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Autonomous polynomial differential systems Basic Notions

We consider the complex polynomial differential systems in C" of the

form
dx; )
L — J _ . — in
xjfﬁfP](a;l,---,xn)f ‘ Z Ajiy - xl"'wn7
0<iri+-~+in<m
J= 17 : ,
@jiy iy € C

Degree of the system m = max{degP,,--- ,degP,}.

The associated vector field is

X = Zpaxz
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Autonomous polynomial differential systems Basic Notions

f € Clxy,- -+, z,] be irreducible. The hypersurface f = 0 is an invariant
hypersurface of X if

with K € C,,,_1[x1,- - , ] the cofactor of f = 0 of degree < m — 1.
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Autonomous polynomial differential systems Basic Notions

f € Clxy,- -+, z,] be irreducible. The hypersurface f = 0 is an invariant
hypersurface of X if

with K € C,,,_1[x1,- - , ] the cofactor of f = 0 of degree < m — 1.
h,g € Clzy,--- ,x,] coprimes.

F(xy,--- ,x,) =exp(g/h)

is called an exponential factor

©(8)-x

and we say that K is the cofactor
traditionally taken of bounded degree.
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Autonomous polynomial differential systems Basic Notions

fi,---, fp irreducible + coprime in C[zy,- - - , z,)

and Fy =exp (g1/h1),--- , Fy = exp (g94/hq) exponential factors.

M1 Hq
Darboux function := f .- f2% (exp [ 2 o exp (P2 ,
I hy

Aisp; € C

fl-'-fz?peXp(%)
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Autonomous polynomial differential systems Basic Notions

Let W be an open subset of C".
A non constant analytic function I : W — C is a first integral of the
vector field X on W if

X(I)=0 onW

M : W — C is a Jacobi multiplier if
X(M)=—(divX)M

where .
divX =Y 0P;/ox;
=1
IM —= MX =(MPy,--- ,MP,).
Here, Darboux first integral

and
Darboux Jacobi multiplier.

Pantazi (MA1-EPSEB) Darboux Theory of Integrability 02-10-2012 7/30



Autonomous polynomial differential systems Planar polynomial vector fields

Particular case: n = 2

Darboux first
integrals

Liouvillian first
integrals

1 Hq
Darboux function := f ... f3? <exp (gl>) (exp <gq>) ,
hi hyq
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Planar polynomial vector fields
Singer (and also Christopher)

Darboux first
integrals

Liouvillian first, Darboux

integrals integr.
Factor

fl'--fﬁpeXp(%)
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Autonomous polynomial differential systems Planar polynomial vector fields

The main Problems

For a given vector field X = (P, Q)

Pantazi (MA1-EPSEB) Darboux Theory of Integrability 02-10-2012 10/30



Autonomous polynomial differential systems Planar polynomial vector fields

The main Problems

For a given vector field X = (P, Q)
(1) Find all invariant algebraic curves of X.

(2) Decide whether a Darboux integrating factor exists (and if does
exist, find it!).
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Planar polynomial vector fields
The main Problems

For a given vector field X = (P, Q)
(1) Find all invariant algebraic curves of X.

(2) Decide whether a Darboux integrating factor exists (and if does
exist, find it!).

m Are classical problems (start with Poincaré and later with
Darboux).

m Poincaré (1891): For a given X give an effective algorithm to
calculate the maximum degree of f = 0.

m Jouanolou (1979): For a given X the maximum degree is
bounded: X as either a finite number of inv.alg. curves or has a
rational first integral.

Some bounds: (Carnicer and Campillo, Cerveau and Lins Neto...)
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Autonomous polynomial differential systems Classical version for autonomous v.f. in C™

Bassically Llibre and Zhang

Theorem
X is v.f. in C™ of degree m that admits
(i) p invariant algebraic hypersurfaces f1 =0, --- , f, = 0 with
cofactors K1, - - - , K,. Here f; irreducible+coprimes.

(i) g exponential factors F1,- - - , Fy,+q With cofactors
Kpi1, -, Kpyq of degree < m — 1.

Then the following statements hold.

(a)
p q
Z)\Z’Ki + Z ,quj + deV(X) =0,
=1 i=p+1
iff DFl or a DJM:
M1 Hq
A A g1 g
v (e (i) (0 ()
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Autonomous polynomial differential systems Classical version for autonomous v.f. in C™

(b) p+q— < ”+:_1 ),then

P q
Z)\zKZ + Zquj + deV(X) =0,

=1 =1
the vector field X has either a DFI or a DJM.

M1 Hq
ot (o)) (o (2)

(c) fp+q= ( n+ZL_1 >+1,then

p q
> NEKi+ Y piLy =0,
=1 =1
X has a DFlI.

(d) fp+q= < nm =1 ) + n then X has a rational first integral.
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Autonomous polynomial differential systems Classical version for autonomous v.f. in C"™

= xz(bx™y"2z" —ngy)
g = —yTlamems(yexr 4+ az) + y(ngyr + niz)
z2 = ~yaz(bz™y"2 " — ng),

ni,no,n3 € Z, and a,b,c € C degree m = ny + na + n3 + 2.

