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Classical setting

Separation function d(µ) = d+(µ)− d−(µ) of a saddle connection
γµ0(t) between s±µ0

= lim
t→±∞

γµ0(t) measured on the parametrized

transverse sections σµ : (−ε, ε) → Σµ with σµ0(0) = γµ0(0) = p0.

σµ
(
d+(µ)

)
σµ
(
d−(µ)

)
Σµ

γ+µ
γµ0

γ−µ

s−µ

s+µ
s+µ0 s−µ0

p0

A classical formula asserts that the partial derivative ∂µjd(µ0) can
be computed by means of the (convergent) improper integral

1
∂rσµ0 (0)∧Xµ0 (p0)

∫ +∞

−∞
e−

∫ t
0 div(Xµ0 )(γµ0 (s))ds

(
Xµ0 ∧ ∂µjXµ0

)
(γµ0(t))dt,

where u ∧ v = u1v2 − u2v1.
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Derivatives of separation function of a saddle connection

∂µjd(µ0) =
1

∂rσµ0 (0)∧Xµ0 (p0)

(
lim

τ→+∞
Mj(τ)− lim

τ→−∞
Mj(τ)

)
,

where

Mj(τ) :=

∫ τ

0
e−

∫ t
0 div(Xµ0 )(γµ0 (s))ds

(
Xµ0 ∧ ∂µjXµ0

)
(γµ0(t))dt.

Remark: If s±µ = lim
t→±∞

γµ(t) are not hyperbolic saddles then

lim
τ→±∞

Mj(τ) may be infinite.

Under some hypothesis on s±µ there exist a function R±
j (τ) such

that L± = lim
τ→±∞

(Mj(τ)− R±
j (τ)) are finite and

∂µjd(µ0) =
L+ − L−

∂rσµ0 (0)∧Xµ0 (p0)
.

We can apply this formula for connections between some
semi-hyperbolic saddles and many degenerate singularities s±µ .
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Generalized saddle separatrices

Let X = {Xµ}µ≈µ0 be a family of vector fields on Ω ⊂ R2. A
family Γ = {Γµ}µ≈µ0 of curves in Ω are generalized stable/unstable
saddle separatrices for X if Γµ is an orbit of Xµ and there exist

▶ a diffeomorphism Φ : U ⊂ Ω× RN → Φ(U) ⊂ R2 × RN

of the form Φ(x , y ;µ) = (ϕµ(x , y);µ),

▶ a smooth positive function g : Φ(U) → R, and
▶ a family X̂ = {X̂µ}µ≈µ0 of vector fields on Ω̂ ⊂ R2

such that, setting Uµ = {p ∈ R2 : (p, µ) ∈ U}, they satisfy

▶ g(p;µ)
(
(ϕµ)∗Xµ

)
(p) = X̂µ(p) for all p ∈ ϕµ(Uµ) ∩ Ω̂,

▶ X̂µ0 has a hyperbolic saddle ŝµ0 unfolding in a family of
hyperbolic saddles {sµ}µ≈µ0 of X̂,
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hyperbolic saddles {sµ}µ≈µ0 of X̂,

▶ ∃qµ ∈ Γµ ∩ ϕ−1
µ (Ω̂) whose positive/negative semiorbit by Xµ

is contained in Uµ and ϕµ(qµ) belongs to a stable/unstable
separatrix of X̂µ at ŝµ (all of them on the same side of the
corresponding invariant manifold).
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Examples of generalized saddle separatrices

▶ Classical setting: saddle separatrices, Φ = id, g ≡ 1, X̂ = X.

▶ Saddle separatrices of hyperbolic saddles at infinity (in the
Poincaré compactification) for polynomial vector fields.

Lemma: Assume that {sµ}µ≈µ0 is a smooth family of singular
points of X = {Xµ}µ≈µ0 such that the eigenvalues λµ, λ

′
µ of

DXµ(sµ) satisfy λµ0(λµ0 − λ′µ0
) > 0. Then there are exactly two

trajectories of Xµ arriving to sµ tangent to the eigenspace of λµ
and, as µ varies, each one forms a family of generalized saddle
separatrices for X taking g ≡ 1 and ϕµ(p) = φ(p − sµ), where
φ is a directional blow-up of the origin.

Remark:

▶ If λµ0 > λ′µ0
> 0 then sµ0 is a node of Xµ0 .

▶ If λµ0 > λ′µ0
= 0 then sµ0 is a semi-hyperbolic singularity.
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Poincaré compactification) for polynomial vector fields.

