5B+fCoJaNEUHRoxCPR8YhEzkJ0FFMcO7FAEngc2974LvfbTygki8JHlcboBmQYMp9RovTIiavqotQvV6yaNZO5CvYCKo2z3uXrtJE2++Xv3iCiSYChopxI2bWtWLkZEYpRjpNSL5EYEzomQ+xqDEmA0s1my07Mcz8SphqhOXv/zmYkkDINPJ0JiBrJZS8f/ud1E+XfuBkL40RhSHVEe37CTRWZeWdzwARSxVMNhAqmtzTpiAhClb5MXt9eLrsKrauaXa/VH/QdbmGuIpzAKVTBhmtowD00wQEKDF7gAz6NkfFsvBnv82jBWPw5hj8yvn4AqaGOmA==</latexit>

p(t)

<latexit sha1_base64="7kSiP0PW0+ixysUXar7CZM8IIh4="></latexit>

We assume small oscillations, so that sin ω → ω, and for the 2ε-periodic
function p(ϑ) we take the convention p→→(ϑ) = A sw(ϑ), where ‘sw’ stands
for a unitary square wave.

π 2π

-1

1

<latexit sha1_base64="avfb58qGkoAH2iIoT+S8zcDEx/o=">AAAB+nicbVDLTsJAFJ3iC/FVdeHCTSOaYExI6wJdEt24xEQeCSVkOlxgwrTTzNxqSOUv/AJdGXXnZ/gD/I0DuFDwrM6959zMnBPEgmt03bGVWVpeWV3Lruc2Nre2d+zdvZqWiWJQZVJI1QioBsEjqCJHAY1YAQ0DAfVgcD3R6/egNJfRHQ5jaIW0F/EuZxTNqm0f+DIGRVGqiIaQ6odRwUeanLbtvFt0p3AWifdD8uVj/+xpXB5W2vaX35EsCSFCJqjWTc+NsZVShZwJGOX8RENM2YD2oGno5DXdSqcBRs5JVyoH++BM59/elIZaD8PAeEKKfT2vTZb/ac0Eu5etlEdxghAxYzFaNxEOSmfSg9PhChiKoSGUKW5+6bA+VZShaStn4nvzYRdJ7bzolYqlW9PDFZkhSw7JESkQj1yQMrkhFVIljIzIC3knH9aj9Wy9Wm8za8b6udknf2B9fgMWb5eA</latexit>

sw(ω)

<latexit sha1_base64="avfb58qGkoAH2iIoT+S8zcDEx/o=">AAAB+nicbVDLTsJAFJ3iC/FVdeHCTSOaYExI6wJdEt24xEQeCSVkOlxgwrTTzNxqSOUv/AJdGXXnZ/gD/I0DuFDwrM6959zMnBPEgmt03bGVWVpeWV3Lruc2Nre2d+zdvZqWiWJQZVJI1QioBsEjqCJHAY1YAQ0DAfVgcD3R6/egNJfRHQ5jaIW0F/EuZxTNqm0f+DIGRVGqiIaQ6odRwUeanLbtvFt0p3AWifdD8uVj/+xpXB5W2vaX35EsCSFCJqjWTc+NsZVShZwJGOX8RENM2YD2oGno5DXdSqcBRs5JVyoH++BM59/elIZaD8PAeEKKfT2vTZb/ac0Eu5etlEdxghAxYzFaNxEOSmfSg9PhChiKoSGUKW5+6bA+VZShaStn4nvzYRdJ7bzolYqlW9PDFZkhSw7JESkQj1yQMrkhFVIljIzIC3knH9aj9Wy9Wm8za8b6udknf2B9fgMWb5eA</latexit>

sw(ω)

<latexit sha1_base64="E0l3/Cuq+BkETij8UhXPm8bPiwc=">AAAB83icbVDLTgJBEJzFF+Jr1aOXiWiCMeIuB/RI9OIRE3kk7IbMDr0wYfaRmVmSDeEvvOnJqDf/xB/gb5wFDgrWoVPdVZ10lxdzJpVlTY3c2vrG5lZ+u7Czu7d/YB4eNWWUCAoNGvFItD0igbMQGoopDu1YAAk8Di1veJ/prREIyaLwSaUxuAHph8xnlCg96pqmo0hSysqVE7OL60rXLFplawa8SuwFKdbOnMvnaS2td81vpxfRJIBQUU6k7NhWrNwxEYpRDpOCk0iICR2SPnQ0DUkA0h3PLp/gcz8SWA0Az/rf3jEJpEwDT3sCogZyWcuG/2mdRPm37piFcaIgpNqiNT/hWEU4CwD3mACqeKoJoYLpKzEdEEGo0jEV9Pv28rOrpFkp29Vy9VHncIfmyKMTdIpKyEY3qIYeUB01EEUj9Io+0KeRGC/Gm/E+t+aMxc4x+gPj6wcJoZNY</latexit>

ω(ω → ε)/2

<latexit sha1_base64="BZeGbWKgBTeo1lQMv2MwGP3YlIg=">AAAB+nicbVDLTsJAFL3FF+Kr6sKFm0Y0gRixZYEuiW5cYiKPhDZkOkxhwvSRmalJU/kLv0BXRt35Gf4Af+MUWCh4FpNz7zk3mXPciFEhTXOi5VZW19Y38puFre2d3T19/6Alwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2u7oNtPbj4QLGgYPMomI46NBQD2KkVSrnn5UsiWKL+yIlktV9V5kY/my2tOLZsWcwlgm1pwU66f2+fOknjR6+rfdD3Hsk0BihoToWmYknRRxSTEj44IdCxIhPEID0lU0QD4RTjoNMDbOvJAbckiM6fzbmyJfiMR3lcdHcigWtWz5n9aNpXftpDSIYkkCrCxK82JmyNDIejD6lBMsWaIIwpyqXxp4iDjCUrVVUPGtxbDLpFWtWLVK7V71cAMz5OEYTqAEFlxBHe6gAU3AMIZX+IBP7Ul70d6095k1p81vDuEPtK8fB9qVgw==</latexit>

(ω → ε)(2ε → ω)/2

<latexit sha1_base64="MPGoqhFNfr71ZvGLEDnGLQmMhdw="></latexit>

We get the Hill’s equation

ω→→ →
(
!

2
+ a sw(ε)

)
ω = 0, with a =

A

l
.
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A motivating example: the inverted pendulum
<latexit sha1_base64="vUGYK9VVSEoj3pZgOq6fucoxTzg="></latexit>

We take advantage of the piecewise constant character of the
restoring force term to solve the equation. Assuming a ↭ !2,
and defining ω2 = a+ !2, and ε2 = a→ !2, we have

ϑ→→ → ω2ϑ = 0, for 0 ↫ ϖ ↫ ϱ,

and
ϑ→→ + ε2ϑ = 0, for ϱ ↫ ϖ ↫ 2ϱ.

<latexit sha1_base64="iwqiG7mdhlkFPmGTTXE8yN5W7pA="></latexit>

Remark Note that, by definition, we have 0 ↭ ω ↭ ε, and
ε2 + ω2 = 2a, while ε2 → ω2 = 2!2.

11



A motivating example: the inverted pendulum
<latexit sha1_base64="nNLdsK9LwR+9WkPvJMnasdgSYHc="></latexit>

We take advantage of the piecewise constant character of the
restoring force term to solve the equation. Assuming a ↭ !2,
and defining ω2 = a+ !2, and ε2 = a→ !2, we have

d

dϑ

(
ϖ
ϖ→

)
=

(
0 1
ω2 0

)(
ϖ
ϖ→

)
, for 0 ↫ ϑ ↫ ϱ,

and
d

dϑ

(
ϖ
ϖ→

)
=

(
0 1

→ε2 0

)(
ϖ
ϖ→

)
, for ϱ ↫ ϑ ↫ 2ϱ.

12
<latexit sha1_base64="ioOiCcoe6nAYULsArbOV2EoXFRQ="></latexit>

(to be periodically extended for ω > 2ε)



A motivating example: the inverted pendulum
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<latexit sha1_base64="pmYYUVNVPRCbUsiv/eToXoTBomA="></latexit>

Reminder. For periodic linear systems in the form

ẋ = A(t)x, where x(t) → Rn, A(t+ T ) = A(t),

for all t and some T > 0, if X(t) is a fundamental matrix of solutions
with X(0) = I, being I the identity matrix, then X(t+ T ) is also a
fundamental matrix and there exists a non-singular matrix C such
that X(t+ T ) = X(t)C for all t. Therefore,

X(t+ T ) = X(t)X(T ) and X(nT ) = X(T )n, for any n → N.



A motivating example: the inverted pendulum

14

<latexit sha1_base64="D93JHm6kygTgBEasVpSXjliWuWU="></latexit>

Reminder. Thus, the monodromy matrix M = X(T ) contains all the
information needed to characterize the whole dynamics. In particular,
the eigenvalues of M (characteristic multipliers or Floquet multipliers)
characterize the stability of solutions. Thus, if µ → R and v → Rn verify
Mv = µv, then for the solution x(t) = X(t)v, with x(0) = v,

x(t+ T ) = X(t+ T )v = X(t)X(T )v = X(t)Mv = X(t)µv = µx(t).

• The existence of T-periodic solutions is associated to the existence of
a multiplier µ = 1.
• If µ = ↑1 is an eigenvalue of M , then we have 2T -periodic solutions.
• Periodic solutions are not isolated (linearity + homogeneity).



A motivating example: the inverted pendulum

<latexit sha1_base64="u2mh+O5NJfzK/n0qWLZPB8Sjdf4=">AAAB43icbZA5TgMxFIbfsIawhaWjsYiQqKIZikCDiKCABikgskjJKPI4bxIrnkW2BylEOQFUCOi4AifhApS5AifAWQpI+KvP7/8tvf95seBK2/aXNTe/sLi0nFpJr66tb2xmtrbLKkokwxKLRCSrHlUoeIglzbXAaiyRBp7Aite5GPqVe5SKR+Gd7sboBrQVcp8zqs3o9vq0kcnaOXskMgvOBLJn34PLj92HQbGR+aw3I5YEGGomqFI1x46126NScyawn64nCmPKOrSFNYMhDVC5vdGmfXLgR5LoNpLR+3e2RwOluoFnMgHVbTXtDYf/ebVE+yduj4dxojFkJmI8PxFER2RYmDS5RKZF1wBlkpstCWtTSZk2Z0mb+s502VkoH+WcfC5/Y2cL5zBWCvZgHw7BgWMowBUUoQQMfHiCV3iz0Hq0nq2XcXTOmvzZgT+y3n8AA/ePKg==</latexit>

M =

<latexit sha1_base64="s0+FIXrMuxhFrXfnfoz+61FupwY="></latexit>

exp

[(
0 1

→ω2 0

)
ε

]
· exp

[(
0 1
ϑ2 0

)
ε

]

15

<latexit sha1_base64="JBC40niyv+/5QZtBc+Mvfv0VbO8="></latexit>

Here, exceptionally, we can compute the principal fundamental
matrix of solutions X(ω), and the corresponding monodromy

matrix M = X(2ε), by writing



A motivating example: the inverted pendulum

<latexit sha1_base64="u2mh+O5NJfzK/n0qWLZPB8Sjdf4=">AAAB43icbZA5TgMxFIbfsIawhaWjsYiQqKIZikCDiKCABikgskjJKPI4bxIrnkW2BylEOQFUCOi4AifhApS5AifAWQpI+KvP7/8tvf95seBK2/aXNTe/sLi0nFpJr66tb2xmtrbLKkokwxKLRCSrHlUoeIglzbXAaiyRBp7Aite5GPqVe5SKR+Gd7sboBrQVcp8zqs3o9vq0kcnaOXskMgvOBLJn34PLj92HQbGR+aw3I5YEGGomqFI1x46126NScyawn64nCmPKOrSFNYMhDVC5vdGmfXLgR5LoNpLR+3e2RwOluoFnMgHVbTXtDYf/ebVE+yduj4dxojFkJmI8PxFER2RYmDS5RKZF1wBlkpstCWtTSZk2Z0mb+s502VkoH+WcfC5/Y2cL5zBWCvZgHw7BgWMowBUUoQQMfHiCV3iz0Hq0nq2XcXTOmvzZgT+y3n8AA/ePKg==</latexit>

M =

<latexit sha1_base64="H1qXDOFy4ETrl59zhLtik4gtr9A="></latexit>(
cosωε ε→1 sinωε

→ε sinωε cosωε

)
·
(

coshωϑ ϑ→1 sinhωϑ
ϑ sinhωϑ coshωϑ

)

<latexit sha1_base64="utLlWohAJWXfZ2PeBVgqqbNzg9Q=">AAAB+HicbZDNTsJAFIWn+If4VzWu3DSiCUZDWhfoihDduMREkIQ2ZDrcwoRpp5mZmtSGt/ABdGXUnc/hC/A2Dj8LBc/qm3vOJPceP2ZUKtseGbml5ZXVtfx6YWNza3vH3N1rSp4IAg3CGRctH0tgNIKGoopBKxaAQ5/Bgz+4GfsPjyAk5dG9SmPwQtyLaEAJVnrUMQ9KbheYwlX73IVYUsajqn3aMYt22Z7IWgRnBsXasXv2PKql9Y757XY5SUKIFGFYyrZjx8rLsFCUMBgW3ERCjMkA96CtMcIhSC+brD+0TgIuLNUHa/L+nc1wKGUa+joTYtWX8954+J/XTlRw5WU0ihMFEdER7QUJsxS3xi1YXSqAKJZqwERQvaVF+lhgonRXBX2+M3/sIjQvyk6lXLnTPVyjqfLoEB2hEnLQJaqhW1RHDURQhl7RB/o0nowX4814n0ZzxuzPPvoj4+sHa0iVPw==</latexit>

(ω > 0, ε > 0)

16

<latexit sha1_base64="JBC40niyv+/5QZtBc+Mvfv0VbO8="></latexit>

Here, exceptionally, we can compute the principal fundamental
matrix of solutions X(ω), and the corresponding monodromy

matrix M = X(2ε), by writing



A motivating example: the inverted pendulum

<latexit sha1_base64="u2mh+O5NJfzK/n0qWLZPB8Sjdf4=">AAAB43icbZA5TgMxFIbfsIawhaWjsYiQqKIZikCDiKCABikgskjJKPI4bxIrnkW2BylEOQFUCOi4AifhApS5AifAWQpI+KvP7/8tvf95seBK2/aXNTe/sLi0nFpJr66tb2xmtrbLKkokwxKLRCSrHlUoeIglzbXAaiyRBp7Aite5GPqVe5SKR+Gd7sboBrQVcp8zqs3o9vq0kcnaOXskMgvOBLJn34PLj92HQbGR+aw3I5YEGGomqFI1x46126NScyawn64nCmPKOrSFNYMhDVC5vdGmfXLgR5LoNpLR+3e2RwOluoFnMgHVbTXtDYf/ebVE+yduj4dxojFkJmI8PxFER2RYmDS5RKZF1wBlkpstCWtTSZk2Z0mb+s502VkoH+WcfC5/Y2cL5zBWCvZgHw7BgWMowBUUoQQMfHiCV3iz0Hq0nq2XcXTOmvzZgT+y3n8AA/ePKg==</latexit>

M =

<latexit sha1_base64="H1qXDOFy4ETrl59zhLtik4gtr9A="></latexit>(
cosωε ε→1 sinωε

→ε sinωε cosωε

)
·
(

coshωϑ ϑ→1 sinhωϑ
ϑ sinhωϑ coshωϑ

)

<latexit sha1_base64="+KLtj6Sj1XSqB1RNOvTNSiVgCvo="></latexit>

Clearly, detM = 1. For the trace of M , we get

tr(M) = 2 cosωε coshωϑ +

(
ϑ

ε
→ ε

ϑ

)
sinωε sinhωϑ.

