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Classical setting

Separation function d(u) = dy () — d—(u) of a saddle connection
Yuo(t) between sﬁ% = t_l@ Yuo(t) measured on the parametrized
[e.e]

transverse sections o, : (—¢,€) — X, with 0,,(0) = 7,,(0) = po.

A classical formula asserts that the partial derivative 9,,d(p0) can
be computed by means of the (convergent) improper integral

1

—+00
— fodiv(X, d
S — /_ e I3 506000 (X, B X) (v (1))

where u A v = u1vo — U vy.
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Derivatives of separation function of a saddle connection

8ﬂjd(uo):(mo(o)1w)(po)< lim M;(r)— lim M;(r ))

T—+00 T——00
where

Mj(7) = /0 e Jo d(Xio) o () s (Xuo A aquuo)(Vuo(t))dt‘

Remark: If si = t_Ilg Yu(t) are not hyperbolic saddles then
I|m M;(T) may be infinite.

T+
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Derivatives of separation function of a saddle connection

Oy d(po) = m (TETOO M;(7) — TETOO Mj(7)>a
where
Mj(T) = /0 e Jo div(Xpug) (g (5))ds (Xuo A aujxuo)(’yuo(t))dt‘

) :l: _ . .
Remark: If s;7 = t_llgoo Yu(t) are not hyperbolic saddles then

Tﬂrgoo M;(T) may be infinite.

Under some hypothesis on sf there exist a function Rj:t(T) such
that Ly = ﬂ@ (M;(r) — Rji(T)) are finite and

L~ L
0,.d =
1 (MO) 8r‘7uo (O)AXNO (po)

We can apply this formula for connections between some
+

semi-hyperbolic saddles and many degenerate singularities s;".
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Generalized saddle separatrices

Let X = {X,},~y, be a family of vector fields on Q C R?. A
family I' = {T,} 4~ Of curves in Q are generalized stable/unstable
saddle separatrices for X if I, is an orbit of X, and there exist

> a diffeomorphism ¢ : U € Q x RN — o(U) ¢ R? x RV
of the form ®(x,y; 1) = (du(x, y); 1),
» a smooth positive function g : ¢(U) — R, and

> a family X = {X,},~y, of vector fields on Q C R?
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family I' = {T,} 4~ Of curves in Q are generalized stable/unstable
saddle separatrices for X if I, is an orbit of X, and there exist

> a diffeomorphism ¢ : U € Q x RN — o(U) ¢ R? x RV
of the form ®(x,y; 1) = (du(x, y); 1),
» a smooth positive function g : ¢(U) — R, and
> a family X = {X,},~y, of vector fields on Q C R?
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> g(p; 1) ((8)+X,1) (p) = Xu(p) for all p € ¢, (U,) N,

A

» X, has a hyperbolic saddle §,, unfolding in a family of
hyperbolic saddles {s,},~u, of X,
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saddle separatrices for X if I, is an orbit of X, and there exist

> a diffeomorphism ¢ : U € Q x RN — o(U) ¢ R? x RV

of the form ®(x,y; 1) = (du(x, y); 1),

» a smooth positive function g : ¢(U) — R, and

> a family X = {X,},~y, of vector fields on Q C R?
such that, setting U, = {p € R? : (p, 1) € U}, they satisfy

> g(pi 1) ((9):X,) (P) = Xu(p) for all p € $,(U,) N2,

> X,L0 has a hyperbolic saddle 5, unfolding in a family of
hyperbolic saddles {s,},~u, of X

» dg,elyn gbu ( ) whose positive/negative semiorbit by X,
is contalned in U, and ¢,(q,,) belongs to a stable/unstable
separatrix of )%M at 5, (all of them on the same side of the
corresponding invariant manifold).
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Generalized saddle separatrices

Let X = {X,},~y, be a family of vector fields on Q C R?. A

family I' = {T,} 4~ Of curves in Q are generalized stable/unstable

saddle separatrices for X if I, is an orbit of X, and there exist
> a diffeomorphism ® : U C Q x RN — o(U) c R2 x RV

of the form ®(x,y; 1) = (¢u(x,¥); 1),
» a smooth positive function g : ®(U) — R, and

> afamily X = {XM}MQMO of vector fields on  C R?
such that, setting U, = {p € R2: (p, n) € U}, they satisfy
> 8:(P; N)((¢u)*Xu)(P) = XM(P) for all p € ¢, (Uy) N Q,
» X, has a hyperbolic saddle 3, Aunfolding in a family of
hyperbolic saddles {s,},~,, of X,

Y

e
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Examples of generalized saddle separatrices

> Classical setting: saddle separatrices, ® =id, g =1, X = X.