Lemma: Assume that {sµ}µ≈µ0 is a smooth family of singular
points of X = {Xµ}µ≈µ0 such that the eigenvalues λµ, λ

′
µ of

DXµ(sµ) satisfy λµ0(λµ0 − λ′µ0
) > 0. Then there are exactly two

trajectories of Xµ arriving to sµ tangent to the eigenspace of λµ
and, as µ varies, each one forms a family of generalized saddle
separatrices for X taking g ≡ 1 and ϕµ(p) = φ(p − sµ), where
φ is a directional blow-up of the origin.

Remark:

▶ If λµ0 > λ′µ0
> 0 then sµ0 is a node of Xµ0 .

▶ If λµ0 > λ′µ0
= 0 then sµ0 is a semi-hyperbolic singularity.

5 / 17



Generalized saddle connection and its separation function

Γ± = {Γ±µ }µ≈µ0 family of generalized ± saddle separatrices for X.
σ = {σµ}µ≈µ0 family of parametrized transverse sections to X with
σµ0(0) ∈ Γ±µ0

and σµ : (−ε, ε) → Σµ ⊂ Ω. Then there exist smooth
functions d±(µ) such that, for µ ≈ µ0,

Σµ ∩ Γ±µ = {σµ(d±(µ))}.

If Γ+µ0
= Γ−µ0

=: Γµ0 we say that the families Γ+ and Γ− have a
generalized saddle connection at Γµ0 and its separation function
measured on the family σ is

d(µ) = d+(µ)− d−(µ).

Notice that d±(µ0) = 0 and d(µ0) = 0.
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Main result

Let {Γ±µ }µ≈µ0 be generalized ± separatrices for {Xµ}µ≈µ0 having a
generalized saddle connection at Γµ0 = γµ0

(
(T−,T+)

)
. Let d(µ)

be its separation function measured on the parametrized transverse
sections {σµ : (−ε, ε) → Σµ}µ≈µ0 with p0 := σµ0(0) = γµ0(0).

If g±
µ ·
(
(ϕ±µ )∗Xµ

)
= X̂±

µ define

R±
j (τ) :=

(
Xµ0 ∧ (Dϕ±µ0

)−1(∂µjϕ
±
µ0
)
)
(γµ0(τ))e

−
∫ τ
0 div(Xµ0 )(γµ0 (t))dt .

Then

∂µjd(µ0) =
1

σ′
µ0

(0)∧Xµ0 (p0)

(
lim

τ→T+
(Mj (τ)+R+

j (τ))− lim
τ→T−

(Mj (τ)+R−
j (τ))

)
,

where recall that

Mj(τ) :=

∫ τ

0
e−

∫ t
0 div(Xµ0 )(γµ0 (s))ds

(
Xµ0 ∧ ∂µjXµ0

)
(γµ0(t))dt.

Remark: If ∂µjϕ
±
µ0

≡ 0 then R±
j ≡ 0.
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Example 1: heteroclinic connection between two nodes

Xµ = (ε0 − y + xy)∂x + (x + Dx2 + Fy2 + ε1y + ε2xy)∂y ,

µ = (D,F , ε0, ε1, ε2) ≈ µ0 = (D0,F0, 0, 0, 0) with D0 < −1 and F0 >
1
2 .

Γ−µ0

Γ+µ0

s+µ0

s−µ0

ϕ+µ0

ϕ−µ0

U+
µ0

U−
µ0

Ω̂−

Ω̂+

ŝ−µ0

ŝ+µ0

{x = 1}

The eigenvalues λ±1 and λ±2 of A± = DXµ0(s
±
µ0
) satisfy

∓λ±1 > ∓λ±2 > 0 and ker(A± − λ±1 Id) = ⟨(0, 1)⟩
and we can apply the previous Lemma.

The separation function d(µ) of the generalized saddle connection
Γµ0 ⊂ {x = 1} measured on the transverse sections σµ(r) = (1 + r , 0)

satisfies d(µ) = ∂ε0d(µ0)ε0 + o(ε0) (x = 1 is invariant by Xµ|ε0=0).

γµ0(t) = (1, y(t)) with dy
dt = D0 + 1 + F0y(t)

2, T± = ±∞.

M3(τ) = −
∫ y(τ)

0

(
1 +

F0
D0 + 1

y2
)−1− 1

2F0

dy ,

R±
3 (τ) = ∓

√
−F0(D0 + 1)

(
1 +

F0
D0 + 1

y(τ)2
)− 1

2F0

diverge as τ → ±∞ because y(τ)2 → −D0+1
F0

and F0 > 0, but

∂ε0d(µ0) =

√
π(D0 + 1)

−F0

Γ(− 1
2F0

)

Γ(− 1
2F0

+ 1
2)

̸= 0 for F0 ̸= 1.
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Example 2: heteroclinic connection between saddle-nodes

Xµ = (ε− y + xy)∂x + (x +Dx2 + y2)∂y with µ = (D, ε) ≈ µ0 = (D0, 0)

and D0 > −1.