17

<latexit sha1_base64="JBC40niyv+/5QZtBc+Mvfv0VbO8="></latexit>

Here, exceptionally, we can compute the principal fundamental
matrix of solutions X(ω), and the corresponding monodromy

matrix M = X(2ε), by writing
<latexit sha1_base64="utLlWohAJWXfZ2PeBVgqqbNzg9Q=">AAAB+HicbZDNTsJAFIWn+If4VzWu3DSiCUZDWhfoihDduMREkIQ2ZDrcwoRpp5mZmtSGt/ABdGXUnc/hC/A2Dj8LBc/qm3vOJPceP2ZUKtseGbml5ZXVtfx6YWNza3vH3N1rSp4IAg3CGRctH0tgNIKGoopBKxaAQ5/Bgz+4GfsPjyAk5dG9SmPwQtyLaEAJVnrUMQ9KbheYwlX73IVYUsajqn3aMYt22Z7IWgRnBsXasXv2PKql9Y757XY5SUKIFGFYyrZjx8rLsFCUMBgW3ERCjMkA96CtMcIhSC+brD+0TgIuLNUHa/L+nc1wKGUa+joTYtWX8954+J/XTlRw5WU0ihMFEdER7QUJsxS3xi1YXSqAKJZqwERQvaVF+lhgonRXBX2+M3/sIjQvyk6lXLnTPVyjqfLoEB2hEnLQJaqhW1RHDURQhl7RB/o0nowX4814n0ZzxuzPPvoj4+sHa0iVPw==</latexit>

(ω > 0, ε > 0)



A motivating example: the inverted pendulum

<latexit sha1_base64="22p0JdDShrpUeWNFmL/yYPWKjw8="></latexit>

The case ω = 0 with ε > 0 gives

M = exp

[(
0 1
0 0

)
ϑ

]
·exp

[(
0 1
ε2 0

)
ϑ

]
=

(
1 ϑ
0 1

)
·
(

coshϑε ε→1 sinhϑε
ε sinhϑε coshϑε

)
,

where
tr(M) = 2 coshϑε + ϑε sinhϑε > 2,

while for the singular point ω = ε = 0 we have tr(M) = 2.
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A motivating example: the inverted pendulum
<latexit sha1_base64="ava6WOrgFo69KA7/DuRxRJYYP7w=">AAADr3icdVLbbtNAEHUTLiVc2sIjLytqpCJKZOeh9KWiAgnxUqmI3qQ6DeP1OFl1vevupSV184XwA/wFn8DYSaG0ZZ7Gc+aM55zZtJTCuij6Oddq37l77/78g87DR4+fLCwuPd2z2huOu1xLbQ5SsCiFwl0nnMSD0iAUqcT99PhDje+forFCqx03LrFfwFCJXHBwVBoszX1PUhwKVRVCiRKGOKmi7npSjzsTmRtNdkbIrINUSOHGTOfMUcGXJRpWaivqKSxMqOiAbUQh46BYiizDzHPMWG500VA+Sn3i0bHCSydIGe20SgA4Jij504ZiiOoUpEdLYws/i EMGKpvmvfBygUIrnRFnzApwRnxj4VbYZV+E4ljjFq/+h4Fpqsxo7ezliBMPmSEXeCeshx/13iSaVIHTRkGBlTOTla1XjKDX8Ua0GoadM2QKSVPN5lpljfhOeHEb7yKReGIlKMd6q1MJRMeiHIEV5zhTnrP/sDdIaqNzqs6OtJdZ46uAoVYgxTnQibsJquzv6QaLy1E3aoLdTOJZsvzuV9DE9mDxR5Jp7gtUjkuw9jCOStevwJAtEiedxFssgR/T8ENK6w1tv2pe3YS9zLWZeUHfV3srKKwdFyn1kICRvY7VxduwQ+/y9X4lVOkdKk4thOVeMqdZ/XhJvUHu5Li2gRvynzM+AgPc0Zk7JD++LvZmstfrxmvdtc+95c33Ux+C+eB58CJYCeLgbbAZfAq2g92At3qtgxa00nbc3m8ftb9OW1tzM86z4J9oi98PLy9Q</latexit>

The stability of the upper position ω = 0 can be deduced from
the Floquet multipliers, that is, from the eigenvalues µ1 and µ2

of the monodromy matrix M . Since these multipliers are the
roots of the quadratic

µ2 → tr(M)µ+ 1 = 0,

we need the condition | tr(M)| ↭ 2, and we emphasize that if
| tr(M)| = 2 the matrix should be diagonalizable.
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A motivating example: the inverted pendulum
<latexit sha1_base64="foWoamgUvxWSlMFyl3DJabYLxxY=">AAACC3icbVDLSgNBEOz1GeMr6tHLYBTiJex6UC9iUAQvgoJRIQlhduwkg7M7y0yvEJZ8gv6MnkS9efMH/As/wdnowVedarpq6K4KEyUt+f6bNzI6Nj4xWZgqTs/Mzs2XFhbPrE6NwLrQSpuLkFtUMsY6SVJ4kRjkUajwPLzaz/XzazRW6viU+gm2It6NZUcKTm7ULlUOZBfja65StKyjDVtt6gQNJ21iHmFGZlA5Wmc7q+1S2a/6Q7C/JPgi5d13GOK4XXptXmqRRhiTUNzaRuAn1Mq4ISkUDorN1GLCxRXvYsPRfJttZcNEA7aWn0I9ZMP3d2/GI2v7Ueg8Eaee/a3lw/+0Rkqd7VYm4yQljIWzOK2TKkaa5cWwS2lQkOo7woWR7kometxwQa6+oosf/A77l5xtVIPN6ubJRrm299kDFGAZVqACAWxBDQ7hGOog4Bbu4QmevRvvznvwHj+tI97XnyX4Ae/lA7gCm5E=</latexit>

Eigenvalues for tr(M) =

20See the file multipiersversustrace.mp4



A motivating example: the inverted pendulum
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<latexit sha1_base64="Wjh/ms6ALbSq+yAwF2pB5rdUT3Y="></latexit>

In looking for parametric regions of stability,
we must draw in the positive quadrant of plane
(ω, ε) the curves corresponding to tr(M) = 2 (in
blue), and to tr(M) = →2 (in red), which act as
bifurcation curves.
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A motivating example: the inverted pendulum
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<latexit sha1_base64="Wjh/ms6ALbSq+yAwF2pB5rdUT3Y="></latexit>

In looking for parametric regions of stability,
we must draw in the positive quadrant of plane
(ω, ε) the curves corresponding to tr(M) = 2 (in
blue), and to tr(M) = →2 (in red), which act as
bifurcation curves.

<latexit sha1_base64="h0eurf+tXusnIZil5pKGXW+xjhM="></latexit>

Recall:

a =
A

l
, !

2
=

g

ω2l
,

ε2 = a→ !
2, ϑ2 = a+ !

2.

Our physical setting requires 0 ↭ ε ↭ ϑ.
Keeping constant the amplitude A and increas-

ing ω, we follow the arc ϑ2 + ε2 = 2a.
22



A motivating example: the inverted pendulum
<latexit sha1_base64="KvS3EoCGHSZWb1BJzOM9W4JAg8g="></latexit>

We can do a local study near the origin in the plane (ω, ε) for the curve tr(M) = 2.
<latexit sha1_base64="roE7JuUXnyk+7oVeL3Y7yo2X25g="></latexit>

From the expression

tr(M) = 2 cosωε coshωϑ +

(
ϑ

ε
→ ε

ϑ

)
sinωε sinhωϑ,

we see that tr(M) = 2 ↑↓ (ϑ2 → ε2) sinωε sinhωϑ = 2ϑε(1→ cosωε coshωϑ).
<latexit sha1_base64="SSzCscyjaDAWPFVAadaKJrWee7o="></latexit>

After some standard simplifications, and using the implicit function theorem, we get

ω2 → ε2 =
ϑ2

6
ε4 + · · · ↑↓ !2 =

ϑ2

12
a2 + · · · ↑↓ g

ϖ2l
=

ϑ2

12

A2

l2
+ · · ·

leading to the practical condition ϖA >
2

ϑ

↔
3gl.
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A motivating example: the inverted pendulum

<latexit sha1_base64="VRyt8soxyFnkWPc/ZEkKn4YLw10="></latexit>

Courtesy of my colleague Daniel J. Pagano,
Autamação e Sistemas, UFSC Florianópolis.
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See the file video_vibrated_pendulum.mp4



Reversibility notions
<latexit sha1_base64="GE0swA+fDAWY9LvwVEwoFeXCo2M="></latexit>

Restricting our attention to linear reversing symmetries, we say that the
autonomous dynamical system ẋ = F (x), where F : Rn → Rn, is R-reversible,
with R a real non-singular constant matrix, if

F (Rx) = ↑RF (x), for all x ↓ Rn.
<latexit sha1_base64="xaDMCeIjDBJq3Zd1AYyTJ7lzaL4="></latexit>

It is easy to deduce that whenever x(t) is a solution of the system, then
Rx(→t) is also a solution: ‘the future is determined by the past of an alternative
present’.

<latexit sha1_base64="+Y3Zhi/n/XzDf8eEZDrjPDgnJws=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpphFNMCakdYEuiW5cYmKBBBoyHW7phOlPZqbGhvAKutGoOx/IF+BtnAILRc/qm3vOJPdcL+FMKsuaGoWV1bX1jeJmaWt7Z3evvH/QknEqKDo05rHoeEQiZxE6iimOnUQgCT2ObW90k/vtBxSSxdG9yhJ0QzKMmM8oUXrkPFbVWalfrlg1aybzL9gLqDROeucv00bW7Je/eoOYpiFGinIiZde2EuWOiVCMcpyUeqnEhNARGWJXY0RClO54tuzEPPVjYaoAzdn7Z3ZMQimz0NOZkKhALnv58D+vmyr/yh2zKEkVRlRHtOen3FSxmXc2B0wgVTzTQKhgekuTBkQQqvRl8vr2ctm/0Lqo2fVa/U7f4RrmKsIRHEMVbLiEBtxCExygwOAZ3uHDCIwn49V4m0cLxuLPIfyS8fkNtbGOoA==</latexit>

x(t)

<latexit sha1_base64="e22Kktr9TchTt2JXGid7m2xrjO0=">AAAB6HicbZDLTsJAFIZP8YZ4Q126aUQTjJG0LtAl0Y1LNHJJoCHTYQoj00tmTo2k4R00MTHqzufxBXgbp8BCwX/1zfn/Sc5/3EhwhZY1NjJLyyura9n13Mbm1vZOfnevrsJYUlajoQhl0yWKCR6wGnIUrBlJRnxXsIY7uE79xiOTiofBPQ4j5vikF3CPU4J61Lh7Kp7hSa6TL1glayJzEewZFCpH7dPXcWVY7eS/292Qxj4LkAqiVMu2InQSIpFTwUa5dqxYROiA9FhLY0B8ppxksu7IPPZCaWKfmZP372xCfKWGvqszPsG+mvfS4X9eK0bv0kl4EMXIAqoj2vNiYWJopq3NLpeMohhqIFRyvaVJ+0QSivo2aX17vuwi1M9LdrlUvtV3uIKpsnAAh1AEGy6gAjdQhRpQGMALfMCn8WA8G2/G+zSaMWZ/9uGPjK8fwCOPMw==</latexit>

Rx(→t)
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Reversibility notions
<latexit sha1_base64="sYKQjyb7sqljp5Hmk+s/205rcqc=">AAACKXicbVBLLwRBEK7xtl6Lo0vHrsRBNjN7wEUIiXBDLJLdtelptbajp2fSXUMmG7+In+LCyevmD/gJepaD13f6XpVUVZgoacn3n7y+/oHBoeGR0cLY+MTkVHF65sjGqRFYE7GKzUnILSqpsUaSFJ4kBnkUKjwOL7by/PgSjZWxPqQswWbEz7VsS8HJ Wa3i9mGWOKFUtsTKB2UmLeOaSX0ZqzRvLDHqcHJ2Hp9W13bL7EpSx4mGRtZIIrZbrrBCq1jyK34P7C8Jvkhp/R162GsV7xpnsUgj1CQUt7Ye+Ak1u9yQFAqvC43UYsLFBT/HuqOaR2ib3d6912yhHRu3F7Ke/t7t8sjaLApdJ+LUsb+z3Pwvq6fUXm12pU5SQi1cxWXtVDGKWf42diYNClKZI1wY6bZkosMNF+Sem58f/D72LzmqVoLlyvJ+tbSx+fkHGIE5mIdFCGAFNmAH9qAGAm7hAV7g1bvx7r1H7/mz2ud9zczCD3hvH/yOpAs=</latexit>

Typically, R is an involution, that is, R2 = I with R →= ±I.

<latexit sha1_base64="pDFtP9a7rgxgW2Au6QCXBg6sSqI="></latexit>

Example. Consider the di!erential system

ẋ = →y,
ẏ = x→ y2,

and R =

(
1 0
0 →1

)
.
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Reversibility notions
<latexit sha1_base64="FstZ+F2zzZHSuHjJCNQirJF+mkE="></latexit>

The above notions can be extended to non-automous systems
ẋ = F (x, t), where F : Rn+1 → Rn, by accepting some freedom
in the time origin for reversal.

<latexit sha1_base64="Ywjjvn1j57QXpzY4ySQnbxAlPms="></latexit>

Definition. Introducing, for a certain t0 → R and a given
matrix R, the map Rt0 : (x, t) ↑ (Rx, t0 ↓ t), we say that
the above non-autonomous system is Rt0 -reversible if it is
invariant under the transformation Rt0 , that is

RF (x, t) = ↓F (Rx, t0 ↓ t), for all (x, t).
27



Reversibility notions

<latexit sha1_base64="XCC/NKLejbpJ/oflqzaAvK/9uCE="></latexit>

[LR] Lamb J.S.W., Roberts J.A.G. (1998), Time-reversal symmetry in dinamical systems:
a survey, Physica D, 112, 1–39.

<latexit sha1_base64="J1IMrfTBX2WZtctB2b1Q75Q9U/0="></latexit>

As suggested in [LR], taking a new time ω = t→ t0/2, for the translated vector
field F̃ (x, ω) = F (x, ω + t0/2), the extended (autonomous) dynamical system

d(x, ω)

dω
=

(
F̃ (x, ω), 1

)
=

(
F

(
x, ω +

t0
2

)
, 1

)
,

becomes R0-reversible, where R0 : (x, ω) ↑ (Rx,→ω). E!ectively, for RF̃ (x, ω)
we can write

RF

(
x, ω +

t0
2

)
= →F

(
Rx, t0 → ω → t0

2

)
= →F

(
Rx,

t0
2
→ ω

)
= →F̃ (Rx,→ω).
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Reversibility notions
<latexit sha1_base64="pradyku/ZiMI/I86dJKPsSBlLMw="></latexit>

In the context of T -periodic linear systems, assume that for the system

ẋ = A(t)x, A(t+ T ) = A(t) for all t,

where x → Rn, we know that, for a given involution R and a certain value t0, for all t
the property

RA(t) = ↑A(t0 ↑ t)R = ↑A(↑(t↑ t0))R

holds. If we define the new time ω = t↑ t0/2 then t = ω + t0/2, and we see that

RA(ω + t0/2) = ↑A(t0 ↑ ω ↑ t0/2)R = ↑A(↑ω + t0/2))R.

<latexit sha1_base64="dxqVL7WEVAq3neKDkOw0WOk+WFE="></latexit>

In short, by defining Ã(ω) = A(ω + t0/2) the reversibility property simplifies to

RÃ(ω) = →Ã(→ω)R.
29



Reversibility notions
<latexit sha1_base64="xOsD3Yi9MI/Z+NexD9A7d88ezvU="></latexit>

Suppose that X(t) with X(0) = I is a fundamental matrix of solutions for the
original system, that is Ẋ(t) = A(t)X(t). Then we conclude that X(ω + t0/2)
is a solution matrix of the translated system

˙̃x = Ã(ω)x̃.

For the fundamental matrix of solutions X̃(ω), with X̃(0) = I and
˙̃
X(ω) =

Ã(ω)X̃(ω), we can write X(ω + t0/2) = X̃(ω)X(t0/2), so that, putting ω = T ,
we get

X(T + t0/2) = X(t0/2)X(T ) = X̃(T )X(t0/2),

that is, the two monodromy matrices M = X(T ) and M̃ = X̃(T ) are similar.
<latexit sha1_base64="ldUgn6ailIDdYAbjr5pXNWNxA2Q="></latexit>

The matrix M̃ = X̃(T ) can be more suitable than M = X(T ), as shown later.
30



Reversibility notions
<latexit sha1_base64="64hpdLAZag6RWxfxEsSihM/JmMY="></latexit>

In the sequel, we assume that, after a translation in time if needed, we have a
reversible, T -periodic linear system

ẋ = A(t)x, A(t+ T ) = A(t), RA(t) = →A(→t)R, for all t, with R2 = I.

<latexit sha1_base64="xDWjh5fE4aNBu2H+HOmYYThzzaE="></latexit>

Proposition The following statements hold.

(a) Whenever x(t) is a solution of the system, then Rx(→t) is also a solution.

