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* Prof. John W. Reyn

e Quadratic systems

Ago + AyoX + Qo1 Y + agex® + ay1xy + agyy?

oo + byox + b1y + bagx? + byyxy + bopy?

e Limit cycles in polynomial systems
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Classical results for predator-prey systems

A,

||-I- Classical results for predator-prey systems
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ll-l- Classical results for predator-prey systems

Lotka-Volterra model (1925)

1. Prey grow exponentially in absence predators.

Predators will go extinct in absence prey.

3. Predators can consume unbounded quantities of
prey.

4. Both populations are moving randomly through a
homogeneous environment

=

.
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ll-l- Classical results for predator-prey systems

System of differential equations

dx
Pl ox — Bxy

Y s+
\dt— y + vBxy

x(t) = density of the prey population
y(t) = density of the predator population

o = growth rate prey
0 = death rate predator

ll-l- Classical results for predator-prey systems

* Phase plane analysis

1.5

predator density

0 1 2 3
prey density

* Oscillations of varying amplitude
* Predators never go extinct
A.




ll-l- Classical results for predator-prey systems

* Unrealistic assumption 1

* Absence of predatorsi.e.y=0

dx
d_ = ax exponential growth of prey
t

* Logistic equation

X
= - x(t) 2 Kfort > o
Ir ax(1 K)

K = carrying capacity

A,

ll-l- Classical results for predator-prey systems

* Logistic growth rate prey

k
k
X

large 0 small &

extinction predator co-existence

A.
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ll-l- Classical results for predator-prey systems

* Unrealistic assumption 2

Predators can consume unbounded quantities of prey

dx

— = 00X — .

dt consumption rate of prey per
predator as function of prey density =

dy Functional Response = p(x)

—~ = —y +

dt

* [x:unbounded increase

* saturation predator

* p(x) is bounded ‘
21

ll-l- Classical results for predator-prey systems

Experimental results by Holling (1959)
Functional response
(predator: small mammals, prey: small flies)

THE CANADIAN ENTOMOLOGIST May 1959
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ll-l- Classical results for predator-prey systems

Choices for p(z)
T ) T
p(x) plx) p(x)
| ] mn
X x—=> X— X —
Holling | Holling Il Holling llI
plal=a D=ze=<l T i
¥ p(x) = o) =
p(_{[;):l g | c+x c+x
\ J
1
analytical ‘23

||-I- Classical results for predator-prey systems

* Logistic growth rate prey + Holling Il or 1lI

Limit cycle ($%FR34)

>
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ll-l- Classical results for predator-prey systems

* Determine number of limit cycles

* In general unsolved (Hilbert 16t problem)
* Non-existence (Dulac functions)

* Uniqueness (Liénard equation)

* Upper bounds (perturbation methods)

X
T ax(1— E) —p(x)y

p(x) Holling Il or lll
7¢ =~y +yp(x)xy

At most one limit cycle [Cheng, 1981]

A,

ll-l- Classical results for predator-prey systems

p(x) Holling |

Example with at least two limit cycles [Liu, 1988]

13
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11 intermezzo

Ax A: attack rate
1+ AHx H: prey handling rate

Holling Il p(x) =

disc equation

The Canadian Entomologist

Vol. XCI Ottawa, Canada, July 1959 No. 7

Some Characteristics of Simple Types of Predation
and Parasitism'
By C. S. HoLLivg

Forest Insect Laboratory, Saule Ste. Marie, Ontario

11 intermezzo

Artificial Predator-Prey Situations

° Ilprey”
* sandpaper discs 4 cm in diameter
* Thumb-tacked to a 9 square feet table

* “predator”
* Blindfolded person, in front of table
» Searching discs one minute by tapping with finger
* Disc found: remove and put aside; continue search

A.
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11 intermezzo
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11 intermezzo

z: number of discs removed
T,: time available for searching

a: rate of searching multiplied by the probability of finding a disc
x: density of discs

z=alx

T: total time of one experiment _
b: time to pick up one disc Ts =T-bz

Tax
z=a(T—bz)x ‘ Z = m

11 Open Problen 1

Repeat the sandpaper experiment through a webinterface

()  https://unlpt-my.sharepoint.com/personal/o_teixeira_fct_unl_pt/_layouts/15/onedrive.aspx?ga="18&id=%2Fpersonal%2 8 N
HollingsDemo.mov ®

32
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11 intermezzo

The Canadlan Entomologist
VYol. XCI . Ottawa, Canada, July 1959 No. 7

Some Characteristies of Simple Types of Predation
and Parasitism'
By C. S. HorriNg

Forest Insect Laboratory, Sault Ste. Marie, Ontario
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A,

11 Open Problem 2

e Can we find the whereabouts of Miss Patricia Baic?

Google
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Overview

(*) 7

Some high level new results

dr p

% = %:r(ﬁ: —z) — p(x)y,
dy = —dy + p(x)y,

dt

Some high level new results

Holling I?

