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In 1993 A. N. Sharkovskil formulated some problems concerning
the properties of the plain map [x, y] — [(y — 2)?, xy]. One of the
questions was about interior periodic points. This map leaves the
plane triangle A = {[x,y] : 0 < x, 0 <y, x+y <4} invariant. In
2006 Balibrea, Garcia Guirao, Lampart and Llibre studied a
conjugate map

F:A— A [x,y]—=[x(4—x—y), xy] .
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Problem to be solved (modified)

In 1993 A. N. Sharkovskii formulated some problems concerning
the properties of the plain map [x, y] — [(y — 2)?, xy]. One of the
questions was about interior periodic points. This map leaves the
plane triangle A = {[x,y] : 0 < x,0 <y, x+y <4} invariant. In
2006 Balibrea, Garcia Guirao, Lampart and Llibre studied a
conjugate map

F:A— A [x,y] = [x(4—x—y), xy] .

They found an interior periodic point with period 4 and proved
that there are no such points with period 2 and 3.
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In 1993 A. N. Sharkovskii formulated some problems concerning
the properties of the plain map [x, y] — [(y — 2)?, xy]. One of the
questions was about interior periodic points. This map leaves the
plane triangle A = {[x,y] : 0 < x,0 <y, x+y <4} invariant. In
2006 Balibrea, Garcia Guirao, Lampart and Llibre studied a
conjugate map

F:A— A [x,y] = [x(4—x—y), xy] .

They found an interior periodic point with period 4 and proved
that there are no such points with period 2 and 3. In 2012 we
published a relation between lower and interior periodic points of
the map F.
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Problem to be solved (modified)

In 1993 A. N. Sharkovskil formulated some problems concerning
the properties of the plain map [x, y] — [(y — 2)?, xy]. One of the
questions was about interior periodic points. This map leaves the
plane triangle A = {[x,y] : 0 < x, 0 <y, x+y <4} invariant. In
2006 Balibrea, Garcia Guirao, Lampart and Llibre studied a
conjugate map

F:A— A [x,y]—=[x(4—x—y), xy] .

They found an interior periodic point with period 4 and proved
that there are no such points with period 2 and 3. In 2012 we
published a relation between lower and interior periodic points of
the map F. We study the same problem for the modification

G:A—= A [xy]—[x(4—x—o(x,y)), xp(x,y)] .
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‘ Relationship between lower and interior periodic points

Theorem (Mali¢ky 2012)

Let P be a lower saddle fixed point of the map F". Then there is
an interior fixed point @ of F" with the same period and itinerary,
where the itinerary is considered with respect to the sets A and
Ag.
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‘ Relationship between lower and interior periodic points

Theorem (Malitky 2012)

Let P be a lower saddle fixed point of the map F". Then there is
an interior fixed point Q of F" with the same period and itinerary,
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Itinerary

For a fixed point P of the map F" it is sufficient to consider its
itinerary W as a sequence (w;)7~, defined by

{L
w; =
R

if Fi(P)e AL,
if FI(P) € Ag .
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Itinerary

For a fixed point P of the map F" it is sufficient to consider its
itinerary W as a sequence (W,-)?:_(;l defined by

|

Such a sequence we will write in a shorten form

L
R

if Fi(P)eA,,
if Fi(P) e Ag.

W = LRk ... [Jm Rbm
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Notation

It is natural to express the triangle A as the union
A=A UAgr,

where
Ay ={[x,y]e A:x <2} and

Ar={[x,y]e A:x>2},

It is natural to express the triangle A as the union

A=A UARr,

It is natural to express the triangle A as the union

A=A UAgr,
where
Ay ={[x,y]e A:x<2} and
Ar={[x,y]e A:x>2},
because

F(AL) = A= F(AR).
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Put also

Inverse maps

A = {[x,y]eA:0<x<2} and
A = A\{[0,0]}.