(b) If M = X(T ) is the monodromy matrix, then R = MRM , both products
RM and MR are involutions, and so det(RM) = det(MR) = ±1.

(c) The monodromy matrix M is unimodal, that is, detM = 1.

(d) The matrix M is ruled by X(T/2), that is, M = RX(T/2)→1RX(T/2).

31



Reversibility notions
<latexit sha1_base64="oDXJiZuWruoi2b1D65FtK2k+lnM="></latexit>

Proof (a) First, we note that by the change of time variable t → ↑t we also have
RA(↑t) = ↑A(t)R. Take now y(t) = Rx(↑t), where x(t) is a given solution,
that is, ẋ(t) = A(t)x(t). By using again the change t → ↑t, we also have
ẋ(↑t) = A(↑t)x(↑t). Taking time derivative on y(t), we get

ẏ(t) = ↑Rẋ(↑t) = ↑RA(↑t)x(↑t) = A(t)Rx(↑t) = A(t)y(t),

and so y(t) is also a solution. The statement follows.
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Reversibility notions
<latexit sha1_base64="S6JTFPGKzQuBoUz6wbM5fbHJEPk="></latexit>

(b) Since the matrix RX(→t) has solutions in its columns by the reversibility,
there exists a nonsingular matrix C such that RX(→t) = X(t)C. Using that
X(0) = I, we get C = R, and so RX(→t) = X(t)R for all t, and in particular

RX(→T ) = X(T )R.

By putting t = →T in the equality X(t + T ) = X(t)X(T ), we see that I =
X(→T )X(T ). Therefore, by right-multiplying by X(T ) we get

R = X(T )RX(T ).

Left-multiplying by R the last equality, we see that I = RX(T )RX(T ) and the
statement follows. Note that I = X(T )RX(T )R is also true.
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Reversibility notions
<latexit sha1_base64="mg399nUP9mzENMbvXo+Osx0xMOc="></latexit>

(c) We know that both det(RX(T )) = ±1 and detR = ±1, being involutions.

However,

det(X(T )) = exp

(∫ T

0
traceA(t) dt

)
> 0,

and the statement follows.

(d) By putting t = →T/2 in the equality X(t + T ) = X(t)X(T ), we get

X(T/2) = X(→T/2)X(T ), and so RX(T/2) = RX(→T/2)X(T ). But from

RX(→t) = X(t)R we also have RX(→T/2) = X(T/2)R, and so

RX(T/2) = X(T/2)RX(T ).

The conclusion follows by multiplying by RX(T/2)→1
, and the proof is complete.
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Reversibility notions
<latexit sha1_base64="oHlAnYVEkvkA3Oim3SZVQo0p2Ds="></latexit>

Remark. Given a involution R, for invertible maps ! : Rn → Rn it is usual to
say that it is an R-reversible map whenever ! = R!→1R. In such a case, we
see that the equalities

R! = !→1R, !R = R!→1, !R! = R, R!R! = I, and !R!R = I,

are equivalent. In this sense, statement (b) above says that the monodromy
matrix M = X(T ) is an R-reversible map.
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Reversibility notions

36

<latexit sha1_base64="mAsw08UjFCb3CiwlJqUAKKmipK8="></latexit>

Lemma (Reversibility and changes of variables) Given
a system that admits a time-reversal symmetry R, after any
invertible linear change of variables of the form y = Px, the new
system has a reversibility given by the matrix S = P→1RP .

<latexit sha1_base64="ciRQmTzUrubxDy9P5SKle1HWQug="></latexit>

Proof. From the assumption, we have RA(t) = →A(→t)R. After the change of variables, the
system becomes ẏ = B(t)y with B(t) = P→1A(t)P . Now, we see that

SB(t) =
(
P→1RP

) (
P→1A(t)P

)
= →P→1A(→t)RP = →P→1A(→t)PP→1RP = →B(→t)S,

as required. The conclusion follows.



Reversibilities: the planar case

37

<latexit sha1_base64="f8uYS1FSm8AvU2Djf+kshoXUSjw="></latexit>

Lemma (Canonical reversibility)
Any proper involution in R2 is similar to R = diag(1,→1).

<latexit sha1_base64="L3ycXRR5bwHGPGDLmtDjMcDGQRI="></latexit>

Proof . A direct computation shows that if R2 =

(
r11 r12
r21 r22

)2

=

(
r211 + r12r21 r12(r11 + r22)
r21(r11 + r22) r222 + r12r21

)

must be equal to the identity matrix, we need r211 + r12r21 = r222 + r12r21 = 1, so that r211 = r222, and
r12(r11 + r22) = r21(r11 + r22) = 0. Two cases appear.
If r11 + r22 →= 0 then r12 = r21 = 0, and so r211 = r222 = 1, concluding that r11 = r22 = ±1; then the
original matrix is plus or minus the identity matrix, not a proper involution.
When r11 + r22 = 0, we can write that

(
r11 r12
r21 r22

)
=

(
r11 r12

(1↑ r211)/r12 ↑r11

)
, when r12 →= 0; otherwise,

(
r11 r12
r21 r22

)
=

(
±1 0
r21 ↓1

)
.

Since in these two cases the matrix has null trace and determinant equal to ↑1, it is similar to the
matrix R = diag(1,↑1), as stated.



Reversibilities: the planar case

38

<latexit sha1_base64="bSvR5th7n0ag4aFAfB+QbQjG5wU="></latexit>

Proposition (Reversibility induced structure in the
monodromy matrix).

Given a planar T -periodic linear system ẋ = A(t)x and the
matrix R = diag(1,→1), the following statements hold.

<latexit sha1_base64="H8+g4D9OdePyH6ki2SM0xJ+ZjW8="></latexit>

(a) The system is R-reversible if and only if for the functions in
the entries of matrix A(t), given by

A(t) =

(
a11(t) a12(t)
a21(t) a22(t)

)
,

both a11(t) and a22(t) are odd, while a12(t) and a21(t) are even.
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<latexit sha1_base64="bSvR5th7n0ag4aFAfB+QbQjG5wU="></latexit>

Proposition (Reversibility induced structure in the
monodromy matrix).

Given a planar T -periodic linear system ẋ = A(t)x and the
matrix R = diag(1,→1), the following statements hold.

<latexit sha1_base64="PJG+Gyx8ncK0uo+WoDcIRDwFF3w="></latexit>

(b) If the system is R-reversible, then the monodromy matrix
M = X(T ) has the structure

M =

(
aM bM
cM aM

)
, with det(M) = a2M → bMcM = 1.



Reversibilities: the planar case
<latexit sha1_base64="foQ8/hsXjtlHtgXtA6FHchbmI20="></latexit>

Proof. (a) The equality RA(t) = →A(→t)R for all t ↑ R is equivalent to

(
a11(t) a12(t)
→a21(t) →a22(t)

)
=

(
→a11(→t) a12(→t)
→a21(→t) a22(→t)

)

for all t, so that statement (a) follows.

(b) It su!ces to impose for a generic M = X(T ) the equality R = MRM , namely

(
1 0

0 →1

)
=

(
aM bM
cM dM

)(
aM bM
→cM →dM

)
=

(
a2M → bMcM bM (aM → dM )

cM (aM → dM ) bMcM → d2M

)
.

If we suppose aM ↓= dM , then we have bM = cM = 0, and so a2M = d2M = 1, leading

to aM = →dM = ±1. Hence, aMdM = →1, but then detM ↓= 1. Thus, aM = dM .
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Reversibilities: the planar case

<latexit sha1_base64="ZhOy9Emj/uByPOBUiZpOEJdftAw=">AAAB5HicbZA5TgMxFIbfsIawhaWjsYiQqKIZikBHBAWUQZBFSkaRx3mTWPEssj1IYZQbQIWAjiNwEi5AmStwApylgIS/+vz+39L7nxcLrrRtf1kLi0vLK6uZtez6xubWdm5nt6qiRDKssEhEsu5RhYKHWNFcC6zHEmngCax5vcuRX7tHqXgU3ul+jG5AOyH3OaPajG6bMW/l8nbBHovMgzOF/Pn38Opj/2FYbuU+m+2IJQGGmgmqVMOxY+2mVGrOBA6yzURhTFmPdrBhMKQBKjcdrzogR34kie4iGb9/Z1MaKNUPPJMJqO6qWW80/M9rJNo/c1MexonGkJmI8fxEEB2RUWPS5hKZFn0DlElutiSsSyVl2twla+o7s2XnoXpScIqF4o2dL13ARBk4gEM4BgdOoQTXUIYKMOjAE7zCm+Vbj9az9TKJLljTP3vwR9b7Dyjrj98=</latexit>ω <latexit sha1_base64="3P4GmNsPVJs+QFK2hV0/uKf5J6Q=">AAAB5XicbZC7TgJBFIbPekW84aWzmUhMrMguBdpJtNASE7kksCGzw1l2wuwlM7MmuOERtDJq5xv4JL6AJa/gE7gLFAr+1Tfn/yc5/3EiwZU2zS9jaXlldW09t5Hf3Nre2S3s7TdUGEuGdRaKULYcqlDwAOuaa4GtSCL1HYFNZ3CV+c17lIqHwZ0eRmj7tB9wlzOqs1G5E/FuoWiWzInIIlgzKF58j68/Dh/GtW7hs9MLWexjoJmgSrUtM9J2QqXmTOAo34kVRpQNaB/bKQbUR2Unk11H5MQNJdEeksn7dzahvlJD30kzPtWemvey4X9eO9buuZ3wIIo1BiyNpJ4bC6JDklUmPS6RaTFMgTLJ0y0J86ikTKeHyaf1rfmyi9Aol6xKqXJrFquXMFUOjuAYTsGCM6jCDdSgDgw8eIJXeDP6xqPxbLxMo0vG7M8B/JHx/gOY/5Ab</latexit>

2ω
<latexit sha1_base64="6NNikDAP4aDZg7wRIzs+s3eJOoM=">AAAB4nicbZA5TgMxFIY9rCFsYeloLCIkqmiGItARQQFlIpFFSkaRx3mTWPEsst8ghVEuABUCOs7ASbgAZa7ACXCWAhL+6vP7f0vvf14shUbb/rKWlldW19YzG9nNre2d3dzefk1HieJQ5ZGMVMNjGqQIoYoCJTRiBSzwJNS9/vXYr9+D0iIK73AQgxuwbih8wRmaUQXbubxdsCeii+DMIH/5Pbr5OHwYldu5z1Yn4kkAIXLJtG46doxuyhQKLmGYbSUaYsb7rAtNgyELQLvpZNEhPfEjRbEHdPL+nU1ZoPUg8EwmYNjT8954+J/XTNC/cFMRxglCyE3EeH4iKUZ03Jd2hAKOcmCAcSXMlpT3mGIczVWypr4zX3YRamcFp1goVux86YpMlSFH5JicEoeckxK5JWVSJZwAeSKv5M3qWI/Ws/UyjS5Zsz8H5I+s9x+96Y8K</latexit>

t

<latexit sha1_base64="mvppYfYP1Jv7jo/LurwGvTMUcfA=">AAAB6nicbZC7TgJBFIZnvSLeVi1tJhITG8kuBVoSbSwsMJGLgZXMDgeYMHvJzFkTsiG+g1ZG7WztLXwEX8C3cbgUCv7VN+f/Jzn/8WMpNDrOt7WwuLS8sppZy65vbG5t2zu7VR0likOFRzJSdZ9pkCKECgqUUI8VsMCXUPP75yO/dgdKiyi8xkEMXsC6oegIztCMbo6bbZDIbgstO+fknbHoPLhTyJXsj8v32ud9uWV/NdsRTwIIkUumdcN1YvRSplBwCcNsM9EQM95nXWgYDFkA2kvHCw/pYSdSFHtAx+/f2ZQFWg8C32QChj09642G/3mNBDunXirCOEEIuYkYr5NIihEd9aZtoYCjHBhgXAmzJeU9phhHc52sqe/Olp2HaiHvFvPFK3OHMzJRhuyTA3JEXHJCSuSClEmFcBKQR/JCXi1pPVhP1vMkumBN/+yRP7LefgDEkpEm</latexit>

→ω2

<latexit sha1_base64="kV3q4AurvoPv9ATrePzRpqgIHKs=">AAAB63icbZC7TgJBFIZn8YZ4w0tns5GYWJFdCrSTaKElJnKJsJLZ4SxMmMtmZtYECU+hlVE7W5/EF7DkFXwCB6RQ8K++Of8/yflPGDOqjed9OqmFxaXllfRqZm19Y3Mru71T1TJRBCpEMqnqIdbAqICKoYZBPVaAecigFvbOx37tDpSmUlybfgwBxx1BI0qwsaObJsSaMiluC61szst7E7nz4E8hd/o1unjfux+VW9mPZluShIMwhGGtG74Xm2CAlaGEwTDTTDTEmPRwBxoWBeagg8Fk46F7GEnlmi64k/fv7ABzrfs8tBmOTVfPeuPhf14jMdFJMKAiTgwIYiPWixLmGumOi7ttqoAY1reAiaJ2S5d0scLE2PNkbH1/tuw8VAt5v5gvXnm50hn6URrtowN0hHx0jEroEpVRBREk0CN6Qa8Odx6cJ+f5J5pypn920R85b99A7pLW</latexit>

ω2

<latexit sha1_base64="IWOXSx3HtijzOg02yOBCjq43LM4=">AAAB5XicbZDLTsJAFIZPvSLe8LJz00hMXJFWE3Qn0YUuMZFLAg2ZDqd0wvSSmakJNjyCroy68w18El/AJa/gEzgFFgr+q2/O/09y/uPGnEllWV/GwuLS8spqbi2/vrG5tV3Y2a3LKBEUazTikWi6RCJnIdYUUxybsUASuBwbbv8q8xv3KCSLwjs1iNEJSC9kHqNEZaPTdsw6haJVssYy58GeQvHie3T9sf8wqnYKn+1uRJMAQ0U5kbJlW7FyUiIUoxyH+XYiMSa0T3rY0hiSAKWTjncdmkdeJEzlozl+/86mJJByELg6ExDly1kvG/7ntRLlnTspC+NEYUh1RHtewk0VmVlls8sEUsUHGggVTG9pUp8IQpU+TF7Xt2fLzkP9pGSXS+Vbq1i5hIlycACHcAw2nEEFbqAKNaDgwxO8wpvRMx6NZ+NlEl0wpn/24I+M9x+agJAc</latexit>

3ω

<latexit sha1_base64="B12gk0IaZPAvZ0DmTxyr6dXJq30="></latexit>

Coming back to our inverted pendulum example, using t for the time and taking x1 = ω, x2 = ω→,
we were dealing with the 2ε-periodic Hill’s equation

ẋ =

(
0 1

→p(t) 0

)
x, p(t) =

{
→ϑ2, 0 ↑ t ↑ ε,
ϖ2, ε ↑ t ↑ 2ε,

which, is Rω-reversible, as p(t) = p(ε → t).
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Reversibilities: the planar case

<latexit sha1_base64="ZhOy9Emj/uByPOBUiZpOEJdftAw=">AAAB5HicbZA5TgMxFIbfsIawhaWjsYiQqKIZikBHBAWUQZBFSkaRx3mTWPEssj1IYZQbQIWAjiNwEi5AmStwApylgIS/+vz+39L7nxcLrrRtf1kLi0vLK6uZtez6xubWdm5nt6qiRDKssEhEsu5RhYKHWNFcC6zHEmngCax5vcuRX7tHqXgU3ul+jG5AOyH3OaPajG6bMW/l8nbBHovMgzOF/Pn38Opj/2FYbuU+m+2IJQGGmgmqVMOxY+2mVGrOBA6yzURhTFmPdrBhMKQBKjcdrzogR34kie4iGb9/Z1MaKNUPPJMJqO6qWW80/M9rJNo/c1MexonGkJmI8fxEEB2RUWPS5hKZFn0DlElutiSsSyVl2twla+o7s2XnoXpScIqF4o2dL13ARBk4gEM4BgdOoQTXUIYKMOjAE7zCm+Vbj9az9TKJLljTP3vwR9b7Dyjrj98=</latexit>ω <latexit sha1_base64="3P4GmNsPVJs+QFK2hV0/uKf5J6Q=">AAAB5XicbZC7TgJBFIbPekW84aWzmUhMrMguBdpJtNASE7kksCGzw1l2wuwlM7MmuOERtDJq5xv4JL6AJa/gE7gLFAr+1Tfn/yc5/3EiwZU2zS9jaXlldW09t5Hf3Nre2S3s7TdUGEuGdRaKULYcqlDwAOuaa4GtSCL1HYFNZ3CV+c17lIqHwZ0eRmj7tB9wlzOqs1G5E/FuoWiWzInIIlgzKF58j68/Dh/GtW7hs9MLWexjoJmgSrUtM9J2QqXmTOAo34kVRpQNaB/bKQbUR2Unk11H5MQNJdEeksn7dzahvlJD30kzPtWemvey4X9eO9buuZ3wIIo1BiyNpJ4bC6JDklUmPS6RaTFMgTLJ0y0J86ikTKeHyaf1rfmyi9Aol6xKqXJrFquXMFUOjuAYTsGCM6jCDdSgDgw8eIJXeDP6xqPxbLxMo0vG7M8B/JHx/gOY/5Ab</latexit>