» Saddle separatrices of hyperbolic saddles at infinity (in the
Poincaré compactification) for polynomial vector fields.
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Examples of generalized saddle separatrices

> Classical setting: saddle separatrices, ® =id, g =1, X = X.

» Saddle separatrices of hyperbolic saddles at infinity (in the
Poincaré compactification) for polynomial vector fields.

Lemma: Assume that {s,},~,, is a smooth family of singular
points of X = { X}~ such that the eigenvalues \,, \), of
DX,.(s.) satisfy Au(Aup — Aj,) > 0. Then there are exactly two
trajectories of X, arriving to s, tangent to the eigenspace of \,
and, as u varies, each one forms a family of generalized saddle
separatrices for X taking g =1 and ¢,(p) = ¢(p — s.), where
 is a directional blow-up of the origin.
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Examples of generalized saddle separatrices

> Classical setting: saddle separatrices, ® =id, g =1, X = X.
» Saddle separatrices of hyperbolic saddles at infinity (in the
Poincaré compactification) for polynomial vector fields.

Lemma: Assume that {s,},~y, is a smooth family of singular
points of X = { X}~ such that the eigenvalues \,, \), of
DX,.(s.) satisfy Au(Aup — Aj,) > 0. Then there are exactly two
trajectories of X, arriving to s, tangent to the eigenspace of \,
and, as u varies, each one forms a family of generalized saddle
separatrices for X taking g =1 and ¢,(p) = ¢(p — s.), where
 is a directional blow-up of the origin.

Remark:
> If Ayy > A, > 0 then s, is a node of X,
> It A, > )\LO = 0 then s, is a semi-hyperbolic singularity.
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Generalized saddle connection and its separation function

= = {I} i~y family of generalized + saddle separatrices for X.
0 = {0} u~p, family of parametrized transverse sections to X with
0u,(0) € T3 and 0y, (—¢,€) = L, C Q. Then there exist smooth
functions d (1) such that, for u ~ po,

T, N = {ou(de(p))}-
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Generalized saddle connection and its separation function

= = {I} i~y family of generalized + saddle separatrices for X.
0 = {0} u~p, family of parametrized transverse sections to X with
0u,(0) € T3 and 0y, (—¢,€) = L, C Q. Then there exist smooth
functions d (1) such that, for u ~ po,

SNy = {ou(de(p))}.

If [} =T, = T, we say that the families " and '~ have a
generalized saddle connection at I, and its separation function
measured on the family o is

Notice that di(p0) = 0 and d(uo) = 0.
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Main result

Let {I} i~y be generalized + separatrices for {X,},~,, having a
generalized saddle connection at I, = 7,,((T—, T4)). Let d(u)
be its separation function measured on the parametrized transverse
sections {0, : (—¢,€) = X} uap With po := 0,,,(0) = 7,,(0).
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If g;t . ((gb,f)*Xu) = Xf define

RE(T) i= (X 1 (D) 01y 655)) O (7)) 5 K)ol
Then

Oy d(po) = 0(0%( lim (M,-(r)+Rj+(T>)—Tgn;i(Mj(T)+R;(T>)),

/\XHO(PO) T4

where recall that

Mj(T) — /0 e Jo div(Xpug) (Vg (s))ds (Xlto A 8,lthlt0)(7Mo(t))dt'

Remark: If 9,6/ = 0 then R" = 0.
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Example 1: heteroclinic connection between two nodes
X, = (g0 — y + xy)0x + (x + Dx* + Fy? + e1y + eaxy)dy,
n= (D, F7€0,€1,€2) X o = (Do, Fo,0,0,0) with Dy < —1 and Fy > %

The eigenvalues AT and A5 of Ay = DXMO(s;EO) satisfy
FAE > FAF > 0and ker(Ax — A\F1d) = ((0,1))
and we can apply the previous Lemma.
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X, = (g0 — y + xy)0x + (x + Dx* + Fy? + e1y + eaxy)dy,
n= (D, F,€0,€1,62) X o = (Do, Fo,0,0,0) with Dy < —1 and Fy > %

The separation function d(u) of the generalized saddle connection
I C {x =1} measured on the transverse sections o,(r) = (1 + r,0)

satisfies ‘ d(p) = 0z d(1o)eo + o(e0) ‘ (x = 1is invariant by X, |c,—0).
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1
2Fy

RE() =V FalDo + 1 (14 5oy (o)
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Example 1: heteroclinic connection between two nodes
X, = (g0 — y + xy)0x + (x + Dx* + Fy? + e1y + eaxy)dy,
n= (D, F,€0,€1,62) X o = (Do, Fo,0,0,0) with Dy < —1 and Fy > %

The separation function d(u) of the generalized saddle connection
I C {x =1} measured on the transverse sections o,(r) = (1 + r,0)

satisfies ‘ d(p) = 0z d(1o)eo + o(e0) ‘ (x = 1is invariant by X, |c,—0).