Γµ0

s−µ0

s+µ0

(u, v) = ψ±(x , y) = (±1−x
y ,± 1

y ) satisfies (ψ±)∗Xµ = ± 1
v X̄µ,

X̄µ=(−εv2−Du3+(2D+1)u2v−(D+1)uv2)∂u+(−1−Du2+(2D+1)uv−(D+1)v2)v∂v .

The eigenvalues of DX̄µ(0, 0) are λµ = −1 and λ′µ = 0 with
eigenspaces u = 0 and v = 0. In this case the diffeomorphisms
ϕ± = φ ◦ ψ± do not depend on µ.

The separation function of the
generalized saddle connection Γµ0 = {x = 1} measured on the
transverse sections σµ(r) = (1− r , 0) satisfies

d(µ) = ∂εd(µ0)ε+ o(ε).

γµ0(t) = (1, y(t)) with y ′(t) = D0 + 1 + y(t)2, t ∈ (T−,T+),

div(Xµ) = 3y , exp
(
−
∫ t
0 div(Xµ0)(γµ0(s))ds

)
=
(
1 + y(t)2

D0+1

)− 3
2
,

(Xµ0 ∧ ∂εXµ0)(γµ0(t)) = −(1 + D0 + y(t)2). Thus,

∂εd(µ0)=
1

D0 + 1

∫ T+

T−

(
1 +

y(t)2

D0 + 1

)− 3
2

(1 + D0 + y(t)2)dt

=
1

D0 + 1

∫ +∞

−∞

(
1 +

y2

D0 + 1

)− 3
2

dy =
2√

D0 + 1
̸= 0.
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Example 3: homoclinic connection of a nilpotent singularity

Xµ = −y(1− x)∂x + (x + εy + Fy2)∂y with µ = (F , ε) ≈ µ0 = (F0, 0)

and F0 >
1
2 .

Γµ0

sµ0 sµ0

Γµ0

Hµ0 Hµ0

F0 > 1 F0 ∈ ( 12 , 1)

Homoclinic connection Γµ0 = {x = 1−2F0
2 y2 + 1

2F0
} = ∂Hµ0 , Hµ0

hyperbolic sector of sµ0 ∈ ℓ∞ meeting {y = 0, x < 0}.

The
projective change (u1, v1) = ϕ1(x , y) = ( 1

1−x ,
y

1−x ) satisfies that

u1 · (ϕ1)∗Xµ = −
(
v1u1∂u1 + (u1 − u21 − εu1v1 − (F − 1)v21 )∂v1

)
has a nilpotent singularity at (u1, v1) = (0, 0), and the blow-ups
(u2, v2) = ϕ2(u1, v1) = (u1v1 , v1) and (u3, v3) = ϕ3(u2, v2) = (u2,

v2
u2
)

u3v3·ϕ∗Xµ=X̂µ=(1−Fv3−εu3v3−u23v3)u3∂u3+(−2+(2F−1)v3+2εu3v3+2u23v3)v3∂v3 ,

where ϕ = ϕ3 ◦ ϕ2 ◦ ϕ1 does not depend on µ.
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connection Γµ0 = {x = 1−2F0
2 y2 + 1

2F0
} measured on the

parametrized transverse sections σµ(r) = ( 1
2F − r , 0), satisfies

d(µ) = ∂εd(µ0)ε+ o(ε)

because the parabola {x = 1−2F
2 y2 + 1

2F } is invariant by X(F ,0).

γµ0(t) =
(
1−2F0

2 y(t)2 + 1
2F0
, y(t)

)
, t ∈ (T−,T+), y

′(t) = 1
2y(t)

2 + 1
2F0

,

exp

(
−
∫ t

0
div(Xµ0)(γµ0(s))ds

)
=
(
1 + F0y(t)

2
)−(1+2F0),

(Xµ0 ∧ ∂εXµ0)(γµ0(t)) = −y(t)2(1− x(t)) = (1− 2F0)y(t)
2y ′(t),

∂εd(µ0) = 2F0(2F0−1)

∫ +∞

−∞
(1+F0y2)−(1+2F0)y2dy=

(2F0−1)
√

π√
F0

Γ(2F0 − 1
2)

Γ(2F0 + 1)
̸= 0.
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Strategy of the proof of the main result

Direct consequence of the following formula for ∂µjd±(µ0;X, Γ
±, σ):

∂µjd±(µ0) =
1

∂rσµ0 (0)∧Xµ0 (p0)

(
lim

τ→T±

(
Mj (τ)+R±

j (τ)
)
−∂µj σµ0 (0)∧Xµ0 (p0)

)
,

which holds in the classical setting (T± = ±∞, R±
j ≡ 0).