2ω
<latexit sha1_base64="6NNikDAP4aDZg7wRIzs+s3eJOoM=">AAAB4nicbZA5TgMxFIY9rCFsYeloLCIkqmiGItARQQFlIpFFSkaRx3mTWPEsst8ghVEuABUCOs7ASbgAZa7ACXCWAhL+6vP7f0vvf14shUbb/rKWlldW19YzG9nNre2d3dzefk1HieJQ5ZGMVMNjGqQIoYoCJTRiBSzwJNS9/vXYr9+D0iIK73AQgxuwbih8wRmaUQXbubxdsCeii+DMIH/5Pbr5OHwYldu5z1Yn4kkAIXLJtG46doxuyhQKLmGYbSUaYsb7rAtNgyELQLvpZNEhPfEjRbEHdPL+nU1ZoPUg8EwmYNjT8954+J/XTNC/cFMRxglCyE3EeH4iKUZ03Jd2hAKOcmCAcSXMlpT3mGIczVWypr4zX3YRamcFp1goVux86YpMlSFH5JicEoeckxK5JWVSJZwAeSKv5M3qWI/Ws/UyjS5Zsz8H5I+s9x+96Y8K</latexit>

t

<latexit sha1_base64="mvppYfYP1Jv7jo/LurwGvTMUcfA=">AAAB6nicbZC7TgJBFIZnvSLeVi1tJhITG8kuBVoSbSwsMJGLgZXMDgeYMHvJzFkTsiG+g1ZG7WztLXwEX8C3cbgUCv7VN+f/Jzn/8WMpNDrOt7WwuLS8sppZy65vbG5t2zu7VR0likOFRzJSdZ9pkCKECgqUUI8VsMCXUPP75yO/dgdKiyi8xkEMXsC6oegIztCMbo6bbZDIbgstO+fknbHoPLhTyJXsj8v32ud9uWV/NdsRTwIIkUumdcN1YvRSplBwCcNsM9EQM95nXWgYDFkA2kvHCw/pYSdSFHtAx+/f2ZQFWg8C32QChj09642G/3mNBDunXirCOEEIuYkYr5NIihEd9aZtoYCjHBhgXAmzJeU9phhHc52sqe/Olp2HaiHvFvPFK3OHMzJRhuyTA3JEXHJCSuSClEmFcBKQR/JCXi1pPVhP1vMkumBN/+yRP7LefgDEkpEm</latexit>

→ω2

<latexit sha1_base64="kV3q4AurvoPv9ATrePzRpqgIHKs=">AAAB63icbZC7TgJBFIZn8YZ4w0tns5GYWJFdCrSTaKElJnKJsJLZ4SxMmMtmZtYECU+hlVE7W5/EF7DkFXwCB6RQ8K++Of8/yflPGDOqjed9OqmFxaXllfRqZm19Y3Mru71T1TJRBCpEMqnqIdbAqICKoYZBPVaAecigFvbOx37tDpSmUlybfgwBxx1BI0qwsaObJsSaMiluC61szst7E7nz4E8hd/o1unjfux+VW9mPZluShIMwhGGtG74Xm2CAlaGEwTDTTDTEmPRwBxoWBeagg8Fk46F7GEnlmi64k/fv7ABzrfs8tBmOTVfPeuPhf14jMdFJMKAiTgwIYiPWixLmGumOi7ttqoAY1reAiaJ2S5d0scLE2PNkbH1/tuw8VAt5v5gvXnm50hn6URrtowN0hHx0jEroEpVRBREk0CN6Qa8Odx6cJ+f5J5pypn920R85b99A7pLW</latexit>

ω2

<latexit sha1_base64="IWOXSx3HtijzOg02yOBCjq43LM4=">AAAB5XicbZDLTsJAFIZPvSLe8LJz00hMXJFWE3Qn0YUuMZFLAg2ZDqd0wvSSmakJNjyCroy68w18El/AJa/gEzgFFgr+q2/O/09y/uPGnEllWV/GwuLS8spqbi2/vrG5tV3Y2a3LKBEUazTikWi6RCJnIdYUUxybsUASuBwbbv8q8xv3KCSLwjs1iNEJSC9kHqNEZaPTdsw6haJVssYy58GeQvHie3T9sf8wqnYKn+1uRJMAQ0U5kbJlW7FyUiIUoxyH+XYiMSa0T3rY0hiSAKWTjncdmkdeJEzlozl+/86mJJByELg6ExDly1kvG/7ntRLlnTspC+NEYUh1RHtewk0VmVlls8sEUsUHGggVTG9pUp8IQpU+TF7Xt2fLzkP9pGSXS+Vbq1i5hIlycACHcAw2nEEFbqAKNaDgwxO8wpvRMx6NZ+NlEl0wpn/24I+M9x+agJAc</latexit>

3ω

<latexit sha1_base64="C5lOysG5Ve/9Srk1cbVezyFIoXU=">AAAB83icbZDLSsNAFIYnXmu9RV26GayCINaki+pGKLpxWcFeoAllMp20QycXZk4KIeQt3OlK1J1v4gv0bZxeFtr6r745/z9wzu/FgiuwrLGxsrq2vrFZ2Cpu7+zu7ZsHh00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOH9xG+NmFQ8Cp8gjZkbkH7IfU4J6FHXNB0gyS1cZk7M86usknfNklW2psLLYM+hVDt1Lp7HtbTeNb+dXkSTgIVABVGqY1sxuBmRwKlgedFJFIsJHZI+62gMScCUm003z/GZH0kMA4an79/ZjARKpYGnMwGBgVr0JsP/vE4C/o2b8TBOgIVUR7TnJwJDhCcF4B6XjIJINRAqud4S0wGRhIKuqajPtxePXYZmpWxXy9VH3cMdmqmAjtEJOkc2ukY19IDqqIEoGqFX9IE+jcR4Md6M91l0xZj/OUJ/ZHz9AAjVlAI=</latexit>

ω = t→ ε/2

<latexit sha1_base64="pw3yuwxIX5IlDlXGxaEwFulvIEs="></latexit>

p̃(ω) = p(ω + ε/2)

<latexit sha1_base64="/fhoSXxGN9GKQNKZlWF1yS80FQo=">AAACA3icbVDJSgNBFOyJW4xb1KOXxihExDDjIXoRgl48RjALZELo6bwkjT0L3W+EMOSoX+Bf6EnUm3/gD+Rv7CygJtapXlU1dJUXSaHRtodWamFxaXklvZpZW9/Y3Mpu71R1GCsOFR7KUNU9pkGKACooUEI9UsB8T0LNu7sa+bV7UFqEwS32I2j6rBuIjuAMjdTKUheFbEMSDfIusvjo4uc+GQutbM4u2GPQeeJMSa504B4/DUv9civ75bZDHvsQIJdM64ZjR9hMmELBJQwybqwhYvyOdaFhaMB80M1k3GRADzuhotgDOr5/ZxPma933PZPxGfb0rDcS//MaMXbOm4kIohgh4CZivE4sKYZ0NAhtCwUcZd8QxpUwv6S8xxTjaGbLmPrObNl5Uj0tOMVC8cbscEkmSJM9sk/yxCFnpESuSZlUCCeP5IW8kw/rwXq2Xq23STRlTd/skj+wPr8B2gOanA==</latexit>

p̃(ω) = p̃(→ω)

<latexit sha1_base64="B12gk0IaZPAvZ0DmTxyr6dXJq30="></latexit>

Coming back to our inverted pendulum example, using t for the time and taking x1 = ω, x2 = ω→,
we were dealing with the 2ε-periodic Hill’s equation

ẋ =

(
0 1

→p(t) 0

)
x, p(t) =

{
→ϑ2, 0 ↑ t ↑ ε,
ϖ2, ε ↑ t ↑ 2ε,

which, is Rω-reversible, as p(t) = p(ε → t).

<latexit sha1_base64="jbjMBdLhwM5Utzn6V8RC6SitHIM="></latexit>

Defining p̃(ω) = p(ω + ε/2), we get
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Reversibilities: the planar case
<latexit sha1_base64="H1qXDOFy4ETrl59zhLtik4gtr9A="></latexit>(

cosωε ε→1 sinωε
→ε sinωε cosωε

)
·
(

coshωϑ ϑ→1 sinhωϑ
ϑ sinhωϑ coshωϑ

)
<latexit sha1_base64="u2mh+O5NJfzK/n0qWLZPB8Sjdf4=">AAAB43icbZA5TgMxFIbfsIawhaWjsYiQqKIZikCDiKCABikgskjJKPI4bxIrnkW2BylEOQFUCOi4AifhApS5AifAWQpI+KvP7/8tvf95seBK2/aXNTe/sLi0nFpJr66tb2xmtrbLKkokwxKLRCSrHlUoeIglzbXAaiyRBp7Aite5GPqVe5SKR+Gd7sboBrQVcp8zqs3o9vq0kcnaOXskMgvOBLJn34PLj92HQbGR+aw3I5YEGGomqFI1x46126NScyawn64nCmPKOrSFNYMhDVC5vdGmfXLgR5LoNpLR+3e2RwOluoFnMgHVbTXtDYf/ebVE+yduj4dxojFkJmI8PxFER2RYmDS5RKZF1wBlkpstCWtTSZk2Z0mb+s502VkoH+WcfC5/Y2cL5zBWCvZgHw7BgWMowBUUoQQMfHiCV3iz0Hq0nq2XcXTOmvzZgT+y3n8AA/ePKg==</latexit>

M =
<latexit sha1_base64="uavYE/g7mo4L6HVIYxrKZgIzQoI=">AAAB5XicbZDNSgMxFIXv1L9a/6ou3QSL4KrMdFHdWRTEZQX7A+1QMmmmE5pMhiQjlNJH0JWoO1/IF/AtfAQz0y609ay+3HMC99wg4Uwb1/1yCmvrG5tbxe3Szu7e/kH58KitZaoIbRHJpeoGWFPOYtoyzHDaTRTFIuC0E4xvMr/zSJVmMn4wk4T6Ao9iFjKCTTa6VVIMyhW36uZCq+AtoHL1Dbmag/JnfyhJKmhsCMda9zw3Mf4UK8MIp7NSP9U0wWSMR7RnMcaCan+a7zpDZ6FUyEQU5e/f2SkWWk9EYDMCm0gve9nwP6+XmvDSn7I4SQ2NiY1YL0w5MhJlldGQKUoMn1jARDG7JSIRVpgYe5iSre8tl12Fdq3q1av1+1qlcT2/AxThBE7hHDy4gAbcQRNaQCCCZ3iDd2fkPDkvzus8WnAWf47hj5yPH4rOjQM=</latexit>

From
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Reversibilities: the planar case
<latexit sha1_base64="u2mh+O5NJfzK/n0qWLZPB8Sjdf4=">AAAB43icbZA5TgMxFIbfsIawhaWjsYiQqKIZikCDiKCABikgskjJKPI4bxIrnkW2BylEOQFUCOi4AifhApS5AifAWQpI+KvP7/8tvf95seBK2/aXNTe/sLi0nFpJr66tb2xmtrbLKkokwxKLRCSrHlUoeIglzbXAaiyRBp7Aite5GPqVe5SKR+Gd7sboBrQVcp8zqs3o9vq0kcnaOXskMgvOBLJn34PLj92HQbGR+aw3I5YEGGomqFI1x46126NScyawn64nCmPKOrSFNYMhDVC5vdGmfXLgR5LoNpLR+3e2RwOluoFnMgHVbTXtDYf/ebVE+yduj4dxojFkJmI8PxFER2RYmDS5RKZF1wBlkpstCWtTSZk2Z0mb+s502VkoH+WcfC5/Y2cL5zBWCvZgHw7BgWMowBUUoQQMfHiCV3iz0Hq0nq2XcXTOmvzZgT+y3n8AA/ePKg==</latexit>

M =
<latexit sha1_base64="uavYE/g7mo4L6HVIYxrKZgIzQoI=">AAAB5XicbZDNSgMxFIXv1L9a/6ou3QSL4KrMdFHdWRTEZQX7A+1QMmmmE5pMhiQjlNJH0JWoO1/IF/AtfAQz0y609ay+3HMC99wg4Uwb1/1yCmvrG5tbxe3Szu7e/kH58KitZaoIbRHJpeoGWFPOYtoyzHDaTRTFIuC0E4xvMr/zSJVmMn4wk4T6Ao9iFjKCTTa6VVIMyhW36uZCq+AtoHL1Dbmag/JnfyhJKmhsCMda9zw3Mf4UK8MIp7NSP9U0wWSMR7RnMcaCan+a7zpDZ6FUyEQU5e/f2SkWWk9EYDMCm0gve9nwP6+XmvDSn7I4SQ2NiY1YL0w5MhJlldGQKUoMn1jARDG7JSIRVpgYe5iSre8tl12Fdq3q1av1+1qlcT2/AxThBE7hHDy4gAbcQRNaQCCCZ3iDd2fkPDkvzus8WnAWf47hj5yPH4rOjQM=</latexit>

From

<latexit sha1_base64="Z1WXcKDU4vcrXrRUSMvsOM5uZY4="></latexit>

 cosωε coshωϑ +
ϑ

ε
sinωε sinhωϑ ϑ→1 cosωε sinhωϑ + ε→1 sinωε coshωϑ

ϑ cosωε sinhωϑ → ε sinωε coshωϑ cosωε coshωϑ → ε

ϑ
sinωε sinhωϑ




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Reversibilities: the planar case
<latexit sha1_base64="u2mh+O5NJfzK/n0qWLZPB8Sjdf4=">AAAB43icbZA5TgMxFIbfsIawhaWjsYiQqKIZikCDiKCABikgskjJKPI4bxIrnkW2BylEOQFUCOi4AifhApS5AifAWQpI+KvP7/8tvf95seBK2/aXNTe/sLi0nFpJr66tb2xmtrbLKkokwxKLRCSrHlUoeIglzbXAaiyRBp7Aite5GPqVe5SKR+Gd7sboBrQVcp8zqs3o9vq0kcnaOXskMgvOBLJn34PLj92HQbGR+aw3I5YEGGomqFI1x46126NScyawn64nCmPKOrSFNYMhDVC5vdGmfXLgR5LoNpLR+3e2RwOluoFnMgHVbTXtDYf/ebVE+yduj4dxojFkJmI8PxFER2RYmDS5RKZF1wBlkpstCWtTSZk2Z0mb+s502VkoH+WcfC5/Y2cL5zBWCvZgHw7BgWMowBUUoQQMfHiCV3iz0Hq0nq2XcXTOmvzZgT+y3n8AA/ePKg==</latexit>

M =
<latexit sha1_base64="uavYE/g7mo4L6HVIYxrKZgIzQoI=">AAAB5XicbZDNSgMxFIXv1L9a/6ou3QSL4KrMdFHdWRTEZQX7A+1QMmmmE5pMhiQjlNJH0JWoO1/IF/AtfAQz0y609ay+3HMC99wg4Uwb1/1yCmvrG5tbxe3Szu7e/kH58KitZaoIbRHJpeoGWFPOYtoyzHDaTRTFIuC0E4xvMr/zSJVmMn4wk4T6Ao9iFjKCTTa6VVIMyhW36uZCq+AtoHL1Dbmag/JnfyhJKmhsCMda9zw3Mf4UK8MIp7NSP9U0wWSMR7RnMcaCan+a7zpDZ6FUyEQU5e/f2SkWWk9EYDMCm0gve9nwP6+XmvDSn7I4SQ2NiY1YL0w5MhJlldGQKUoMn1jARDG7JSIRVpgYe5iSre8tl12Fdq3q1av1+1qlcT2/AxThBE7hHDy4gAbcQRNaQCCCZ3iDd2fkPDkvzus8WnAWf47hj5yPH4rOjQM=</latexit>

