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Overview

5 Open Problems
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1988 – 1993 PhD student of 

• Prof. John W. Reyn

• Quadratic systems

Trip down memory lane

• Limit cycles in polynomial systems
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Trip down memory lane
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Strong relationship with 

Trip down memory lane
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Trip down memory lane
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Trip down memory lane
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Trip down memory lane
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Trip down memory lane
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Trip down memory lane
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Trip down memory lane
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Classical results for predator-prey systemsClassical results for predator-prey systems
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Overview

Predator 掠夺者

Prey 猎物

Predator 掠夺者

Prey 猎物
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Classical results for predator-prey systems
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15Data from Hudson’s Bay Company (fur trading)

Classical results for predator-prey systems

• Lotka-Volterra model (1925)

1. Prey grow exponentially in absence predators.
2. Predators will go extinct in absence prey.
3. Predators can consume unbounded quantities of 

prey.
4. Both populations are moving randomly through a 

homogeneous environment
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Classical results for predator-prey systems
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System of differential equationsSystem of differential equations
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𝑑𝑥

𝑑𝑡
= 𝑥 − 𝛽𝑥𝑦

𝑑𝑦

𝑑𝑡
= −𝛿𝑦 + 𝛾𝛽𝑥𝑦

x(t) = density of the prey population
y(t) = density of the predator population

 = growth rate prey
 = death rate predator

x(t) = density of the prey population
y(t) = density of the predator population

 = growth rate prey
 = death rate predator

Classical results for predator-prey systems
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• Oscillations of varying amplitude
• Predators never go extinct

• Phase plane analysis

Classical results for predator-prey systems
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𝑑𝑥

𝑑𝑡
= 𝛼𝑥

• Unrealistic assumption 1

• Absence of predators i.e. y = 0

exponential growth of prey

𝑑𝑥

𝑑𝑡
= 𝛼𝑥(1 −

𝑥

𝐾
)

• Logistic equation

K = carrying capacity

x(t) K for t 

Classical results for predator-prey systems
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large 
extinction predator

small 
co-existence

• Logistic growth rate prey

Classical results for predator-prey systems
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• Unrealistic assumption 2

𝑑𝑥

𝑑𝑡
= 𝑥 − 𝛽𝑥𝑦

𝑑𝑦

𝑑𝑡
= −𝛿𝑦 + 𝛾𝛽𝑥𝑦

consumption rate of prey per 
predator as function of prey density =
Functional Response  = p(x)

• x: unbounded increase

• saturation predator
• p(x) is bounded

Predators can consume unbounded quantities of prey

Classical results for predator-prey systems

Experimental results by Holling (1959)
Functional response 
(predator: small mammals, prey: small flies)

Experimental results by Holling (1959)
Functional response 
(predator: small mammals, prey: small flies)
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Classical results for predator-prey systems
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Choices for   Choices for   
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analytical

Holling I Holling II Holling III

Classical results for predator-prey systems
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• Logistic growth rate prey + Holling II or III

Limit cycle (极限环)

Classical results for predator-prey systems
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• Determine number of limit cycles
• In general unsolved (Hilbert 16th problem)
• Non-existence (Dulac functions)
• Uniqueness (Liénard equation)
• Upper bounds (perturbation methods)

At most one limit cycle [Cheng, 1981]

𝑑𝑥

𝑑𝑡
= 𝑎𝑥(1 −

𝑥

𝐾
) − 𝑝(𝑥)𝑦

𝑑𝑦

𝑑𝑡
= −𝛿𝑦 + 𝛾𝑝(𝑥)𝑥𝑦

p(x) Holling II or III

Classical results for predator-prey systems
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Example with at least two limit cycles [Liu, 1988]

p(x) Holling I

Classical results for predator-prey systems
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disc equationdisc equation
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Intermezzo

Holling II 𝑝 𝑥 =  
𝐴𝑥

1 + 𝐴𝐻𝑥
A: attack rate
H: prey handling rate
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Intermezzo

• “prey”
• sandpaper discs 4 cm in diameter
• Thumb-tacked to a 9 square feet table

• “predator”
• Blindfolded person, in front of table
• Searching discs one minute by tapping with finger
• Disc found: remove and put aside; continue search
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Intermezzo

30

Intermezzo
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Intermezzo

T:   total time of one experiment
b:  time to pick up one disc

z = aTsx

z:   number of discs removed
Ts: time available for searching
a: rate of searching multiplied by the probability of finding a disc
x: density of discs  

Ts = T – bz

z = a(T – bz)x 𝑧 =  
𝑇𝑎𝑥

1 + 𝑎𝑏𝑥

32

Open Problem 1

• Repeat the sandpaper experiment through a webinterface
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Intermezzo

34

Open Problem 2

• Can we find the whereabouts of Miss Patricia Baic?
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Some high level new resultsSome high level new results
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Overview

(*)

1. Impact of non-analytical Functional Response 
(other than Holling I)

2. Conditions for “at most two limit cycles” for 
Holling I?

3. Examples with more than 2 limit cycles
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3. Examples with more than 2 limit cycles
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Some high level new results
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Some high level new results

38

Period annulus case
No limit cycles

quadratic in x

Holling II - like
At most one limit cycle

Some high level new results
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Holling III - like
at least two limit cycles

cubic in x

Some high level new results
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Open Problem 3

• Uniqueness of limit cycle when equilibrium is unstable?

cubic in x
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Some high level new results
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 = 1 -  0 <  << 1

 = 1;     singular system

Exactly 2 limit cycles!

Some high level new results
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Some high level new results
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𝑝 𝑥 = 1;                                                          𝑥 >  1

𝑝 𝑥 = 𝑥 1 + 𝑎 + 𝑎ଵ𝑥 𝑥 − 1 ;           0    𝑥   1

“Cubic Holling”

Some high level new results
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At least 4 limit cycles!

Some high level new results
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Open Problem 4

• Validate the bifurcation diagrams numerically
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One detailed new resultOne detailed new result
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Overview
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One detailed new result
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• Previous result: period annulus

• Now allow: group defense

• So far: p’(x)  0

One detailed new result
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p(x)

x

(*)

One detailed new result
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• Strip I:      0   x  1:     p(x) = x(k – x)

• Strip II:         x  1:           p(x) = (x)  

•  <   a single equilibrium in first quadrant

One detailed new result
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• Strip I

• Integrating factor 
ଵ

௫ ି௫ ௬

• Period annulus in Strip I

• Use closed orbits extended to Strip II

One detailed new result
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• Define S = ’(1) – k + 2

S < 0 S  0

One detailed new result
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• System (*) is bounded

• S < 0: period annulus unstable on outside

• Existence stable limit cycle!

One detailed new result
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• Can we proof uniqueness of the limit cycle?

• Transform system (*) to Liénard system

• But: ZZF assumes isolated zero(s) of f(x)

• Show that F(x), f(x)=F’(x), (y) and g(x)
satisfy certain conditions (Zhang Zhifen Theorem)

• Here: f(x) = 0 on an interval

One detailed new result
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One detailed new result
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• Theorem: For S < 0 system (*) has a unique limit cycle 
• stable and hyperbolic
• period annulus in its interior

One detailed new result
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• System (*) is structurally unstable

One detailed new result
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Open Problem 5

• The case with two equilibria in first quadrant

• Two-dimensional predator-prey systems
• Overview classical results
• New non-analytical functional responses
• Richer dynamics

• 4 limit cycles
• Co-existence period annulus and limit cycle
• …

• 5 Open Problems 
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• 5 Open Problems 
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Wrap-up
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Thanks for your attention!

r.e.kooij@tudelft.nl