The map F is not invertible, but F restricted to AL and Apg is.
The inverse maps of these restrictions are given by

FL’I:A—>£L, [x,y]'—>[2—\/ma ﬁ}
Fal:A— D, [x y]— [2+\/m7 w%i_y}

AP mmmm e ——— ==

o
(=]
=

(2,0 (4,0)
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Lower fixed point of F” Lower fixed point of F”

Note that F : [x,0] — [f(x),0], where Note that F : [x,0] — [f(x),0], where

f:(0,4) — (0,4), f(x) = x(4 — x) is the logistic map, f:(0,4) — (0,4), f(x) = x(4 — x) is the logistic map, which is
conjugate with the tent map

T:(0,1) — (0,1) , T(t)=1—11— 2t
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Lower fixed point of F” Lower fixed point of F”

Note that F : [x, 0] — [f(x), 0], where Note that F : [x, 0] — [f(x), 0], where

f:(0,4) — (0,4), f(x) = x(4 — x) is the logistic map, which is f:(0,4) — (0,4), f(x) = x(4 — x) is the logistic map, which is
conjugate with the tent map conjugate with the tent map

T:(0,1) — (0,1) , T(t) =1 — |1 — 2t via the conjugation T:(0,1) — (0,1) , T(t) =1 — |1 — 2t via the conjugation

h:(0,1) — (0,4), h(t) = 4sin?(xt/2). Since any fixed point of

h:(0,1) — (0,4), h(t) = 4sin?(rt/2).
the map T" is of the form 2k/(2" £ 1),
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Lower fixed point of F” Lower fixed point of F”

Note that F : [x,0] — [f(x),0], where Note that F : [x,0] — [f(x),0], where

f:(0,4) — (0,4), f(x) = x(4 — x) is the logistic map, which is f:(0,4) — (0,4), f(x) = x(4 — x) is the logistic map, which is
conjugate with the tent map conjugate with the tent map

T:(0,1) — (0,1) , T(t) = 1 — |1 — 2t| via the conjugation T:(0,1) — (0,1) , T(t) = 1 — |1 — 2t| via the conjugation
h:(0,1) — (0,4), h(t) = 4sin?(rt/2). Since any fixed point of h:(0,1) — (0,4), h(t) = 4sin?(rwt/2). Since any fixed point of
the map T" is of the form 2k/(2" £+ 1), any lower fixed point of the map T" is of the form 2k/(2" £+ 1), any lower fixed point of
the map F" is of the form [4sin2 2,’,‘11,0 . the map F" is of the form 4sin® 2,’,‘11,0], where n and k are

integers such that 0 < nand 0 <2k < 2"+ 1.
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Jacobi matrix Jacobi matrix

Let P = [x0,0] € A be a fixed point of the map F". In this case Let P = [x0,0] € A be a fixed point of the map F". In this case
P = [4 sin? 25%,0 P = |4sin? 2,’,‘—11,0}. Then the Jacobi matrix of the map F" at the

point P has a form

2n
Aop _ * ff—l
0 X

where .
[xi,0] = F'(P) .

Peter Malicky Modified Lotka-Volterra maps Peter Malicky Modified Lotka-Volterra maps

Notations and preliminaries
Lower periodic points
Relationship between lower and interior periodic points

Notati d liminari

ot'ltu)ns.an.( pre.lmlnanes Lotka-Volterra map
Lower periodic points
Relationship between lower and interior periodic points

Lotka-Volterra map

Formula for A\, Formula for A\

Since ) Since )
x = dsin? 2K v agin? 2KT
o 2n 41" e 2n 41"
we have )
e
2 km
_ 2
Ao = Hllsm 1l
1=
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Classification

For A» we have the possibilities

Saddle point
0< )\2 <1,
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For A> we have the possibilities
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Classification
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For A we have the possibilities

0< X <1 eg xo=4sin? =

Saddle point
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Classification

For A> we have the possibilities

Saddle point
0< <l eg x= 4sin? 1%

Nonhyperbolic point
A2 =1,
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Classification

For A» we have the possibilities

Saddle point

S

0< <1 eg x= 4 sin? -

v

Nonhyperbolic point

_ _ fein2
A2 =1, eg. xo=4sin” ¢

N
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For A we have the possibilities

Saddle point

0< <1, eg x= 4 sin? =

v

Nonhyperbolic point

_ _ fein2
A2 =1, eg. xo=4sin” ¢

Repulsive point
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Classification Classification

For A> we have the possibilities For A> we have the possibilities

Saddle point Saddle point

0< <l eg x= 4sin? 1%

4

0< <l eg x= 4sin? 1%

V.