From

<latexit sha1_base64="Z1WXcKDU4vcrXrRUSMvsOM5uZY4="></latexit>

 cosωε coshωϑ +
ϑ

ε
sinωε sinhωϑ ϑ→1 cosωε sinhωϑ + ε→1 sinωε coshωϑ

ϑ cosωε sinhωϑ → ε sinωε coshωϑ cosωε coshωϑ → ε

ϑ
sinωε sinhωϑ





<latexit sha1_base64="lg6LeRkEL/pYffBfm7BMB+51RrA="></latexit>

exp

[(
0 1
ω2 0

)
ε

2

]
· exp

[(
0 1

→ϑ2 0

)
ε

]
· exp

[(
0 1
ω2 0

)
ε

2

]
<latexit sha1_base64="AoJU9Q1WNCqxrcIgHlWzG4dlWr8=">AAAB73icbZC7TgJBFIbP4g3xhpfOZiMxsSK7FmhjJFpoY4KJXBJYyezsASbMXpyZ1eCG59DKqJ2NT+ILWPIKPoEDUij4V9+c/5/k/MeNOJPKsj6N1Mzs3PxCejGztLyyupZd36jIMBYUyzTkoai5RCJnAZYVUxxrkUDiuxyrbvd06FdvUUgWBleqF6Hjk3bAWowSpUfXjTvmoWLcw+Sif9TM5qy8NZI5DfYYcsdfg7P3rftBqZn9aHghjX0MFOVEyrptRcpJiFCMcuxnGrHEiNAuaWNdY0B8lE4y2rpv7rZCYaoOmqP372xCfCl7vqszPlEdOekNh/959Vi1Dp2EBVGsMKA6or1WzE0VmsPypscEUsV7GggVTG9p0g4RhCp9ooyub0+WnYbKft4u5AuXVq54Aj9KwzbswB7YcABFOIcSlIGCgEd4gVfjxngwnoznn2jKGP/ZhD8y3r4BcOaUsQ==</latexit>

M̃ =

<latexit sha1_base64="hHM8jE24GYQeQrN2R1Rfs8YmQjk="></latexit>

we can pass, for the translated in time, R-reversible system, to
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Reversibilities: the planar case
<latexit sha1_base64="u2mh+O5NJfzK/n0qWLZPB8Sjdf4=">AAAB43icbZA5TgMxFIbfsIawhaWjsYiQqKIZikCDiKCABikgskjJKPI4bxIrnkW2BylEOQFUCOi4AifhApS5AifAWQpI+KvP7/8tvf95seBK2/aXNTe/sLi0nFpJr66tb2xmtrbLKkokwxKLRCSrHlUoeIglzbXAaiyRBp7Aite5GPqVe5SKR+Gd7sboBrQVcp8zqs3o9vq0kcnaOXskMgvOBLJn34PLj92HQbGR+aw3I5YEGGomqFI1x46126NScyawn64nCmPKOrSFNYMhDVC5vdGmfXLgR5LoNpLR+3e2RwOluoFnMgHVbTXtDYf/ebVE+yduj4dxojFkJmI8PxFER2RYmDS5RKZF1wBlkpstCWtTSZk2Z0mb+s502VkoH+WcfC5/Y2cL5zBWCvZgHw7BgWMowBUUoQQMfHiCV3iz0Hq0nq2XcXTOmvzZgT+y3n8AA/ePKg==</latexit>

M =
<latexit sha1_base64="uavYE/g7mo4L6HVIYxrKZgIzQoI=">AAAB5XicbZDNSgMxFIXv1L9a/6ou3QSL4KrMdFHdWRTEZQX7A+1QMmmmE5pMhiQjlNJH0JWoO1/IF/AtfAQz0y609ay+3HMC99wg4Uwb1/1yCmvrG5tbxe3Szu7e/kH58KitZaoIbRHJpeoGWFPOYtoyzHDaTRTFIuC0E4xvMr/zSJVmMn4wk4T6Ao9iFjKCTTa6VVIMyhW36uZCq+AtoHL1Dbmag/JnfyhJKmhsCMda9zw3Mf4UK8MIp7NSP9U0wWSMR7RnMcaCan+a7zpDZ6FUyEQU5e/f2SkWWk9EYDMCm0gve9nwP6+XmvDSn7I4SQ2NiY1YL0w5MhJlldGQKUoMn1jARDG7JSIRVpgYe5iSre8tl12Fdq3q1av1+1qlcT2/AxThBE7hHDy4gAbcQRNaQCCCZ3iDd2fkPDkvzus8WnAWf47hj5yPH4rOjQM=</latexit>

From

<latexit sha1_base64="Z1WXcKDU4vcrXrRUSMvsOM5uZY4="></latexit>

 cosωε coshωϑ +
ϑ

ε
sinωε sinhωϑ ϑ→1 cosωε sinhωϑ + ε→1 sinωε coshωϑ

ϑ cosωε sinhωϑ → ε sinωε coshωϑ cosωε coshωϑ → ε

ϑ
sinωε sinhωϑ





<latexit sha1_base64="AoJU9Q1WNCqxrcIgHlWzG4dlWr8=">AAAB73icbZC7TgJBFIbP4g3xhpfOZiMxsSK7FmhjJFpoY4KJXBJYyezsASbMXpyZ1eCG59DKqJ2NT+ILWPIKPoEDUij4V9+c/5/k/MeNOJPKsj6N1Mzs3PxCejGztLyyupZd36jIMBYUyzTkoai5RCJnAZYVUxxrkUDiuxyrbvd06FdvUUgWBleqF6Hjk3bAWowSpUfXjTvmoWLcw+Sif9TM5qy8NZI5DfYYcsdfg7P3rftBqZn9aHghjX0MFOVEyrptRcpJiFCMcuxnGrHEiNAuaWNdY0B8lE4y2rpv7rZCYaoOmqP372xCfCl7vqszPlEdOekNh/959Vi1Dp2EBVGsMKA6or1WzE0VmsPypscEUsV7GggVTG9p0g4RhCp9ooyub0+WnYbKft4u5AuXVq54Aj9KwzbswB7YcABFOIcSlIGCgEd4gVfjxngwnoznn2jKGP/ZhD8y3r4BcOaUsQ==</latexit>

M̃ =

<latexit sha1_base64="hHM8jE24GYQeQrN2R1Rfs8YmQjk="></latexit>

we can pass, for the translated in time, R-reversible system, to
<latexit sha1_base64="JuYRVfVci/lFuzoccTofXxshIfg="></latexit>



cosωε coshωϑ +
ϑ2 → ε2

2ϑε
sinωε sinhωϑ

cosωε sinhωϑ

ϑ
+

ϑ2 + ε2 + (ϑ2 → ε2) coshωϑ

2ϑ2ε
sinωε

ϑ cosωε sinhωϑ → ϑ2 + ε2 + (ϑ2 → ε2) coshωϑ

2ε
sinωε cosωε coshωϑ +

ϑ2 → ε2

2ϑε
sinωε sinhωϑ





<latexit sha1_base64="uoNHr7FMB8GwH7+Qmvii+Pgb5fM=">AAACHHicbVC7TgMxENzjGcIrQEljESFRRXcUPCoQNJRBIiRSiCKfs0ksfOeTvRcURfwK/AxUvDok/oJPwHekgMBW45nZlWfCRElLvv/hTU3PzM7NFxaKi0vLK6ultfVLq1MjsCa00qYRcotKxlgjSQobiUEehQrr4fVpptcHaKzU8QUNE2xFvBfLrhScHNUuHdq+vpFxj1EfmSWTCkoNMnejIwVhh4XDXOKhHmS0TrSV2WqlXSr7FT8f9hcEY1A++oR8qu3S81VHizTCmITi1jYDP6HWiBuSQuFt8Sq1mHBxzXvYdDDmEdrWKI94y7a72uQfyd8/vSMeWTuMQueJOPXtpJaR/2nNlLoHrZGMk5QwFs7itG6qGGmWNcU60qAgNXSAC+NCCyb63HBXi7FFFz+YDPsXXO5Wgr3K3vlu+fjkuwcowCZswQ4EsA/HcAZVqIGAe3iEV3jz7rwH78l7+bZOeeOdDfg13vsXavqjlA==</latexit>

showing the structure predicted by the above proposition.
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Most of the classical examples are R-reversible
<latexit sha1_base64="YeHRQgeqZFLx75Ec18xVGvf5HpU="></latexit>

Another example of reversible periodic system comes from the Ince-Hill equation, namely

(1 + a cosωt)ẍ+ (b sinωt)ẋ+ (c+ d cosωt)x = 0.

E!ectively, after introducing the variable y = ẋ, we can rewrite the equation as the system

(
ẋ
ẏ

)
=





0 1

→ c+ d cosωt

1 + a cosωt
→ b sinωt

1 + a cosωt




(
x
y

)

where we assume |a| < 1. We note that we have got a R-reversible (2ε/ω)-periodic system,

according to statement (a) of the above proposition.
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Bifurcating from critical values
<latexit sha1_base64="d1WSQHhXHpIGU8/uUvvMv82scYY="></latexit>

Our goal is to get, for reversible planar systems, a deeper insight about the parametric

stability boundaries given by the conditions trace(M) = ±2.

From statement (b) of above proposition, since the diagonal entries of M are equal, the

condition trace(M) = 2 corresponds to aM = 1, and there appear the three cases

M = I =

(
1 0

0 1

)
, M =

(
1 bM
0 1

)
, M =

(
1 0

cM 1

)
,

where bM →= 0 and cM →= 0. Similarly, if trace(M) = ↑2, then we have the cases

M = ↑I =

(
↑1 0

0 ↑1

)
, M =

(
↑1 bM
0 ↑1

)
, M =

(
↑1 0

cM ↑1

)
.
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Bifurcating from critical values
<latexit sha1_base64="47WE1PHKwwyWMZIYAnPqdq/wlTE="></latexit>

We want to characterize, in terms of the parameters, the geometric structure
of the bifurcation sets (i.e. the stability boundaries) in a neighborhood of their
stable situations (M = ±I).

Since the three parameters defining M evolve on the surface a2M → bMcM = 1,
it seems natural to study the possible expansions of the monodromy matrix
M(ω) assuming for its entries (aM , bM , cM ) some dependence on a bidimensional
parameter ω = (ω1, ω2) ↑ R2, so that M(0) = ±I.

We will denote the first derivatives of M(ω) by

Mi(ω) =
εM(ω)

εωi
, Mij(ω) =

ε2M(ω)

εωiεωj
, i, j = 1, 2.



<latexit sha1_base64="BV0Ft+lM7gtjFUDi9ofxTZaS5gw="></latexit>

Lemma (Parametric derivatives of the monodromy matrix entries)
Let us consider the monodromy matrix M(ω) of a T -periodic linear system
that admits the time-reversal symmetry R = diag(1,→1). Assuming for
the entries of M a dependence (aM (ω), bM (ω), cM (ω)) on ω = (ω1, ω2) with
M(0) = ±I, that is (aM (0), bM (0), cM (0)) = (±1, 0, 0), we have

Mi(0) =
εM

εωi
(0) =

(
0 bi
ci 0

)
,

where ai =
εaM
εωi

(0) = 0, bi =
εbM
εωi

(0), ci =
εcM
εωi

(0), and furthermore

aii =
ε2aM
εω2i

(0) = ±bici, aij =
ε2aM
εωiεωj

(0) = ±1

2
(bicj + bjci),

so that traceMii(0) = ±2bici, traceMij(0) = ±(bicj+bjci), for i, j = 1, 2. 50
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<latexit sha1_base64="GPtG2AMAxFCi6krkqIW/gQND5hc="></latexit>

Starting from a parameter comfiguration for M(ω) such that M(0) = ±I,
we can study the expansion

M(ω) = ±I+ω1M1(0)+ω2M2(0)+
1

2

(
ω21M11(0) + 2ω1ω2M12(0) + ω22M22(0)

)
+· · ·

and, in particular, we are specially interested in the function

!(ω) = traceM(ω)→ 2,

so that we can identify the local stability boundaries by solving the equation
!(ω) = 0. From the above proposition, we know that the main diagonal
entries both for M1(0) and M2(0) vanish, and so the most significative
terms for the expansion of the function ! are quadratic. 51
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<latexit sha1_base64="E21L5el81wSB81QIqikaIu96wHE="></latexit>

Substituting the second order derivatives aij previously obtained, we get

trace (M(ω)) = ±2 + a11ω
2
1 + 2a12ω1ω2 + a22ω

2
2 + · · ·

and therefore

!(ω) = ω→
(
a11 a12
a12 a22

)
ω+ · · · = ±ω→

(
b1c1

b1c2+b2c1
2

b1c2+b2c1
2 b2c2

)
ω+ · · ·

We are so impelled to study the character of the quadratic form defined by
the symmetric matrix

Q =

(
b1c1

b1c2+c1b2
2

b1c2+c1b2
2 b2c2

)
=

1

2

(
b1 c1
b2 c2

)(
c1 c2
b1 b2

)
.
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<latexit sha1_base64="RuTewaj0NBmPAolVN50DNrGP9Mw="></latexit>

Proposition (Relevance of anti-diagonal entries) Whenever the gradient

vectors →bM (0) = (b1, b2)→ and →cM (0) = (c1, c2)→ are linearly independent

the matrix Q is indefinite, so that in the parameter plane (ω1, ω2) the point

ω = 0 is for !(ω) an isolated non-degenerate critical point of saddle type.

Otherwise, when b1c2 ↑ b2c1 = 0, it is degenerate.

Proof. The conclusion follows easily from the equality

det(Q) = ↑1

4
(b1c2 ↑ b2c1)

2 ↓ 0.
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<latexit sha1_base64="RuTewaj0NBmPAolVN50DNrGP9Mw="></latexit>

Proposition (Relevance of anti-diagonal entries) Whenever the gradient

vectors →bM (0) = (b1, b2)→ and →cM (0) = (c1, c2)→ are linearly independent

the matrix Q is indefinite, so that in the parameter plane (ω1, ω2) the point

ω = 0 is for !(ω) an isolated non-degenerate critical point of saddle type.

Otherwise, when b1c2 ↑ b2c1 = 0, it is degenerate.

Proof. The conclusion follows easily from the equality

det(Q) = ↑1

4
(b1c2 ↑ b2c1)

2 ↓ 0.

<latexit sha1_base64="tUiMLwBbpNxLk6LhNaDv6yN+rNw="></latexit>

Moreover, the quadratic part factorizes as follows,

ω→Q ω =
1

2

(
→bM (0)→ω,→cM (0)→ω

)(→cM (0)→ω
→bM (0)→ω

)
=

(
→bM (0)→ω

)
·
(
→cM (0)→ω

)
.
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<latexit sha1_base64="RuTewaj0NBmPAolVN50DNrGP9Mw="></latexit>

Proposition (Relevance of anti-diagonal entries) Whenever the gradient

vectors →bM (0) = (b1, b2)→ and →cM (0) = (c1, c2)→ are linearly independent

the matrix Q is indefinite, so that in the parameter plane (ω1, ω2) the point

ω = 0 is for !(ω) an isolated non-degenerate critical point of saddle type.

Otherwise, when b1c2 ↑ b2c1 = 0, it is degenerate.

Proof. The conclusion follows easily from the equality

det(Q) = ↑1

4
(b1c2 ↑ b2c1)

2 ↓ 0.

<latexit sha1_base64="tUiMLwBbpNxLk6LhNaDv6yN+rNw="></latexit>

Moreover, the quadratic part factorizes as follows,

ω→Q ω =
1

2

(
→bM (0)→ω,→cM (0)→ω

)(→cM (0)→ω
→bM (0)→ω

)
=

(
→bM (0)→ω

)
·
(
→cM (0)→ω

)
.