Yo (t) = (1, (1)) with % = Do + 1 + Foy(t)?, To = oo

y(7) Fo —1-a5;
Ms(T) = — 1 2
3(7) /0 < + 5y 1 1Y > dy,

1
F T 2F
RE(T) = 7/~ Fo(Do + 1) (1+ Doily(TV) ’

diverge as 7 — +oo because y(7)? — —DOTOH and Fo > 0, but

m(Do+1) T(—2F)
—Fo T(—35+3)

Ozod(p0) = #0 for Fyp # 1.

8/17



Example 2: heteroclinic connection between saddle-nodes

X, = (e —y +xy)0x + (x + Dx®> + y?)d, with = (D,¢) =~ po = (Do, 0)

and Dy > —1. o
Lo

r

8

S.UO

(u,v) =vi(x,y) = (:I:l;—x, :l:%) satisfies (¢4 ). X, = £1X,,
Xu=(—ev?—Du*+(2D+1)u?v—(D+1)uv?)9y+(—1—Du?+(2D+1)uv—(D+1)v?)vd,.

The eigenvalues of DX),(0,0) are A, = —1 and X, = 0 with
eigenspaces u = 0 and v = 0. In this case the diffeomorphisms
¢+ = pos do not depend on .
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Example 2: heteroclinic connection between saddle-nodes
Xy = (€ =y +xy)0x + (x + Dx* + y?)d, with = (D, ) ~ pio = (Do, 0)
and Dy > —1. The separation function of the generalized saddle

connection I',; = {x = 1} measured on the transverse sections
ou(r) = (1 —r,0) satisfies

[d() = 0-d(po)e + o(c).|
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Example 2: heteroclinic connection between saddle-nodes
Xy = (€ =y +xy)0x + (x + Dx* + y?)d, with = (D, ) ~ pio = (Do, 0)
and Dy > —1. The separation function of the generalized saddle

connection I',; = {x = 1} measured on the transverse sections
ou(r) = (1 —r,0) satisfies

[d() = 0-d(po)e + o(c).|

Yo (t) = (1, y(¢)) with y/(t) = Do + 1 + y(t)?, t € (T—, T4),

div(X,) = 3y, exp (= [y div(Xu) (e ()05 ) = (1+ H%)
(X0 1 0:-X,5) (a(£)) = —(L 4 Do + y(£)2).
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Example 2: heteroclinic connection between saddle-nodes
Xy = (€ =y +xy)0x + (x + Dx* + y?)d, with = (D, ) ~ pio = (Do, 0)
and Dy > —1. The separation function of the generalized saddle

connection I',; = {x = 1} measured on the transverse sections
ou(r) = (1 —r,0) satisfies

[d() = 0-d(po)e + o(c).|

Yuo(£) = (1, (1)) with y'(t) = Do + 1+ y(t)?, t € (T, Ty),

Aiv(X,) = 3y, exp (= f div(Xuo) (uo(s))5) = (1+ 525)
(X 7 0:X,) (o () = —(L+ Do + y(£)2). Thus,

3
2

3

1 T+ 2 2 5
d = (1+D t)*)dt
0.d(1o) D0+1/T_ ( DO+1> + Do + y(1)?)
3
1 oo y 2 2
= 1 dy = —#0
Do—l—l/_OO ( +Do+1> g Do+17'é
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Example 3: homoclinic connection of a nilpotent singularity

X, = —y(1—x)0x +(X—|—€y—|—Fy )0y with 1 = (F,e) ~ po = (Fo,0)
and F0>—
Sﬂo
Fo>]. Foe(a,l)

Homoclinic connection I, = {x = I_TZFOyz + %} = OH o Hpyo

hyperbolic sector of s, € (o meeting {y =0, x < 0}.
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Example 3: homoclinic connection of a nilpotent singularity

X, = —y(1—x)0x +(X—|—€y—|—Fy )0y with 1 = (F,e) ~ po = (Fo,0)
and F0>*

Fo >1 Fo e (
Homoclinic connection I, = {x = 1_Tzﬁ’y2 + %} = 0H o Huo
hyperbolic sector of s, € {oc meeting {y =0, x < 0}. The
projective change (u1, vi) = ¢1(x,y) = (125, 12 satisfies that
u - (1) Xy = — (vitn8uy + (11 — uf — eurvi — (F — 1)vi)0y,)
has a nilpotent singularity at (u1,v1) = (0,0),

