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On the integrability of the projective equations

In this talk we consider integrability of a family of second-order differential
equations that is a projection of a geodesic flow of a two-dimensional (pseudo)
Riemannian manifold. We develop two approaches for establishing integra-
bility of the projective equations. The first one is based on finding solution
of equivalence problems for the family of projective equations and its inte-
grable subcases. The second one is connected with the classification of quasi-
polynomial invariants for the projective equations. We introduce the notion
of generalized Darboux first integrals for Hamiltonian systems for geodesics
and demonstrate how these integrals are connected to the quasi-polynomial
invariants of the projective equations. We construct several families of inte-
grable Riemannian metrics with generalized Darboux first integrals, which at
the particular values of the parameters degenerate into rational first integrals
of arbitrary degree. The talk is based on three recent works with Jaume Giné
[1, 2, 3].
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