<latexit sha1_base64="XqU+gWVSOUcx9yoH4R/OiFBLze8=">AAACAnicbVDLSgNBEJyNrxhfUY8eHIxCRAi7HtSLEPTiRYhgTCAbQ++kkwzOziwzs0II3vQP/Ao9iXrzE/wB/8ZJ9KDROlV3VUNXRYngxvr+h5eZmJyansnO5ubmFxaX8ssrF0almmGVKaF0PQKDgkusWm4F1hONEEcCa9HV8VCvXaM2XMlz20+wGUNX8g5nYN2qlV8PJUQCKGudFv3ty9CqJLwGjYnhQslDv5Uv+CV/BPqXBN+kUN4Md+4/yv1KK/8ethVLY5SWCTCmEfiJbQ5AW84E3uTC1GAC7Aq62HBUQoymORgFuaFbHaWp7SEdzT+9A4iN6ceR88Rge2ZcGy7/0xqp7Rw0B1wmqUXJnMVpnVRQq+iwD9rmGpkVfUeAae6+pKwHGph1reVc/GA87F9ysVsK9kp7Z66HI/KFLFkjG6RIArJPyuSEVEiVMHJHHskLefVuvQfvyXv+sma875tV8gve2ydH55mx</latexit>

→cM (0)→ω = 0

<latexit sha1_base64="EUya/HbJXH67wjVwErLZTHzr5Cs=">AAAB7nicbZC7TgJBFIZn8YZ4Q+20mUhMrMiuBVoSbCwhkUsCGzI7nIUJs7PjzCwJ2fAaWhm1s/EtLH0BG5/F4VIo+FffnP+f5PwnkJxp47pfTmZtfWNzK7ud29nd2z/IHx41dJwoCnUa81i1AqKBMwF1wwyHllRAooBDMxjeTP3mCJRmsbgzYwl+RPqChYwSY0d+Z0QUSM14LLpeN19wi+5MeBW8BRTKJ7Vv9l75qHbzn51eTJMIhKGcaN32XGn8lCjDKIdJrpNokIQOSR/aFgWJQPvpbOkJPg9jhc0A8Oz9O5uSSOtxFNhMRMxAL3vT4X9eOzHhtZ8yIRMDgtqI9cKEYxPjaXfcYwqo4WMLhCpmt8R0QBShxl4oZ+t7y2VXoXFZ9ErFUs3eoYLmyqJTdIYukIeuUBndoiqqI4ru0SN6Qa+OdB6cJ+d5Hs04iz/H6I+ctx+R45Ns</latexit>ω1

<latexit sha1_base64="E7SsvaO3SBq7Hclh31vmYkXOLc4=">AAAB7nicbZC7TgJBFIZnvSLeUDttNhITK7JLgZYEG0tI5JLAhswOZ2HC7Mw4M0tCNryGVkbtbHwLS1/AxmdxuBQK/tU35/8nOf8JJaPaeN6Xs7a+sbm1ndnJ7u7tHxzmjo4bWiSKQJ0IJlQrxBoY5VA31DBoSQU4Dhk0w+HN1G+OQGkq+J0ZSwhi3Oc0ogQbOwo6I6xAasoE7xa7ubxX8GZyV8FfQL58Wvum75WPajf32ekJksTADWFY67bvSROkWBlKGEyynUSDxGSI+9C2yHEMOkhnS0/ci0go1wzAnb1/Z1Mcaz2OQ5uJsRnoZW86/M9rJya6DlLKZWKAExuxXpQw1wh32t3tUQXEsLEFTBS1W7pkgBUmxl4oa+v7y2VXoVEs+KVCqWbvUEFzZdAZOkeXyEdXqIxuURXVEUH36BG9oFdHOg/Ok/M8j645iz8n6I+ctx+TYZNt</latexit>ω2
<latexit sha1_base64="brtFLZAo6DIH2vzPtiewYBw9Smg=">AAACAnicbVDLSgNBEJyNrxhfUY8eHIxCRAi7HtSLEPTiRYhgTCAbQ++kkwzOziwzs0II3vQP/Ao9iXrzE/wB/8ZJ9KDROlV3VUNXRYngxvr+h5eZmJyansnO5ubmFxaX8ssrF0almmGVKaF0PQKDgkusWm4F1hONEEcCa9HV8VCvXaM2XMlz20+wGUNX8g5nYN2qlV8PJUQCaNQ6Lfrbl6FVSXgNGhPDhZKHfitf8Ev+CPQvCb5JobwZ7tx/lPuVVv49bCuWxigtE2BMI/AT2xyAtpwJvMmFqcEE2BV0seGohBhNczAKckO3OkpT20M6mn96BxAb048j54nB9sy4Nlz+pzVS2zloDrhMUouSOYvTOqmgVtFhH7TNNTIr+o4A09x9SVkPNDDrWsu5+MF42L/kYrcU7JX2zlwPR+QLWbJGNkiRBGSflMkJqZAqYeSOPJIX8urdeg/ek/f8Zc143zer5Be8t09GUpmw</latexit>

→bM (0)→ω = 0

<latexit sha1_base64="XqU+gWVSOUcx9yoH4R/OiFBLze8=">AAACAnicbVDLSgNBEJyNrxhfUY8eHIxCRAi7HtSLEPTiRYhgTCAbQ++kkwzOziwzs0II3vQP/Ao9iXrzE/wB/8ZJ9KDROlV3VUNXRYngxvr+h5eZmJyansnO5ubmFxaX8ssrF0almmGVKaF0PQKDgkusWm4F1hONEEcCa9HV8VCvXaM2XMlz20+wGUNX8g5nYN2qlV8PJUQCKGudFv3ty9CqJLwGjYnhQslDv5Uv+CV/BPqXBN+kUN4Md+4/yv1KK/8ethVLY5SWCTCmEfiJbQ5AW84E3uTC1GAC7Aq62HBUQoymORgFuaFbHaWp7SEdzT+9A4iN6ceR88Rge2ZcGy7/0xqp7Rw0B1wmqUXJnMVpnVRQq+iwD9rmGpkVfUeAae6+pKwHGph1reVc/GA87F9ysVsK9kp7Z66HI/KFLFkjG6RIArJPyuSEVEiVMHJHHskLefVuvQfvyXv+sma875tV8gve2ydH55mx</latexit>

→cM (0)→ω = 0
<latexit sha1_base64="AZ6Hic1heIiP+ZIhUUUKOZg/isI=">AAAB93icdVDJTgJBFOzBDXHD5ealI5pgTMgwKODBhOjFIyayJAwhPc0DOvQs6e4hGQl/4V1PRr35H/4Af2MPaKJG61Svql7yXjkBZ1KZ5tRILCwuLa8kV1Nr6xubW+ntnbr0Q0GhRn3ui6ZDJHDmQU0xxaEZCCCuw6HhDK9ivzECIZnv3aoogLZL+h7rMUqUljrpPbs6YFl7RAQEknHfO8YXZiedMXPn5aJ1ZmEzZ5olq1CMiVU6tQo4r5UYmcqhfXI/rUTVTvrd7vo0dMFTlBMpW3kzUO0xEYpRDpOUHUoICB2SPrQ09YgLsj2eXT/BRz1fYDUAPJu/Z8fElTJyHZ1xiRrI314s/uW1QtUrt8fMC0IFHtUR7fVCjpWP4xJwlwmgikeaECqYvhLTARGEKl1VSr//9SP+n9StXL6YK97oHi7RHEm0jw5QFuVRCVXQNaqiGqLoDj2iF/RqRMaD8WQ8z6MJ43NnF/2A8fYBfcGVXg==</latexit>

!(ω) = 0
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<latexit sha1_base64="7JgG+ZMrheEUjEPEipRTmSfAZC0="></latexit>

Lemma (Anti-diagonal entries rule the curves where !(ω) = 0)
The stability boundaries around any point where M(0) = ±I are determined
by the curves corresponding to bM (ω) = 0 and cM (ω) = 0.

<latexit sha1_base64="7bHjdGgCtT8cAjeywChktFhJq5w="></latexit>

Proof. We have

0 = !(ω) = traceM(ω)→ 2 = 2 (aM (ω)→ 1) = 2
aM (ω)2 ↑ 1

aM (ω)± 1
= 2

bM (ω) · cM (ω)

aM (ω)± 1
,

because we know that aM (ω)2 ↑ 1 = bM (ω) · cM (ω), and aM (ω)± 1 ↓= 0.

<latexit sha1_base64="EUya/HbJXH67wjVwErLZTHzr5Cs=">AAAB7nicbZC7TgJBFIZn8YZ4Q+20mUhMrMiuBVoSbCwhkUsCGzI7nIUJs7PjzCwJ2fAaWhm1s/EtLH0BG5/F4VIo+FffnP+f5PwnkJxp47pfTmZtfWNzK7ud29nd2z/IHx41dJwoCnUa81i1AqKBMwF1wwyHllRAooBDMxjeTP3mCJRmsbgzYwl+RPqChYwSY0d+Z0QUSM14LLpeN19wi+5MeBW8BRTKJ7Vv9l75qHbzn51eTJMIhKGcaN32XGn8lCjDKIdJrpNokIQOSR/aFgWJQPvpbOkJPg9jhc0A8Oz9O5uSSOtxFNhMRMxAL3vT4X9eOzHhtZ8yIRMDgtqI9cKEYxPjaXfcYwqo4WMLhCpmt8R0QBShxl4oZ+t7y2VXoXFZ9ErFUs3eoYLmyqJTdIYukIeuUBndoiqqI4ru0SN6Qa+OdB6cJ+d5Hs04iz/H6I+ctx+R45Ns</latexit>ω1

<latexit sha1_base64="E7SsvaO3SBq7Hclh31vmYkXOLc4=">AAAB7nicbZC7TgJBFIZnvSLeUDttNhITK7JLgZYEG0tI5JLAhswOZ2HC7Mw4M0tCNryGVkbtbHwLS1/AxmdxuBQK/tU35/8nOf8JJaPaeN6Xs7a+sbm1ndnJ7u7tHxzmjo4bWiSKQJ0IJlQrxBoY5VA31DBoSQU4Dhk0w+HN1G+OQGkq+J0ZSwhi3Oc0ogQbOwo6I6xAasoE7xa7ubxX8GZyV8FfQL58Wvum75WPajf32ekJksTADWFY67bvSROkWBlKGEyynUSDxGSI+9C2yHEMOkhnS0/ci0go1wzAnb1/Z1Mcaz2OQ5uJsRnoZW86/M9rJya6DlLKZWKAExuxXpQw1wh32t3tUQXEsLEFTBS1W7pkgBUmxl4oa+v7y2VXoVEs+KVCqWbvUEFzZdAZOkeXyEdXqIxuURXVEUH36BG9oFdHOg/Ok/M8j645iz8n6I+ctx+TYZNt</latexit>ω2

<latexit sha1_base64="AZ6Hic1heIiP+ZIhUUUKOZg/isI=">AAAB93icdVDJTgJBFOzBDXHD5ealI5pgTMgwKODBhOjFIyayJAwhPc0DOvQs6e4hGQl/4V1PRr35H/4Af2MPaKJG61Svql7yXjkBZ1KZ5tRILCwuLa8kV1Nr6xubW+ntnbr0Q0GhRn3ui6ZDJHDmQU0xxaEZCCCuw6HhDK9ivzECIZnv3aoogLZL+h7rMUqUljrpPbs6YFl7RAQEknHfO8YXZiedMXPn5aJ1ZmEzZ5olq1CMiVU6tQo4r5UYmcqhfXI/rUTVTvrd7vo0dMFTlBMpW3kzUO0xEYpRDpOUHUoICB2SPrQ09YgLsj2eXT/BRz1fYDUAPJu/Z8fElTJyHZ1xiRrI314s/uW1QtUrt8fMC0IFHtUR7fVCjpWP4xJwlwmgikeaECqYvhLTARGEKl1VSr//9SP+n9StXL6YK97oHi7RHEm0jw5QFuVRCVXQNaqiGqLoDj2iF/RqRMaD8WQ8z6MJ43NnF/2A8fYBfcGVXg==</latexit>

!(ω) = 0

<latexit sha1_base64="8Ss7UUNmEzP0nsiFYmjXJRvLKGk=">AAAB9nicdVBNS0JBFJ3Xp9mX5bLNkAVGIO89S20RSG3aBAb5ASoyb7zq4LwPZuZJD/FftK5VVLt+SH/Af9M8Laioszr3nHPh3uMEnEllmlNjYXFpeWU1sZZc39jc2k7t7NakHwoKVepzXzQcIoEzD6qKKQ6NQABxHQ51Z3gZ+/URCMl871ZFAbRd0vdYj1GitNRJpZ3OdbY1IgICybjvHeFzs5PKmLmzUsE+tbGZM82inS/ExC6e2HlsaSVGpnzQOr6flqNKJ/Xe6vo0dMFTlBMpm5YZqPaYCMUoh0myFUoICB2SPjQ19YgLsj2eHT/Bhz1fYDUAPJu/Z8fElTJyHZ1xiRrI314s/uU1Q9UrtcfMC0IFHtUR7fVCjpWP4w5wlwmgikeaECqYvhLTARGEKt1UUr//9SP+n9TsnFXIFW50DxdojgTaQ/soiyxURGV0hSqoiiiK0CN6Qa/GnfFgPBnP8+iC8bmTRj9gvH0AqwaU5Q==</latexit>

bM (ω) = 0

<latexit sha1_base64="ZIg2WfSwdDy013WQguPyrDUV4Io=">AAAB9nicdVBNS0JBFJ3Xp9mX5bLNkAVGIO89S20RSG3aBAb5ASoyb7zq4LwPZuZJD/FftK5VVLt+SH/Af9M8Laioszr3nHPh3uMEnEllmlNjYXFpeWU1sZZc39jc2k7t7NakHwoKVepzXzQcIoEzD6qKKQ6NQABxHQ51Z3gZ+/URCMl871ZFAbRd0vdYj1GitNRJpWnnOtsaEQGBZNz3jvC52UllzNxZqWCf2tjMmWbRzhdiYhdP7Dy2tBIjUz5oHd9Py1Glk3pvdX0auuApyomUTcsMVHtMhGKUwyTZCiUEhA5JH5qaesQF2R7Pjp/gw54vsBoAns3fs2PiShm5js64RA3kby8W//KaoeqV2mPmBaECj+qI9nohx8rHcQe4ywRQxSNNCBVMX4npgAhClW4qqd//+hH/T2p2zirkCje6hws0RwLtoX2URRYqojK6QhVURRRF6BG9oFfjzngwnozneXTB+NxJox8w3j4ArJaU5g==</latexit>

cM (ω) = 0
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<latexit sha1_base64="EUya/HbJXH67wjVwErLZTHzr5Cs=">AAAB7nicbZC7TgJBFIZn8YZ4Q+20mUhMrMiuBVoSbCwhkUsCGzI7nIUJs7PjzCwJ2fAaWhm1s/EtLH0BG5/F4VIo+FffnP+f5PwnkJxp47pfTmZtfWNzK7ud29nd2z/IHx41dJwoCnUa81i1AqKBMwF1wwyHllRAooBDMxjeTP3mCJRmsbgzYwl+RPqChYwSY0d+Z0QUSM14LLpeN19wi+5MeBW8BRTKJ7Vv9l75qHbzn51eTJMIhKGcaN32XGn8lCjDKIdJrpNokIQOSR/aFgWJQPvpbOkJPg9jhc0A8Oz9O5uSSOtxFNhMRMxAL3vT4X9eOzHhtZ8yIRMDgtqI9cKEYxPjaXfcYwqo4WMLhCpmt8R0QBShxl4oZ+t7y2VXoXFZ9ErFUs3eoYLmyqJTdIYukIeuUBndoiqqI4ru0SN6Qa+OdB6cJ+d5Hs04iz/H6I+ctx+R45Ns</latexit>ω1

<latexit sha1_base64="E7SsvaO3SBq7Hclh31vmYkXOLc4=">AAAB7nicbZC7TgJBFIZnvSLeUDttNhITK7JLgZYEG0tI5JLAhswOZ2HC7Mw4M0tCNryGVkbtbHwLS1/AxmdxuBQK/tU35/8nOf8JJaPaeN6Xs7a+sbm1ndnJ7u7tHxzmjo4bWiSKQJ0IJlQrxBoY5VA31DBoSQU4Dhk0w+HN1G+OQGkq+J0ZSwhi3Oc0ogQbOwo6I6xAasoE7xa7ubxX8GZyV8FfQL58Wvum75WPajf32ekJksTADWFY67bvSROkWBlKGEyynUSDxGSI+9C2yHEMOkhnS0/ci0go1wzAnb1/Z1Mcaz2OQ5uJsRnoZW86/M9rJya6DlLKZWKAExuxXpQw1wh32t3tUQXEsLEFTBS1W7pkgBUmxl4oa+v7y2VXoVEs+KVCqWbvUEFzZdAZOkeXyEdXqIxuURXVEUH36BG9oFdHOg/Ok/M8j645iz8n6I+ctx+TYZNt</latexit>ω2
<latexit sha1_base64="AZ6Hic1heIiP+ZIhUUUKOZg/isI=">AAAB93icdVDJTgJBFOzBDXHD5ealI5pgTMgwKODBhOjFIyayJAwhPc0DOvQs6e4hGQl/4V1PRr35H/4Af2MPaKJG61Svql7yXjkBZ1KZ5tRILCwuLa8kV1Nr6xubW+ntnbr0Q0GhRn3ui6ZDJHDmQU0xxaEZCCCuw6HhDK9ivzECIZnv3aoogLZL+h7rMUqUljrpPbs6YFl7RAQEknHfO8YXZiedMXPn5aJ1ZmEzZ5olq1CMiVU6tQo4r5UYmcqhfXI/rUTVTvrd7vo0dMFTlBMpW3kzUO0xEYpRDpOUHUoICB2SPrQ09YgLsj2eXT/BRz1fYDUAPJu/Z8fElTJyHZ1xiRrI314s/uW1QtUrt8fMC0IFHtUR7fVCjpWP4xJwlwmgikeaECqYvhLTARGEKl1VSr//9SP+n9StXL6YK97oHi7RHEm0jw5QFuVRCVXQNaqiGqLoDj2iF/RqRMaD8WQ8z6MJ43NnF/2A8fYBfcGVXg==</latexit>

