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@ Lagrange and celestial mechanics (18th century)
@ Reduction of

Xl(t) = F(t7 X(t)a5)7 X(tO) = X0

(where F is T-periodic in the first variable) to the standard

form
xX'(t) = ef(t, x(t)) + O(c?), x(t) = xo

@ Expand f(t, x) into Fourier series with respect to t and
neglect all time-dependent terms, keeping only

(x) = ;_/OTf(t,x) dt

@ Averaged equation: y'(t) = efO(y(t)), y(f) = xo
@ 20th century: proofs of asymptotic validity, nonperiodic
averaging
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Classical averaging theorems

Quality of the approximation

Solutions of the initial-value problem
X'(t) = ef(t, x(t)) + 29(t, x(t),¢), x(t) = Xo,
can be approximated by solutions of the averaged equation
y'(t) = P(y(t). y(t) = X,

where
1 to-i—T

foly) = T f(t,y) dt
b

if fis a T-periodic function in the first variable and

T—co

1 to+T
©(y) = lim / (t,y) ot
T /s

otherwise.
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Periodic case:
Givena d > 0, thereis an ¢g > 0 and a ¢ > 0 such that

1x(t) = y (D) < ce
for every e € (0,¢0] and t € [ty, to + d/z].

Nonperiodic case:
Givena d > 0andad > 0, there is an gg > 0 such that

1x(t) = y(B)] <6

for every e € (0,¢0] and t € [ty, to + d/z].
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Averaging theorems for other types of equations

Generalized ordinary differential equations

@ Ordinary differential equations with impulses
@ Retarded functional differential equations

@ Dynamic equations on time scales

@ Generalized ordinary differenital equations
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@ Interval IC R
@ F:R'x|—=R"

A function x : | — R" is called a solution of the generalized
ordinary differential equation

adx

E = DF(Xa t)7 X(a) = Xo

whenever s
x(s) = xo +/ DF(x(71),1)
a

for every s € I, where the integral on the right-hand side is the
Kurzweil integral.
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Kurzweil integration

Classical ODEs vs. GODEs

A function F : [a, b] x [a, b] — R" is called Kurzweil integrable
over [a, b] if there exists a vector | € R” such that given an
e > 0, there is a function ¢ : [a, b] — R such that

<e€

k
Z F(Tj:aj 77,@/'_1)) _I

for every partition with division points
a=oq<ay < <Zakg<Zag=b
and tags 7; € [oj_1, ] such that
[Otj,1 ) aj] - (Tj - 6(tj)7 Tj + 5(7-1))7 j S {1 ) k}

Notation: / = [ DF(, ).
F(r,t) = f(7)t = Henstock-Kurzweil integral fbf ds
F(r,t) = f(7)g(t) = Kurzweil-Stieltjes integral fa s) dg(s)
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An ordinary differential equation

X'(t) = f(x(1),1), x(to) = Xo
is equivalent to the generalized ordinary differential equation

ax

E = DF(X7 t)a X(tO) = Xo,

where F(x, ) = [, f(x,s) ds.
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Periodic averaging for GODEs

Extension of time scale functions

BCR"Q=Bx][0,0),e0>0,L>0,F:Q—R",
G:Qx (0,e0] = R
Assume there exists a T > 0 and a function M : B — R" such
that F(x,t+ T) — F(x,t) = M(x) for every x € B and
t €[0,00). Let o T)

X7
Fo(x) = T X
Then, under certain assumption on F, G, and M, the solutions
of

€ B.

dx _
dr
can be approximated by solutions of

y'(t) = eFo(y(1)), y¥(0) = xo,
i.e. there exists a constant K > 0 such that
[x(t) = y(1)I| < Ke, €€ (0,e0], t€[0,L/e].

D[eF(x, B+ 22G(x, t,¢)|, x(0) = xo,
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Given a real number t < sup T, let
" =inf{seT;s>t}.
Further, let

. (—o0,sup T if supT < o0,
T = .
(—00, 0) otherwise.