1
fi=z fa=y f3=2 FZ@XP<W>
K1 = ba™y™ 217" — gz Ky = —y"22™ 2™ (yex + az) + n1z + n3yz

K3 = yx(bx™y™ 2" — ny), K = —ny1bz + naycx + ngaz — yngbz.
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Autonomous polynomial differential systems Classical version for autonomous v.f. in C™

= xz(bx™y"2z" —ngy)
g = —yTlamems(yexr 4+ az) + y(ngyr + niz)
z2 = ~yaz(bz™y"2 " — ng),

ni,no,n3 € Z, and a,b,c € C degree m = ny + na + n3 + 2.

fi=z fa=y f3=Z,F:exp<1>

xnlynQZn?)
K1 = ba™y™ 217" — gz Ky = —y"22™ 2™ (yex + az) + n1z + n3yz
K3 = yx(bx™y™ 2" — ny), K = —ny1bz + naycx + ngaz — yngbz.

Here, n = 3, m = ny +n9 +n3 + 2 and so

<n+m—1 ) _ (n1+n2+n3+2)(ny +ng +n3 +3)
n - 6

is arbitrary high.
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Autonomous polynomial differential systems modern version

K,,--- , K, cofactors of hypersurfaces or of exponential factors of X.
Wronskian matrix
K e K,
W W K= | XED e X))
X(Tfl)([(l) e X(Tfl)([(r)

where X4 (K;) = X (XO(Kj;)).
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Autonomous polynomial differential systems modern version

Blazquez and Pantazi

Theorem
X inC™ of degree m admits

(i) pinv.hyp. fi =0,---, f, = 0 with cofactors K1, - - - , K.
f1,--, fp irreducible+coprimes.

(i) q exponential factors Fy,11,- - - , F,1+q With cofactors
Kp—&-h T 7Kp+q-

We further assume that the 1-forms

dlog fi,...,dlog fp,dlog Fi1,- - ,dlog Fp4, are linearly independent
over C.
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Autonomous polynomial differential systems modern version

Theorem

(@) p+q >rank(W(Ky,--- , Kp1q)) iff X admits a Fl which is either
rational or Darboux.

(b) p+q >rank(W(Ky,--- , Kpiq,div X)) + 1 iff the vector field X
admits either a rational Fl or a Darboux Jacobi multiplier DJM.

(c) ifp+q >rankW(Ky,- -, Kpyq)) + n then the vector field X has
at least one rational Fl.

v
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Autonomous polynomial differential systems modern version

Lemma

Let us consider elements f,--- , f.,v € F and denote by
a; = (0f;)f; 1 = dlog f;. The following conditions are equivalent:

(i) The rank of the Wronskian matrices W(ay, .. .,a,,v) and
W(as,...,a,) coincide.
(i) v is a non-trivial C'(F)-linear combination of a, . .., a,

¥ =Aai+ -+ Aa. (1)

(iii) There exist constants A1, --- , A\, in C(F) such that for any
differential extension 7 C F(by,--- ,b,) by elements b; satisfying
ob; = \;a;b; the element M = by - - - b, verifies OM = - M.
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Autonomous polynomial differential systems modern version

in the previous example...

= xz(bx™y"2z" —ngy)
gy = —y2tlgmis(yer + az) + y(ngyx + niz)
z2 = ~yaz(bz™y"2 " — ng),
1
=z fa=y f3=2z, F:eXP(W>
K1 = ba™y™ 217 — oz Ky = —y"22™ 2™ (yex + az) + niz + n3yx
K3 = yx(bx™y™ 2" —ny), K = —ny1bz + nyycx + ngaz — yngbz.

We have
p+q=4>rank(W(K1, Ky, K3,K)) =3

1
_ b
H(l’,y,z) = :[jay Zc exXp <ajnly77«227743> .
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Autonomous polynomial differential systems modern version

Another example

0
X = (pz + ﬁmy)% + (A\y + axy)a—y.

fi=x fo=y, F3=¢" Fy=¢'
with cofactors
Ky =p+ By, Ko =X+ ax
K3 =xK;, Ki=yKs
of degree 2 > m — 1.

4d=p+q> rankW(Kl,Kg,Kg,IQ) =3

iL'/\ QT

o yH eﬁy
ofcourse e~ cofactor K = aux — By

= gy He Y,

3=p+qg> rank(W(Kl,Kg,K)) =2, A\Kj — uKo+ K =0.

02-10-2012
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Non autonomous differential systems From autonomous to a class of non-autonomous

Definitions

We consider non autonomous polynomial differential systems of the
form

xj:diL‘]:Pj(tvx): Z Qjiy i ()T o2y, j=1,-0n
Qi iy € M(U, (C)
P; e M(U,C)[zq,--- ,xp]forj=1,---  n.
degree m = max{degP,--- ,degF,}.
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Non autonomous differential systems From autonomous to a class of non—-autonomous

We associate the v.f.
o — )
X=_ Pj—.
ot " ; I 9z,

= (1, " ,2n)
X is a derivation of the ring M (U, C)[x]
and so of the quotient field M (U, C)(z).