!(ω) = 0

<latexit sha1_base64="8Ss7UUNmEzP0nsiFYmjXJRvLKGk=">AAAB9nicdVBNS0JBFJ3Xp9mX5bLNkAVGIO89S20RSG3aBAb5ASoyb7zq4LwPZuZJD/FftK5VVLt+SH/Af9M8Laioszr3nHPh3uMEnEllmlNjYXFpeWU1sZZc39jc2k7t7NakHwoKVepzXzQcIoEzD6qKKQ6NQABxHQ51Z3gZ+/URCMl871ZFAbRd0vdYj1GitNRJpZ3OdbY1IgICybjvHeFzs5PKmLmzUsE+tbGZM82inS/ExC6e2HlsaSVGpnzQOr6flqNKJ/Xe6vo0dMFTlBMpm5YZqPaYCMUoh0myFUoICB2SPjQ19YgLsj2eHT/Bhz1fYDUAPJu/Z8fElTJyHZ1xiRrI314s/uU1Q9UrtcfMC0IFHtUR7fVCjpWP4w5wlwmgikeaECqYvhLTARGEKt1UUr//9SP+n9TsnFXIFW50DxdojgTaQ/soiyxURGV0hSqoiiiK0CN6Qa/GnfFgPBnP8+iC8bmTRj9gvH0AqwaU5Q==</latexit>

bM (ω) = 0

<latexit sha1_base64="ZIg2WfSwdDy013WQguPyrDUV4Io=">AAAB9nicdVBNS0JBFJ3Xp9mX5bLNkAVGIO89S20RSG3aBAb5ASoyb7zq4LwPZuZJD/FftK5VVLt+SH/Af9M8Laioszr3nHPh3uMEnEllmlNjYXFpeWU1sZZc39jc2k7t7NakHwoKVepzXzQcIoEzD6qKKQ6NQABxHQ51Z3gZ+/URCMl871ZFAbRd0vdYj1GitNRJpWnnOtsaEQGBZNz3jvC52UllzNxZqWCf2tjMmWbRzhdiYhdP7Dy2tBIjUz5oHd9Py1Glk3pvdX0auuApyomUTcsMVHtMhGKUwyTZCiUEhA5JH5qaesQF2R7Pjp/gw54vsBoAns3fs2PiShm5js64RA3kby8W//KaoeqV2mPmBaECj+qI9nohx8rHcQe4ywRQxSNNCBVMX4npgAhClW4qqd//+hH/T2p2zirkCje6hws0RwLtoX2URRYqojK6QhVURRRF6BG9oFfjzngwnozneXTB+NxJox8w3j4ArJaU5g==</latexit>

cM (ω) = 0

<latexit sha1_base64="L1ioLNcSizSYSvyY6Cw9Sa/2O3M="></latexit>

Proposition (The degenerate case, but not so much)
If the gradient vectors →bM (0) = (b1, b2)→ and →cM (0) = (c1, c2)→ are linearly
dependent, but with →bM (0) ↑= (0, 0)→ and →cM (0) ↑= (0, 0)→, then in the
parameter plane (ω1, ω2), the point ω = 0 generically becomes for !(ω) an
isolated degenerate critical point of type double cusp.
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<latexit sha1_base64="ORBussnUwlPnRKEPEEQ46pr9NSY="></latexit>

Proof. Since b1c2 = b2c1, without loss of generality we assume b1 →= 0. Then, we get c1 →= 0, because
otherwise we would also have c2 = 0, contrarily to the hypothesis. We have so detM1(0) = ↑b1c1 →= 0.

Take ω = ↑b2
b1

= ↑c2
c1

, and use the new parameters (ε1, ε2) = (ϑ1 + ωϑ2, ϑ2) in the expansion

bM (ε1, ε2) = b1ε1 + b2ε2 +
1

2

(
b11ε

2
1 + 2b12ε1ε2 + ε22

)
+ · · ·

The new expression becomes bM (ϑ1, ϑ2) = b1ϑ1 +
1

2

(
b11(ϑ1 + ωϑ2)2 + 2b12(ϑ1 + ωϑ2)ϑ2 + ϑ22

)
, that is,

1

2

(
b11ϑ21 + 2(b11 + b12)ωϑ1ϑ2 + (b11ω2 + 2b12ω+ b22)ϑ22

)
,or in a more compact form,

bM (ϑ1, ϑ2) = b1ϑ1 +
1

2

(
b11ϑ

2
1 + 2b→12ϑ1ϑ2 + b→22ϑ

2
2

)
.
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<latexit sha1_base64="Z89BhLTdlYPHQft0UVYxgXIQb9k="></latexit>

Proof (Cont’d). Applying the i.f.t. to the equation bM (ω1, ω2) = 0 at the point (ω1, ω2) = (0, 0), we
get that there locally exists a unique function ω1 = gb(ω2) whose graph corresponds to the points where
bM (ω1, ω2) = 0. In fact, we obtain the locally parabolic function

ω1 = → b→22
2b1

ω22 + · · · , with b→22 = b11ε
2 + 2b12ε+ b22.

Similarly, for the points where cM (ω1, ω2) = 0, we get

ω1 = → c→22
2c1

ω22 + · · · , with c→22 = c11ε
2 + 2c12ε+ c22,

which is locally another parabola.

The proof finishes by requiring the generic condition 0 ↑= b→22
2b1

↑= c→22
2c1

↑= 0, namely

0 ↑= 1

b31
(b2,→b1)

(
b11 b12
b12 b22

)(
b2
→b1

)
↑= 1

c31
(c2,→c1)

(
c11 c12
c12 c22

)(
c2
→c1

)
↑= 0.



<latexit sha1_base64="47fFJhVaHmzbhlS1cjrkOEpQATo="></latexit>

We can also take advantage of the fact that for R-reversible systems the mon-
odromy matrix M = X(T ) is ruled by X(T/2), as follows. Recall also that,
under R-reversibility we know that for planar systems, when tr(M) = ±2 then
aM = ±1 and at least one of the conditions bM = 0 or cM = 0 holds.

Lemma (for critical situations at least one entry in X(T/2) vanishes).
For a planar R-reversible system, the following statements hold.

(a) If tr(X(T )) = 2 and for i, j = 1, 2, with i →= j, we have e→i X(T )ej = 0, then
e→i X(T/2)ej = 0. The reciprocal is also true.

(b) If tr(X(T )) = ↑2 and for i, j = 1, 2, with i →= j, we have e→i X(T )ej = 0,
then e→j X(T/2)ej = 0. The reciprocal is also true.
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<latexit sha1_base64="oF3QneZ4520ZXGCr6Jt4VB9Ihhc="></latexit>

For the proof, useRX(T/2) = X(T/2)RX(T ) orX(T ) = RX(T/2)→1RX(T/2).



<latexit sha1_base64="47fFJhVaHmzbhlS1cjrkOEpQATo="></latexit>

We can also take advantage of the fact that for R-reversible systems the mon-
odromy matrix M = X(T ) is ruled by X(T/2), as follows. Recall also that,
under R-reversibility we know that for planar systems, when tr(M) = ±2 then
aM = ±1 and at least one of the conditions bM = 0 or cM = 0 holds.

Lemma (for critical situations at least one entry in X(T/2) vanishes).
For a planar R-reversible system, the following statements hold.

(a) If tr(X(T )) = 2 and for i, j = 1, 2, with i →= j, we have e→i X(T )ej = 0, then
e→i X(T/2)ej = 0. The reciprocal is also true.

(b) If tr(X(T )) = ↑2 and for i, j = 1, 2, with i →= j, we have e→i X(T )ej = 0,
then e→j X(T/2)ej = 0. The reciprocal is also true.
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<latexit sha1_base64="OLSOen3Cb3Xfce7mMl5crfmHDM0="></latexit>

The four entries of X(T/2) determine, when vanishing, stability boundaries!



<latexit sha1_base64="ZhOy9Emj/uByPOBUiZpOEJdftAw=">AAAB5HicbZA5TgMxFIbfsIawhaWjsYiQqKIZikBHBAWUQZBFSkaRx3mTWPEssj1IYZQbQIWAjiNwEi5AmStwApylgIS/+vz+39L7nxcLrrRtf1kLi0vLK6uZtez6xubWdm5nt6qiRDKssEhEsu5RhYKHWNFcC6zHEmngCax5vcuRX7tHqXgU3ul+jG5AOyH3OaPajG6bMW/l8nbBHovMgzOF/Pn38Opj/2FYbuU+m+2IJQGGmgmqVMOxY+2mVGrOBA6yzURhTFmPdrBhMKQBKjcdrzogR34kie4iGb9/Z1MaKNUPPJMJqO6qWW80/M9rJNo/c1MexonGkJmI8fxEEB2RUWPS5hKZFn0DlElutiSsSyVl2twla+o7s2XnoXpScIqF4o2dL13ARBk4gEM4BgdOoQTXUIYKMOjAE7zCm+Vbj9az9TKJLljTP3vwR9b7Dyjrj98=</latexit>ω <latexit sha1_base64="3P4GmNsPVJs+QFK2hV0/uKf5J6Q=">AAAB5XicbZC7TgJBFIbPekW84aWzmUhMrMguBdpJtNASE7kksCGzw1l2wuwlM7MmuOERtDJq5xv4JL6AJa/gE7gLFAr+1Tfn/yc5/3EiwZU2zS9jaXlldW09t5Hf3Nre2S3s7TdUGEuGdRaKULYcqlDwAOuaa4GtSCL1HYFNZ3CV+c17lIqHwZ0eRmj7tB9wlzOqs1G5E/FuoWiWzInIIlgzKF58j68/Dh/GtW7hs9MLWexjoJmgSrUtM9J2QqXmTOAo34kVRpQNaB/bKQbUR2Unk11H5MQNJdEeksn7dzahvlJD30kzPtWemvey4X9eO9buuZ3wIIo1BiyNpJ4bC6JDklUmPS6RaTFMgTLJ0y0J86ikTKeHyaf1rfmyi9Aol6xKqXJrFquXMFUOjuAYTsGCM6jCDdSgDgw8eIJXeDP6xqPxbLxMo0vG7M8B/JHx/gOY/5Ab</latexit>

2ω
<latexit sha1_base64="6NNikDAP4aDZg7wRIzs+s3eJOoM=">AAAB4nicbZA5TgMxFIY9rCFsYeloLCIkqmiGItARQQFlIpFFSkaRx3mTWPEsst8ghVEuABUCOs7ASbgAZa7ACXCWAhL+6vP7f0vvf14shUbb/rKWlldW19YzG9nNre2d3dzefk1HieJQ5ZGMVMNjGqQIoYoCJTRiBSzwJNS9/vXYr9+D0iIK73AQgxuwbih8wRmaUQXbubxdsCeii+DMIH/5Pbr5OHwYldu5z1Yn4kkAIXLJtG46doxuyhQKLmGYbSUaYsb7rAtNgyELQLvpZNEhPfEjRbEHdPL+nU1ZoPUg8EwmYNjT8954+J/XTNC/cFMRxglCyE3EeH4iKUZ03Jd2hAKOcmCAcSXMlpT3mGIczVWypr4zX3YRamcFp1goVux86YpMlSFH5JicEoeckxK5JWVSJZwAeSKv5M3qWI/Ws/UyjS5Zsz8H5I+s9x+96Y8K</latexit>

t

<latexit sha1_base64="mvppYfYP1Jv7jo/LurwGvTMUcfA=">AAAB6nicbZC7TgJBFIZnvSLeVi1tJhITG8kuBVoSbSwsMJGLgZXMDgeYMHvJzFkTsiG+g1ZG7WztLXwEX8C3cbgUCv7VN+f/Jzn/8WMpNDrOt7WwuLS8sppZy65vbG5t2zu7VR0likOFRzJSdZ9pkCKECgqUUI8VsMCXUPP75yO/dgdKiyi8xkEMXsC6oegIztCMbo6bbZDIbgstO+fknbHoPLhTyJXsj8v32ud9uWV/NdsRTwIIkUumdcN1YvRSplBwCcNsM9EQM95nXWgYDFkA2kvHCw/pYSdSFHtAx+/f2ZQFWg8C32QChj09642G/3mNBDunXirCOEEIuYkYr5NIihEd9aZtoYCjHBhgXAmzJeU9phhHc52sqe/Olp2HaiHvFvPFK3OHMzJRhuyTA3JEXHJCSuSClEmFcBKQR/JCXi1pPVhP1vMkumBN/+yRP7LefgDEkpEm</latexit>

→ω2
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ω = t→ ε/2
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p̃(ω) = p(ω + ε/2)
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Coming back again to the inverted pendulum problem, for the translated in
time, R-reversible version, we can write

X(ω) = exp

[(
0 1

→ε2 0

)
ω

2

]
· exp

[(
0 1
ϑ2 0

)
ω

2

]
.
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Coming back again to the inverted pendulum problem, for the translated in
time, R-reversible version, we can write

X(ω) =

(
cos(ωε/2) 2ε→1 sin(ωε/2)

→(ε/2) sin(ωε/2) cos(ωε/2)

)
·
(

cosh(ωϑ/2) 2ϑ→1 sinh(ωϑ/2)
(ϑ/2) sinh(ωϑ/2) cosh(ωϑ/2)

)
,

so that

e↑1 X(ω)e2 = 2ϑ→1 sinh(ωϑ/2) cos(ωε/2) + 2ε→1 cosh(ωϑ/2) sin(ωε/2),

e↑2 X(ω)e1 = (ϑ/2) sinh(ωϑ/2) cos(ωε/2)→ (ε/2) cosh(ωϑ/2) sin(ωε/2).
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Therefore, using statement (a) of the above lemma

e→2 X(ω)e1 = 0 →↑ cM (ε, ϑ) = 0, and tr(M) = tr(X(2ω)) = 2.

Bifurcating from critical values
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We conclude that cM (ω, ε) = 0 and tr(M) = 2 when e→2 X(ϑ)e1 = 0,
that is,

x tanhx = y tan y, with x =
ϑω

2
, and y =

ϑε

2
.

This approach is computationally shorter and more elegant in getting
the stability boundary of the inverted pendulum.

Bifurcating from critical values



Practical bifurcation analysis
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Since the monodromy matrix is generally not easy to obtain, in
computing its first derivatives with respect to parameters, it can
be useful to resort to some initial value problems, as follows.
Let X(t; ω) denote a fundamental matrix of solutions, so that

Ẋ(t; ω) = A(t; ω)X(t; ω), X(0; ω) = I.

