Cyclicity of a simple focus via the vanishing multiplicity
of inverse integrating factors

IsAAC A. GARCIA!, JAUME LLIBRE?, SUSANNA MAzA?

L Departament de Matematica, Universitat de Lleida, Avda. Jaume II, 69, 25001 Lleida, Catalonia, Spain.
E-mail: garcia@matematica.udl.cat URL: http://www.ssd.udl.cat

2 Departament de Matematiques, Universitat Autonoma de Barcelona, 08193 Bellaterra (Barcelona,),
Catalonia, Spain.
E-mail: j1libre@mat.uab.cat URL: http://www.gsd.uab.cat

3 Departament de Matematica, Universitat de Lleida, Avda. Jaume II, 69, 25001 Lleida, Catalonia, Spain.
E-mail: smaza@matematica.udl.cat URL: http://www.ssd.udl.cat

We consider planar real analytic differential systems
defined in a neighborhood U C R? of the origin. We assume that (0,0) is a simple focus, i.e., one
y)

monodromic singularity which after a (generalized) polar blow-up (x,y) + (6,r) is transformed into a
periodic orbit. In short, system (1) can be written as

dr i

& = P00 =L RO 2)
where F(r,6) is analytic on the cylinder C' = {(r,#) € R x S' : |r|small} with S = R/ZT where T' > 0
is the minimum constant period associated to the polar change. Here we have F(0,0) = 0 for all § € S*.

Consider inverse integrating factors V (r,0) of (2), i.e., a function V : C'— R non-locally null and solution

of oV(r.6) , OV(r.0) OF(r,0)

69 a’r F(T,G) = TV(T,G)

It is well known (see [1] and [2]) that (2) has a unique (modulo multiplicative constants) inverse in-
tegrating factor V(r,0) of class C*° and non-flat at » = 0. Therefore V' admits the Taylor series

V(r,0) = ZiZm v (0)rt.

In (3] it is proved that TI(rg) = 7o+ cpri + O(rf™!) with ¢, # 0 is the expression of the Poincaré map
associated to the origin of (2).

We shall prove that m > ¢ > 1. Moreover:

(a) m = ( if and only if v(0) are constant for k =m,...,2¢ — 1.

(b) Assume ¢ > 2 + k with & > 0 a positive integer. If fOT Fy(0)do = fOT Fri1(0)do = -+ =
I Frir-1(8)d6 =0, but [ Fy 4(0)df # 0, then m = £ + k.

This result is next applied to study in some cases the cyclicity of the focus at the origin in the normal
form for nilpotent monodromic singularities (&,7) = (—y, 22"~ + yb(x)), with b(z) = > i>p bt
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