10/17



Example 3: homoclinic connection of a nilpotent singularity

X, = —y(1—x)0x +(X—|—€y—|—Fy )0y with 1 = (F,e) ~ po = (Fo,0)
and F0>*
SHO
1
Fo>]. FoE(%,l)

Homoclinic connection I, = {x = 1_T2F°y2 + %} = OH o Hpyo
hyperbolic sector of s, € {oc meeting {y =0, x < 0}. The
projective change (u1, vi) = ¢1(x,y) = (125, 12 satisfies that
up - (1) Xy = = (itndy, + (1 — uf —eurvy — (F = 1)v{)0,,)
has a nilpotent singularity at (u1, v1) = (0,0), and the blow-ups
(u2,v2) = ¢2(u1,v1) = ({}, v1) and (us, v3) = ¢3(w2, v2) = (w2, 2)

U3V3'¢*XHZ)A<M:(1—FV3—EU3V3—U§V3)U38u3+(—2+(2F—1)V3+2EU3V3+2U§V3)V38V3,

where ¢ = ¢3 o ¢ 0 ¢1 does not depend on .
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Example 3: homoclinic connection of a nilpotent singularity

Xy = =y(1 = x)x + (x + ey + Fy?)d, with u = (F,e) = pio = (Fo,0)
and Fy > 1. The separation function d(1) of the generalized saddle
connection I, = {x = 172@)/2 + %} measured on the

parametrized transverse sections o,,(r) = (5= — r,0), satisfies
[d(1) = 0-d(pio)z +0c) |

because the parabola {x = 2F y2+ 2F} is invariant by X(r o).
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Example 3: homoclinic connection of a nilpotent singularity
Xy = —y(1 = x)0x + (x + ey + Fy?)d, with pu = (F, &) = po = (Fo,0)

and Fy > 1. The separation function d(1) of the generalized saddle

: oy 12R 2 1
connection I, = {x = ==52y“ + 5} measured on the

parametrized transverse sections o,,(r) = (5= — r,0), satisfies
[d(1) = 0-d(pio)z +0c) |

because the parabola {x = 2F y2+ 2F} is invariant by X(r o).

mo(t) = (57 ”"y(f>2+ﬁay(t)>, te (T T, y/(8) = byt + 5k,

exp (_ /OtdiV(XMO)('Y;LO(S))(B) — (1 + FO)/(t)2)_(1+2F0)7
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Example 3: homoclinic connection of a nilpotent singularity

Xy = =y(1 = x)x + (x + ey + Fy?)d, with u = (F,e) = pio = (Fo,0)
and Fy > 1. The separation function d(1) of the generalized saddle
connection I, = {x = 172@)/2 + %} measured on the

parametrized transverse sections o,,(r) = (5= — r,0), satisfies

[d(1) = 0-d(pio)z +0c) |

2F2

because the parabola {x = + 5=} is invariant by X(F,0)-

mo(t) = (57 ”"y(f>2+ﬁay(t)>, te (T T, y/(8) = byt + 5k,

exp (_ /OtdiV(Xuo)(’Yuo(S))d5> = (1+ /:Oy(t)z)—(przFo)7
(KXo A\ 0=Xu0) (o (£)) = =y (£)2(1 = x(1)) = (1 = 2Fo)y(£)?y'(¢),
- r(2Fo —3)

0-d(10) = 2Fo(2Fo—1) /_OO(1+F0y2)(1+2Fo)y2dy(2F0\/F1%\/F F2F 1)

£0
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Strategy of the proof of the main result
Direct consequence of the following formula for 9, d+(10; X, I+, 0):
Op; (ko) :a,tmo(ofo%(po)< lim (Mj(T)Jeri(T))aujauo(o)/\xuo(Po)>7

T—=T4

which holds in the classical setting (T = +o00, R = 0).
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-
(- - 1 — JEaiv(x, s))ds
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01711 (0)AXp1g (Po)
87071 ) A X (P)
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87071 ) A X (P)

Then
di(u X,T5,0)=  di(u grX, 0F(M*), 0% 00)
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Strategy of the proof of the main result
Direct consequence of the following formula for 9, d+ (10; X, I+, 0):

Op;d (ko) :m (Tin;i (Mj(T)JrR,-i(T)) auquo(O)/\Xuo(po)> ;

which holds in the classical setting. To prove it in general we define

T
AV, (T % O') 1(17())/0‘ e fot div(Xpug)(vpg (5))ds (Xuo/\aujx,uo)('ﬁto(t))dt

Oropg (0)AXpg

01711 (0)AXp1g (Po)
87071 ) A X (P)