To prove
it in general we define

∆j(τ ;X, σ):= 1
∂rσµ0 (0)∧Xµ0 (p0)

∫ τ

0
e−

∫ t
0 div(Xµ0 )(γµ0 (s))ds

(
Xµ0∧∂µj

Xµ0

)
(γµ0 (t))dt

−
∂µj

σµ0 (0)∧Xµ0 (p0)

∂rσµ0 (0)∧Xµ0 (p0)
.

Then

∂µj

d±(µ;X, Γ
±, σ)=

∂µj

d±(µ; gΦ
±
∗ X,Φ

±(Γ±),Φ± ◦ σ)

CS
= lim

τ→±∞
∆j(τ ; gΦ

±
∗ X,Φ

± ◦ σ)

L
= lim

τ→T±

(
∆j(τ ;X, σ) +

R±
j (τ)

∂rσµ0(0) ∧ Xµ0(p0)

)
.
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Auxiliary lemmas in the proof of the main result

Lemma: ∆j(τ ; g · X, σ) = ∆j(h(τ);X, σ), where
h′(t) = g(γµ0(h(t))) and h(0) = 0, so that

h−1(t) =

∫ t

0

ds

g(γµ0(s))
.

Lemma: If F : U → F (U) ⊂ Rn is a diffeomorphism and X is a
smooth vector field on F (U) then

div(F ∗X ) = F ∗(div(X ))−∇
(
log det(DF )

)
· F ∗X .

Lemma: ∆j(τ ; Φ∗X,Φ ◦ σ) = ∆j(τ ;X, σ) +
Rj (τ)

∂rσµ0 (0)∧Xµ0 (p0)
, where

Rj(τ) =
(
Xµ0 ∧ (Dϕµ0)

−1(∂µjϕµ0)
)
(γµ0(τ))e

−
∫ τ
0 div(Xµ0 )(γµ0 (s))ds .
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Application

Proposition: Family of polynomial vector fields of even degree n:

Xµ = P(x , y)∂x + (yq(x , y) + µ1 + µ2x + · · ·+ µn+1x
n)∂y ,

µ ∈ (Rn+1, 0), P(x , 0) ̸= 0 and Pn(1, 0)(Pn(1, 0)− qn−1(1, 0)) < 0.

Then the partial derivatives of the separation function d(µ) of the
generalized saddle connection Γ0 = {y = 0} connecting the two
antipodal hyperbolic saddles of its Poincaré compactification
measured on the transverse sections σµ(r) = (0, r) are

∂µjd(0) = −
∫ +∞

−∞

x j−1e
−
∫ x
0

q(u,0)
P(u,0)

du

|P(x , 0)|
dx .

In particular, ∂µjd(0) < 0 if j is odd.

Corollary: For any D ∈ (−1, 0) and F ∈ (0, 1) there exists a
sequence (ε0,n, ε1,n, ε2,n) ∈ R3 tending to (0, 0, 0) such that

(ε0,n − y + xy)∂x + (x + Dx2 + Fy2 + ε1,ny + ε2,nxy)∂y

has two non-nested limit cycles.
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Two non-nested limit cycles

Corollary: For any D ∈ (−1, 0) and F ∈ (0, 1) there exists a
sequence µn = (ε0,n, ε1,n, ε2,n) ∈ R3 tending to (0, 0, 0) such that

Xµn = (ε0,n − y + xy)∂x + (x + Dx2 + Fy2 + ε1,ny + ε2,nxy)∂y

has two non-nested limit cycles.

cµ c ′µ

ŝ+µ

ŝ−µ

Σ

γµ γ′µ

d(µ) = ∂ε0d(0)ε0 + · · · , ∂ε0d(0) < 0,

tr(DXµ)(cµ) = (2F+1)ε0 + ε1 + · · · ,
tr(DXµ)(c

′
µ) =

D(2F+1)
D+1

ε0 + ε1 − 1
D
ε2 + · · ·
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Breaking the outer boundary of Loud centers

Loud family of centers YD,F = y(x − 1)∂x + (x + Dx2 + Fy2)∂y
admits the versal quadratic unfolding

XD,F ,ε0,ε1,ε2 = YD,F + ε0∂x + (ε1y + ε2xy)∂y .

Phase portrait in the Poincaré disc of YD,F for

(1) D ∈ (−1, 0) and F ∈ (0, 1),
(2) −F < D < −1,
(3) D ∈ (−1, 0) and F > 1,
(4) −F = D < −1.

(1) (2) (3) (4)
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Thanks for your attention!
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