1. Impact of non-analytical Functional Response
(other than Holling I)
2. Conditions for “at most two limit cycles” for

3. Examples with more than 2 limit cycles

04/04/2022
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ll-l- Some high level new results

Chaos, Solitons and Fractals 123 (2019) 163-172

Contents lists available at ScienceDirect

Chaos, Solitons and Fractals

Nonlinear Science, and Nonequilibrium and Complex Phenomena

journal homepage: www.elsevier.com/locate/chaos

Frontiers

Predator-prey models with non-analytical functional response

Robert E. Kooij*", André Zegeling®

||-I- Some high level new results

y

Holling Il - like Period annulus case
At most one limit cycle No limit cycles

19



ll-l- Some high level new results

cubic in x

Holling Il - like
at least two limit cycles

ll-l- Open Problem 3

cubic in x

* Uniqueness of limit cycle when equilibrium is unstable?

A.

04/04/2022
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ll-l- Some high level new results
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||-I- Some high level new results

0=1; singular system

o0=1-¢ O<e <<1

Exactly 2 limit cycles!

04/04/2022
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ll-l- Some high level new results
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)
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Several Bifurcation Mechanisms for Limit Cycles in a
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© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2021

||-I- Some high level new results

p(x) =x(1+(a0+a1x)(x—1)); 0<x<1
p(x) =1; x > 1

“Cubic Holling”

22
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ll-l- Some high level new results

" e o e

1 X Xa=

=

At least 4 limit cycles! ‘
a5

ll-l- Open Problem 4

* Validate the bifurcation diagrams numerically

23



Overview

One detailed new result

One detailed new result

<
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One detailed new result

Previous result: period annulus

* Sofar:p’(x)> 0

* Now allow: group defense

One detailed new result

p(x)

(*)

X
o Bl ) =il)
-_—= =Tk — ] —PlLEIY.
itk PRy
L —0y + pl(x)y,
dt

04/04/2022
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One detailed new result

e Stripl: 0<x<1: p(x)=x(k—x)

e Stripll: x>1: p(x) = &(x)
p(x) “a
A
i \
| \
: \
H \
N L — SO =y u
] \
! \
H \
1 1
1 1}
! \

[y
~
>

* d<pu > asingle equilibrium in first quadrant

A,

One detailed new result

' E;—i = %:zr(ﬂ — ) —x(k —2)y,
Strip | ,
dy )
2~ sy +az(k—2)y.
dt

* Integrating factor ————
& & x(k—x)y

* Period annulus in Strip |

* Use closed orbits extended to Strip Il

04/04/2022
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ll-l- One detailed new result

* DefineS=¢&'(1)-k+2

| d |
Pl o
- Y
4 I-"' - I"F*‘
= | L
Y"'zl X =3 ',\'=l
S<0 $>0

X -y

ll-l- One detailed new result

* System (*) is bounded

= —>

o

x=1 x=k

* S<0: period annulus unstable on outside

* Existence stable limit cycle!

A

04/04/2022
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ll-l- One detailed new result

* Can we proof uniqueness of the limit cycle?

* Transform system (*) to Liénard system

dx dy

=E)=Wy) =

i g(x)

» Show that F(x), f(x)=F'(x), ¥(y) and g(x)
satisfy certain conditions (Zhang Zhifen Theorem)

* But: ZZF assumes isolated zero(s) of f(x)

* Here: f(x) =0 on an interval

||-I- One detailed new result

Proposition 1. Consider the generalized Liénard
system (26) and let F(x),g(x) be continuous, piece-
wise differentiable functions on the open interval
(r1,7r2), and let U(y) be a continuously differentiable
function on R such that

(i) there emists x, € (ri.ry) such that
(x —zy)g(x) >0 forz # x4,
(ii) ¥(y) is monotonically increasing, and there
exists a y, such that W(y,) =0,
(iii) F(z) =0 forri <z <z, where zo > x4,
(iv) there exists an xp > xp such that F(zp) =0,
)
)

v) F(z) >0 forzg <z < zF,
(vi) f(z) <0 for zp < x < ra where the function
f(z) is defined by d};f} 5

then in the strip r1 < x < rg system (26) has at
most one limit cycle, which is stable and hyperbolic
if it exists.

04/04/2022
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ll-l- One detailed new result

* Theorem: For S < 0 system (*) has a unique limit cycle
stable and hyperbolic
period annulus in its interior

||-I- One detailed new result

* System (*) is structurally unstable

29
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11 Open Problem 5

* The case with two equilibria in first quadrant

11 Wrap-up

* Two-dimensional predator-prey systems
* Overview classical results
* New non-analytical functional responses

* Richer dynamics
* 4 limit cycles
* Co-existence period annulus and limit cycle

5 Open Problems

30
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