Then
Oy (11 X, T%, 0) = 9y, di (1 gOEX, (M), 0% 0 0)

= lim (7 g7 %, 0% 0 0)

T—+00

+
L oiim (AJ-(T;ae,a)Jr R () )

T—T+ arUuo(O) A XMO(PO)
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Auxiliary lemmas in the proof of the main result

Lemma: Aj(1;8-X,0) = Aj(h(7); X,0), where
W (t) = g(7vu,(h(t))) and h(0) = 0, so that

1. [f ds
’ (t)_/o g(Vo(9))”
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Lemma: Aj(1;8-X,0) = Aj(h(7); X,0), where
W (t) = g(7vu,(h(t))) and h(0) = 0, so that

1. [f ds
’ (t)_/o g(Vo(9))”

Lemma: If F: U — F(U) C R" is a diffeomorphism and X is a
smooth vector field on F(U) then

div(F*X) = F*(div(X)) — V(log det(DF)) - F*X.
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Lemma: If F: U — F(U) C R" is a diffeomorphism and X is a
smooth vector field on F(U) then

div(F*X) = F*(div(X)) — V(log det(DF)) - F*X.

Lemma: Aj(7; ®.X,Po0) = Aj(1; X, 0) Ri(r) (oy» Where

T 9700 (0) " X

Ri(t) = (Xuo N (D¢N0)_1(aﬂj¢l¢0)) (Yo (7)) e~ Jo" dvXu0) (g ()5,
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Application
Proposition: Family of polynomial vector fields of even degree n:

X = P(x,y)0x + (yq(x,y) + p1 + pox + - + pny1x")0y,
p € (R™10), P(x,0) # 0 and P,(1,0)(Pn(1,0) — g,_1(1,0)) < 0.
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Application

Proposition: Family of polynomial vector fields of even degree n:
Xu = P(x,¥)0x + (yq(x, y) + p1 + p2x + -+ + pin1x") 9y,

p € (R™10), P(x,0) # 0 and P,(1,0)(Pn(1,0) — g,—1(1,0)) < 0.

Then the partial derivatives of the separation function d(u) of the

generalized saddle connection ) = {y = 0} connecting the two

antipodal hyperbolic saddles of its Poincaré compactification
measured on the transverse sections o,(r) = (0, r) are

. x q(u,0)
too =17 Jo Pu o) U
o0 == [ g%

In particular, 9,,d(0) < 0 if j is odd.
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Application
Proposition: Family of polynomial vector fields of even degree n:

Xy = P(x,y)0x + (ya(x,y) + p1 + pax + - - + ppr1x")0y,

p € (R™10), P(x,0) # 0 and P,(1,0)(Pn(1,0) — g,—1(1,0)) < 0.
Then the partial derivatives of the separation function d(u) of the
generalized saddle connection ) = {y = 0} connecting the two
antipodal hyperbolic saddles of its Poincaré compactification
measured on the transverse sections o,(r) = (0, r) are

x a(u.0) 4

+oo yj=1a7 Jo P(u0)
o0 == [ g%

In particular, 9,,d(0) < 0 if j is odd.

Corollary: For any D € (—1,0) and F € (0, 1) there exists a
sequence (0.1, €1.0,€2.n) € R3 tending to (0,0,0) such that

(€on — Yy +xy)0x + (x + Dx? + Fy? + €1,nY + €2,nXy)0y

has two non-nested limit cycles.
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Two non-nested limit cycles

Corollary: For any D € (—1,0) and F € (0, 1) there exists a
sequence /i, = (€00, €1,n,€2,n) € R3 tending to (0,0, 0) such that

Xy, = (€00 — Y +xy)0x + (x + Dx? + Fy2 + 1,0y +€2,0Xy)0y

has two non-nested limit cycles. .-

&t
S

d(p) = 05,d(0)eg + - - -, 0-,d(0) <0,

)
tI‘(DXM)(C/) = D(2F+1)50 +e1 — %52 + ...

D+1
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Breaking the outer boundary of Loud centers

Loud family of centers Yp r = y(x — 1)dx + (x + Dx? + Fy?)d,
admits the versal quadratic unfolding
XD.Feoe1,00 = YD,F +€00x + (1Y + €2xy)0,.

Phase portrait in the Poincaré disc of Yp ¢ for

(1) D€ (—1,0) and F € (0,1),
(2) —F < D < —1,
(3) De(-1,0)and F > 1,
(4) —-F=D < —1.
) &)
@/
o (4)
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Thanks for your attention!
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