Given a function x : T — R", define x* : T* — R" by

X*(t) = x(t*), teT*

e A
v [ —
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Dynamic equations and GODEs

Periodic averaging on time scales

Let X ¢ R and assume that f : X x T — R" satisfies certain
conditions. If x : T — X is a solution of

XA (t) = f(x(t), 1), X(to) = Xo, (1)

then x* : T* — X is a solution of
dx

P DF(X7 t)a X(tO) = Xo, (2)

ar

where F(x,t) = [} f(x,s*) dg(s) and g(s) = s*.
fo

Conversely, every solution y : T* — X of (2) has the form
y = x*, where x : T — X is a solution of (1).

Antonin Slavik Averaging theorems

Let T be a T-periodic time scale (t € T impliest+ T € T and
u(t) = u(t+ T)) and f a T-periodic function in t. Consider the
initial-value problems
XB(t) = ef(t,x(1) +£29(t x(t),€), x(b) = Xo,
y'(t) = efP(y(t), y(t) =X,

where 0(y) = L [2TT £(1,y) At.

1

=

Then (under certain assumptions on f and g), given a d > 0,
there is a ¢ > 0 such that

1x(t) = y(D)] < ce

for every € € (0,¢0] and t € [ty, to + d/e]r.

Antonin Slavik Averaging theorems




Periodic averaging on time scales (2nd version)

Application: Existence of periodic solutions

Let T be a T-periodic time scale (t € T impliest+ T € T and
u(t) = p(t+ T)) and f a T-periodic function in t. Consider the
initial-value problems

xB(t) = ef(t,x(t) +2g(t, x(t),e), x(th) = Xo,
ya(t) = fPy(1), y(t) = Xo,

where fO(y) = lT DT f(t, y) AL,

fo

Then (under certain assumptions on f and g), given a d > 0,
there is a ¢ > 0 such that

Ix(t) —y(®)| < ce

for every € € (0,¢¢9] and t € [fy, fp + d/e].
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Let T be a T-periodic time scale, ty € T, pp € R", r > 0, g9 > 0.
Consider functions f : [fp, 00)T % Br(pg) — R™ and

g : [fo,0)r X Br(po) x (—e0,£0) — R", which are T-periodic in
the first argument and satisfy certain additional conditions.

If f°(pg) = 0 and the matrix %—f(po) is invertible, then there exist
numbers 1 € (0,p), C > 0 and a continuous function

p: [—e1,e1] = B(po) such that p(0) = py and for every

e € [—e1, 1], the initial-value problem

XB(t) = ef(t, x(1)) +2g(t, x(t), €), X(to) = p(e)

has a unique solution x : [{y, oo)T — R", which is T-periodic
and satisfies

[ x(t) — poll < Clel, t € [ty,00)T.
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Example

Nonperiodic averaging on time scales

Consider the time scale T = Z and the difference equation
Ax(t) =e(1 —x(t) + (=1, te{0,1,2,...},

whose right-hand side is 2-periodic in t.

The corresponding averaged equation is Ay(t) = ef0(y(t)),
where fO(x) =1 — x.

Equilibrium solution: y(t) = pg = 1, %—'f(po) =—1

The previous theorem guarantees that the original difference
equation has a 2-periodic solution near py whenever |¢| is
sufficiently small.

Can be found analytically:

x() =1+ (-1)e/(e - 2)

For e € [-1,1], we have |x(f) — 1| < |¢| for every
te{0,1,2,...}.
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Let T be a time scale with sup T = oo and lim;_, o u(t)/t =0,
¢ >0, and B; = {x € R"; ||x|| < c}. Consider
f: B; x [fp,00)r — R and the initial-value problems
XB(t) = ef(t.x(1), x(t) =X,
Y'(t) = (1), y(b) = x,

where
fo+T

1
0 _ ; -
)= im [ rsas

Then (under certain assumptions on f), givena d > 0 and
a o > 0, there is an ¢g > 0 such that

Ix(t) =y <6
for every € € (0,¢0] and t € [ty, Ty + d/e]r.
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Open questions

References

@ The condition lim;_, u(t)/t = 0 guarantees that the

assumptions of the GODE averaging theorem are satisfied.

Is it possible to weaken or relax the condition on p?

@ Does there exist a nonperiodic averaging theorem where
the averaged equation is a dynamic equation defined on
the same time scale as the original equation?
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