By changing the order of derivation, for i = 1, 2, we get

d

dt

(
εX(t; ω)

εωi

)
=

ε

εωi
Ẋ(t; ω) = A(t; ω)

εX(t; ω)

εωi
+
εA(t; ω)

εωi
X(t; ω).
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After substituting for ω = 0, we have

d

dt

(
εX(t; 0)

εωi

)
= A(t; 0)

εX(t; 0)

εωi
+

εA(t; 0)

εωi
X(t; 0),

getting so the initial value problem

dUi(t)

dt
= A(t; 0)Ui(t) +

εA(t; 0)

εωi
X(t; 0), Ui(0) = 0,

for the matrix Ui(t) =
ω
ωεi

X(t; 0). We must solve for Ui(T ).
<latexit sha1_base64="x9ulWLRJv2BAxaiqKu2+BIo/8g0="></latexit>

See p. 281 of C. Chicone Ordinary Di!erential Equations with Applications, TAM 34 (2006). 66
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To solve the above equation, a first natural step is to write

Ui(t) = exp

(∫ t

0
A(s; 0) ds

)
Vi(t),

getting so a new simpler initial value problem for Vi(t), namely

dVi(t)

dt
= exp

(
→
∫ t

0
A(s; 0) ds

)
ωA(t; 0)

ωεi
X(t; 0). Vi(0) = 0.
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Therefore, for T = 2ω we conclude that

Vi(2ω) =

∫ 2ω

0
exp

(
→
∫ t

0
A(s; 0) ds

)
εA(t; 0)

εϑi
X(t; 0) dt,

and

Mi(0) = Ui(2ω) = exp

(∫ 2ω

0
A(t; 0) dt

)
Vi(2ω), for i = 1, 2.
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Once known Ui(t), this procedure can be extended for second order derivatives,

if needed. For instance, we can write

d

dt

(
ω2X(t; ε)

ωε2i

)
= A(t; ε)

ω2X(t; ε)

ωε2i
+ 2

ωA(t; ε)

ωεi

ωX(t; ε)

ωεi
+

ω2A(t; ε)

ωε2i
X(t; ε),

for i = 1, 2. After substituting for ε = 0, we get the initial value problem

dUii(t)

dt
= A(t; 0)Uii(t) + 2

ωA(t; 0)

ωεi
Ui(t) +

ω2A(t; 0)

ωε2i
X(t; 0), Uii(0) = 0,

when our goal is to compute Uii(t) =
ω2X(t; 0)

ωε2i
, to obtain Mωiωi(0) = Uii(2ϑ).
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Consider the R-reversible Hill’equation, that is,

ẍ+ (ω + ε p(t))x = 0,

where p(t) is an even 2ϑ-periodic function with zero mean
value, being ω and ε constant parameters. Note also that the

simple harmonic oscillator is obtained for ε = 0 and ω > 0, so

that the natural frequency becomes ϖ0 =
→
ω.

If we take x1 = x, and x2 = ẋ, then we get the planar system

(
ẋ1

ẋ2

)
= A(t; ω, ε)

(
x1

x2

)
=

(
0 1

↑ω ↑ ε p(t) 0

)(
x1

x2

)
.
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Let X(t; ω , ε), with X(0; ω , ε) = I, be a fundamental matrix of solutions
for such a system, and M(ω, ε ) = X(2ϑ; ω, ε ) its monodromy matrix.
In general, we cannot compute such monodromy matrix, except
for exceptional cases. For instance, when ε = 0 the system matrix
becomes a constant matrix A0, so that we van write (assuming ω > 0)

X(t; ω, 0) = exp (A0t) = cos(
→
ωt) I +

sin(
→
ωt)→
ω

(
0 1
↑ω 0

)
,

where

A0 = A(t; ω, 0) =

(
0 1
↑ω 0

)
.
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Clearly, we get M(ω, 0) = ±I whenever cos(2ε
→
ω) = ±1, sin(

→
2εω) = 0,

that is, when ω = ωn = n2/4, for n = 1, 2, . . .

For the specific case ω = 0, we get M(0, 0) = exp (A0t) |t=2ω =

(
1 2ε
0 1

)
.

<latexit sha1_base64="PBIsIw5GcBI7suAFQ+sdVVidL4k="></latexit>

In order to compute the expansion

M(ω, ε ) = M(ωn, 0) +Mω(ωn, 0)(ω → ωn) +Mε (ωn, 0)ε + · · ·

around the points (ω, ε) = (ωn, 0) in the parameter plane, we will resort to
the initial value problems indicated before,by putting ϑ1 = ω→ωn and ϑ2 = ε.
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<latexit sha1_base64="Fuziz7m54F7BfZrCc11Oe/kKkak="></latexit>

With some abuse of notation, we write

A(t; ω) =

(
0 1

→εn → ω1 → ω2p(t) 0

)
,

and so

A(t; 0) =

(
0 1

→εn 0

)
,

ϑA(t; 0)

ϑω1
=

(
0 0
→1 0

)
,

ϑA(t; 0)

ϑω2
=

(
0 0

→p(t) 0

)
.
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Next, we have

exp

(
→
∫ t

0
A(s; 0) ds

)
=

(
cos nt

2 → 2
n sin nt

2
n
2 sin nt

2 cos nt
2

)
, X(t; 0) =

(
cos nt

2
2
n sin nt

2
→n

2 sin nt
2 cos nt

2

)
,

and so

V1(2ω) =

∫ 2ω

0

(
cos nt

2 → 2
n sin nt

2
n
2 sin nt

2 cos nt
2

)(
0 0
→1 0

)(
cos nt

2
2
n sin nt

2
→n

2 sin nt
2 cos nt

2

)
dt =

(
0 4ω

n2

→ω 0

)
.
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The first derivative w.r.t. parameter ω1 = ε → εn at ω = (0, 0), becomes

Mω(εn, 0) = M1(0) = U1(2ϑ) =

(
cos nt

2
2
n sin nt

2
→n

2 sin nt
2 cos nt

2

)∣∣∣∣
t=2ε

·V1(2ϑ) = (→1)n
(

0 4ε
n2

→ϑ 0

)
.
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Computations for V2 are similar, but we have now

V2(2ω) =

∫ 2ω

0

(
1
n sinnt 4

n2 sin
2 nt

2
→ cos2 nt

2 → 1
n sinnt

)
p(t) dt.

Assuming for the even function p(t) the Fourier series p(t) =
∑→

n=1 εn cosnt,
we have that the diagonal entries of V2(2ω) vanish, while for the anti-
diagonal entries we obtain

∫ 2ω

0

4

n2

1→ cosnt

2
p(t) dt = →2ωεn

n2
, →

∫ 2ω

0

1 + cosnt

2
p(t) dt = →ωεn

2
.

Thus, we see that Mε(ϑn, 0) = M2(0) = (→1)n
(

0 → 2ωϑn
n2

→ωϑn
2 0

)
.

75



Practical bifurcation analysis: Hill’s equation
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We conclude that, at the points (ω, ε) = (ωn, 0) of the parameter
plane, we have for the gradients of anti-diagonal entries

→bM (0) =

(
4ϑ

n2
,↑2ϑϖn

n2

)→
, →cM (0) =

(
↑ϑ,↑ϑϖn

2

)→
,

becoming linearly independent whenever ϖn ↓= 0.
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For instance, in the case of the Mathieu’s equation, we have
p(t) = cos t, and then these gradients are independent only for
n = 1, while for n > 1 we must expect double cusps points.
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The point (ω, ε) = (0, 0) of the parameter plane needs a special
analysis. We now have

A(t; 0) =

(
0 1
0 0

)
,

ϑA

ϑϖ1
(t; 0) =

(
0 0
→1 0

)
,

ϑA

ϑϖ2
(t; 0) =

(
0 0

→p(t) 0

)
,

so that

exp

(
→
∫ t

0
A(s; 0) ds

)
=

(
1 →t
0 1

)
, X(t; 0) =

(
1 t
0 1

)
.
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Thus, for the point (ω, ε) = (0, 0) of the parameter plane, it
turns out that

M1(0, 0) =
ϑM

ϑϖ1
(0, 0) =

(
→2ϱ2 →4ϱ3/3
→2ϱ →2ϱ2

)
,M2(0, 0) =

ϑM

ϑϖ2
(0, 0) =

(
0 4ϱς
0 0

)
,

where ς =
→∑

n=1

φn

n2
. Therefore, regarding cM (ϖ), we see that

c1 = →2ϱ, and c2 = 0. We look for second order terms.
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Lemma (only c22 matters) Assuming the expansion

cM (ω, ε) = c1ω + c2ε+ c11ω
2 + c12ωε+ c22ε

2 + · · ·

where c1 →= 0 and c2 = 0, then the curve cM (ω, ε) = 0 is locally

described by the graph of the function ω = ↑c22

c1
ε
2 +O(ε3).
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The initial value problem for U22 produces

c22 = →
∫ 2ω

0
P (t)2 dt = →

→∑

n=1

ωε
2
n

n2
, where P (t) =

∫ t

0
p(s) ds.

Therefore, the curve cM (ϑ, ϖ) = 0 is locally described by the
graph of the function

ϑ = →c22

c1
ϖ
2 +O(ϖ3) = → ϱ̂

2
ϖ
2 +O(ϖ3), with ϱ̂ =

→∑

n=1

ε
2
n

n2
.
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For instance, in the case of the Mathieu’s equation, we have
p(t) = cos t, and then these gradients are independent only for
n = 1, while for n > 1 we must expect double cusps points.
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Theorem. Consider the Hill’s equation ẍ + (ω + ε p(t))x = 0,
where p(t) is an even 2ϑ-periodic function with zero mean
value, being ω and ε constant parameters. The following state-

ments hold.

(a) As in any R-reversible system, the diagonal entries of the

monodromy matrix M(ω, ε) are equal. Moreover, for the values

(ω, ε) = (ωn, 0) with ωn = n2/4, n → N, such monodromy matrix

is equal to (↑1)
nI.

 Reversible Hill’s equation: main result
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Theorem. Consider the Hill’s equation ẍ + (ω + ε p(t))x = 0,
where p(t) is an even 2ϑ-periodic function with zero mean
value, being ω and ε constant parameters. The following state-

ments hold.

(b) In the parameter plane (ω, ε), from each point (ω, ε) = (ωn, 0)
there emerge two curves where the value trace(M) = (→1)

n
2

remains constant, acting as stability boundaries for the system.

These curves form a saddle point whenever the coe!cient ϖn in

the Fourier series p(t) =
∑→

n=1 ϖn cosnt, does not vanish.

 Reversible Hill’s equation: main result
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Theorem. Consider the Hill’s equation ẍ + (ω + ε p(t))x = 0,
where p(t) is an even 2ϑ-periodic function with zero mean
value, being ω and ε constant parameters. The following state-

ments hold.

(c) When ϖn = 0 in the above Fourier series, we must gener-

ically expect a double cusp point, but other more degenerate

configurations are possible.

 Reversible Hill’s equation: main result
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Theorem. Consider the Hill’s equation ẍ + (ω + ε p(t))x = 0,

where p(t) is an even 2ϑ-periodic function with zero mean
value, being ω and ε constant parameters. The following state-

ments hold.

(d) From the origin (ω, ε) = (0, 0), where aM = 1, bM = 2ϑ,

and cM = 0, only one stability curve emerges, which is locally

described by the graph of the function

ω = → ϖ̂

2
ε
2
+O(ε

3
), with ϖ̂ =

→∑

n=1

ϱ
2
n

n2
.
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Application to Meissner’s equation
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In a previous work, see [FOP], we studied the case of Meissner equations
with two steps in each period, obtaining the geometry of its parameter
stability regions. In particular, in the elliptic-elliptic case for the quoted
two step Meissner equation, we considered the T -periodic equation

ẍ+ q(t)x = 0, q(t) =

{
ω2
a > 0, t → [0, ε),

ω2
b > 0, t → [ε, T ).

Here, we will restrict our attention to the case T = 2ϑ, and ε = ϑ.
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[FOP]Freire E., Ordóñez M., Ponce E. (2022). Hidden regularity of stability boundaries

in two-step Hill’s equations, W. Lacarbonara et al. (eds.), Advances in Nonlinear Dynamics,

NODYCON Conference Proceedings Series, : 723–733.



Practical bifurcation analysis: Meissner’s equation
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<latexit sha1_base64="vL7UBg92GWdFvoKBHSxJTTiMGKw="></latexit>

The stability boundaries appear build-
ing instability pockets, thanks to the
intersections between the curves where
trace(M) = 2 (in blue), or between the
curves with trace(M) = →2 (in red).

<latexit sha1_base64="TgQcmiByrF5/tYvs3sv0gvEOjZM="></latexit>

ẍ+q(t)x = 0, q(t) =

{
ω2
a > 0, t → [0, ε),

ω2
b > 0, t → [ε, 2ε).

Application to Meissner’s equation
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Application to Meissner’s equation

<latexit sha1_base64="atQBoJ26zDI2zVonZW/5RHtajQs="></latexit>

After the translation in time ω = t → ε/2 we
achieve a R-reversible equation with

q̃(ω) =
ϑ2
a + ϑ2

b

2
+
ϑ2
a → ϑ2

b

2

→∑

1

4

nε
sin

nε

2
cosnω.

<latexit sha1_base64="QS34opfpXwYwzRYyQOf81xINMUE="></latexit>

Locally around the straightline ωa = ωb, we can

think of a Hill’s equation, where

ε(ωa,ωb) =
ω2
a + ω2

b

2
, ϑ(ωa,ωb) =

ω2
a → ω2

b

2
,

taking advantage of our previous computations.

<latexit sha1_base64="TgQcmiByrF5/tYvs3sv0gvEOjZM="></latexit>

ẍ+q(t)x = 0, q(t) =

{
ω2
a > 0, t → [0, ε),

ω2
b > 0, t → [ε, 2ε).
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Application to Meissner’s equation

<latexit sha1_base64="atQBoJ26zDI2zVonZW/5RHtajQs="></latexit>

After the translation in time ω = t → ε/2 we
achieve a R-reversible equation with

q̃(ω) =
ϑ2
a + ϑ2

b

2
+
ϑ2
a → ϑ2

b

2

→∑

1

4

nε
sin

nε

2
cosnω.

<latexit sha1_base64="TgQcmiByrF5/tYvs3sv0gvEOjZM="></latexit>

ẍ+q(t)x = 0, q(t) =

{
ω2
a > 0, t → [0, ε),

ω2
b > 0, t → [ε, 2ε).
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Since ωn vanishes only for n even, at the points

εa = εb =
n

2
, where ϑn =

n2

4
and ϖ = 0, we

have saddles for n odd (where M = →I) and
cusps for n even (where M = I).
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For any point of the form (ωa,ωb) =
(na, nb) → N2 with na ↑= nb, we have
bM = cM = 0, and direct computations
show that b1c2 ↓ b2c1 ↑= 0.
In our original setting, we had a third
parameter r, associated to the dura-
tion for the first step. In such a three-
parameter context, we can identify the
above points as the origin in the space
(ε1, ε2, ε3) = (ωa ↓ na, ωb ↓ nb, r ↓ ϑ).
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Therefore, for the two equations
bM (ω1, ω2, ω3) = 0, cM (ω1, ω2, ω3) = 0,
we can apply the implicit function the-
orem at (ω1, ω2, ω3) = (0, 0, 0) to assure
the existence of two smooth functions
h1, h2, with h1(0) = h2(0) = 0 that
allow us to solve the above equations in
terms of ω3. Thus, along the curve

(ω1, ω2) = (h1(ω3), h2(ω3))

the monodromy matrix M is ±I.



Work required on a specific Ince’s equation
<latexit sha1_base64="zGdC8JCDux5mxIPeTzOMvGkq6Ro="></latexit>

Richard H. Rand, in his Lecture Notes on Nonlinear Vibrations, see

p. 60, consider a specific Ince’s equation, which can be rewritten as

(1 + ω cos t) ẍ+
ω

2
ẋ sin t+ ε x = 0,

or equivalently

(
ẋ
ẏ

)
=




0 1

→ ε

1 + ω cos t
→ ω sin t

2(1 + ω cos t)




(
x
y

)
.
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For ω = 0, the system

(
ẋ
ẏ

)
=




0 1

→ ε

1 + ω cos t
→ ω sin t

2(1 + ω cos t)




(
x
y

)

exhibits the points (ε, ω) = (εn, 0) with εn = n2/4, where M = ±I, as
in Hill’s equation.

Work required on a specific Ince’s equation

93



<latexit sha1_base64="MIZoM+7BhYDhS3/WNvxnyENG7B8="></latexit>

It is assured that for n > 1 the two
curves emerging from the point (ωn, 0)
coincide, so that, as in any common
point for both curves, the condition
M = ±I is maintained.
We have computed up to second order
the expansions for bM and cM , around
the first critical points, which seem pro-
portional, but a di!erent technique is
needed to confirm the Rand’s state-
ment.

Work required on a specific Ince’s equation
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Conclusion: Arnold tongues demystified!

95

We have reviewed the reversibility implications in periodic linear 
systems, with emphasis in the planar case.  

Its characterization allows to predict the structure of the monodromy 
matrix, which can be obtained by working only with the semi-period. 

The curves delimiting the stability boundaries appear associated to 
the off-diagonal entries of the monodromy matrix, but also to any 
entry of the half-period evolution operator.   

A general result for reversible Hill’s equation has been presented.



There are places I’ll remember… 
All my life, though some have changed 
Some forever, not for better 
Some have gone and some remain
All these places had their moments 
With lovers and friends, I still can recall 
Some are dead, and some are living 
In my life, I've loved them all
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Thanks for your attention!