Differential field extension (M (U, C),d/dt) C (M (U,C)(x), X).
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Non autonomous differential systems From autonomous to a class of non-autonomous

T =(T1,- ,Tp)

fi,--+, f, € M(U,C)[x] be irreducible and coprime.
F =exp(g/h) with g, h € M (U, C)[x] coprimes.

M1 Hq
AL e 9N Ja — ML 9
) ) )

will be called a generalized Darboux function.
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Non autonomous differential systems The Theorem

Theorem

Consider X inU x C™ of degree m having

(i) p invariant hypersurfaces f, =0, --- , f, = 0 with cofactors
Ky, -, Kp.
fi,-++, fp € M(U,C)[z] are irreducible + coprimes.

(i) ¢ exponential factors F,1,-- - , Fy,+q With cofactors
Kpt1, -+ Kptq-

Here F; = exp (gi/hi)
with g;, h; € M (U, C)[z] are irreducible +coprimes.

We further assume that dlog f1,...,dlog fy,dlog Fp11,...,dlog Fpiq

are C-linearly independent as meromorphic 1-forms in U x C".
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Non autonomous differential systems The Theorem

Theorem

Then the following statements hold.

(@) p+ q > rank(W(Ky,---, K,)) iff there is a Fl. This first integral is
either rational or Darboux.

(b) p+ ¢ > rankW(Kq,---, K,,divX)) + 1 iff there is a rational Fl or
a Darboux JM

(c) Ifp+q>rank(W(Ky,--- ,K,))+nforj=1,--- n then the
vector field X has at least one rational first integral.

Pantazi (MA1-EPSEB) Darboux Theory of Integrability
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Non autonomous differential systems The Theorem

Lemma

Let W be an open subset of U x C™. Let J1,--- , J, be functionally

independent analytic first integrals of X on W.

(a) If J,41 is another first integral then there exists analytic functions
Cy,---,C,, such that:

dJp+1 =CrdJy + -+ Cpddy,. (3)
(b) The functions C1, ..., C,, are first integrals of X.
(c) Assume J =log(I) fork=1,...,n+1wherel,..., I, are

Darboux first integrals in which the factors

fi,ooos Jpy Fptt, .-, Fpq @ppear, being dlog fi, ...,

dlog fp,dlog Fppi1,. .., dlog F,4, C-linearly independent. Assume
that at least one factor appearing in I,,.1 does not appear in the
L,...,I,. Then, the functions C; are in M (U, C)(x) and at least
one of them is not a constant. )
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Non autonomous differential systems An example

3-D non-autonomous Lotka-Volterra

Example
taj(t) —1  A2b b
T =z al(z - 221)\+ 31t1’+b12y+b132>
1
. Abi2 + b
y =Y a2(¢)+b21t$—112>\232y+b23z> (4)

Z = Z(—Alal (t) — )\2a2(t) + ths1x + bsoy — ()\1513 + )\2()23)2).
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An example
3-D non-autonomous Lotka-Volterra

Example
taj(t) —1  A2b b
T =z al(z - 221)\+ 31t$+b12y+bl32>
1
. Abi2 + b
y =Y a2(¢)+b21tl‘—11i\232y+b23z> (4)

Z = Z(—Alal (t) — )\2a2(t) + ths1x + bsoy — ()\1513 + )\ngg)z).

System (4) admits the invariant hypersurfaces f; = z, fo = y and
fs = z with cofactors

Aobor + b ta(t) — 1
K = _<221A31>m+buy+b132+ al(t)
1
A1bio + b
Ky, = ag(t) + bortx — %y + bogz
2
Kz = —Xai(t) — Aeaa(t) + ths1x + bsay — (A1b13 + Aaba3)z.
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Non autonomous differential systems An example

we continue with the example...

Example

p+q=3=rank(W(K1, K», K3)) = 3.
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Non autonomous differential systems An example

we continue with the example...

Example

p+q=3=rank(W(K1, K», K3)) = 3.

F = exp(A11n(t)) with K = \;/t
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Non autonomous differential systems An example

we continue with the example...

Example

p+q=3=rank(W(K;, K3, K3)) = 3.
F = exp(A11n(t)) with K = \;/t

p+q=4>rank(W(K1, K2, K3,K)) = 3.

The system admits the Darboux first integral

H= a;)‘ly/\Q 2t
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Non autonomous differential systems Literature
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Non autonomous differential systems Literature

D. BLAzZQUEZ AND CH. PANTAZI, A note on the Darboux theory of
integrability of Non—autonomous polynomial differential systems,
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Non autonomous differential systems thanks

Thank you for your attention!
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