Nonhyperbolic point Nonhyperbolic point

A =1, eg. xg=4sin’ 15

A =1, eg. xg=4sin’ 15

4

Repulsive point Repulsive point

1< A, 1< X, eg x= 4 sin? 31’—77r
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Classification

Classification

For A» we have the possibilities

Saddle point

Saddle point

S

0< <1 eg x= 4 sin? -

Nonhyperbolic point

_ _ fein2
A2 =1, eg. xo=4sin” ¢

Repulsive point

_ fein23
1<), eg xo=4sin” 7

All above points [xp, 0] have period 4.
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Classification

Saddle point

Lower periodic points with period n and 0 < A < 1 appear for all
n>4.
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Classification

Saddle point

Lower periodic points with period n and 0 < A\» < 1 appear for all
n> 4.

4

Nonhyperbolic point

Lower periodic points with period n and A\» = 1 appear for
infinitely many n, e.g. n=4-3'-5, where i >0, j > 0.
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Classification

Saddle point

Lower periodic points with period n and 0 < A\p < 1 appear for all
n>4.

Nonhyperbolic point
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Classification

Saddle point

Lower periodic points with period n and 0 < A, < 1 appear for all
n>4.

4

Nonhyperbolic point

Lower periodic points with period n and \» = 1 appear for
infinitely many n, e.g. n=4-3'-5, where i >0, j > 0.

Repulsive point
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Main result

Classification

Saddle point

Lower periodic points with period n and 0 < A < 1 appear for all
n>4. Theorem (Mali¢ky 2012)

Let P be a lower saddle fixed point of the map F". Then there is
an interior fixed point @ of F" with the same period and itinerary.

Nonhyperbolic point

Lower periodic points with period n and \» = 1 appear for
infinitely many n, e.g. n=4-3"-5, where i >0, j > 0.

A\

Repulsive point
Lower periodic points with period n and 1 < A, appear for all
n>1.
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Main result Main result

Theorem (Mali¢ky 2012) Theorem (Mali¢ky 2012)

Let P be a lower saddle fixed point of the map F". Then there is
an interior fixed point @ of F" with the same period and itinerary.

The proof is based on the Brouwer fixed point theorem.
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Let P be a lower saddle fixed point of the map F". Then there is
an interior fixed point Q of F" with the same period and itinerary.

The proof is based on the Brouwer fixed point theorem. We have
also proved that for some itineraries interior fixed points of F” do
not exist.
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Modifications

Modifications

Assume that for any x € (0, 4) we have an increasing
homeomorphism ¢, of the interval (0, 4 — x) onto itself.

Modifications

Modifications

Modifications

Assume that for any x € (0, 4) we have an increasing
homeomorphism ¢, of the interval (0, 4 — x) onto itself. Moreover
let the function ¢(x,y) = ¢x(y) be continuous in the domain

3:{[x,y]:0<x<4,0§y§4—x}.
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Modifications

Modifications

To obtain such above family (y, choose for 0 < x < 4 a family of
increasing homeomorphisms 1, of the interval (0, 1) such that the
function ¥(x,y) = 1¥x(y) is continuous in (0,4) x (0, 1)
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To obtain such above family (y, choose for 0 < x < 4 a family of
increasing homeomorphisms 1), of the interval (0, 1) such that the
function ¥(x, y) = ¥x(y) is continuous in (0,4) x (0, 1) and put

X

T e
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Modifications

It is natural to put ¢4(0)=0.

Modifications

Modifications

It is natural to put ¢4(0)=0. On the other hand we assume
nothing about existence and properties of the limit

lim @ (y)-
x—0
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Modifications

Modifications

Let G : A — A be defined by

Clxy] {[0,0] if x =0,

Peter Malicky Modified Lotka-Volterra maps

[x(4 — x — px(¥)), xpx(y)] otherwise .

Modifications

Modifications

Let G : A — A be defined by

, _ [O, 0] If X = 07
G[ ,)/] {[X(4 —x— @X(Y)),chx(y)] otherwise .

Then G is called a modified Lotka—Volterra map.
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Modifications Modifications

All such modifications have properties All such modifications have properties

e G is continuous on A

Modifications Modifications
Modifications Modifications
All such modifications have properties All such modifications have properties
e G is continuous on A e G is continuous on A
e G(A) =A=G(AR) e G(A) =A=G(AR)

e G restricted to AL and Ag is invertible

Peter Malicky Modified Lotka-Volterra maps Peter Malicky Modified Lotka-Volterra maps




Modifications Modifications

Modifications Modifications
All such modifications have properties All such modifications have properties
e G is continuous on A e G is continuous on A

° G(AL) =A= G(AR)
e G restricted to ZL and Ag is invertible

G(AL) =A=G(AR)
G restricted to A; and Ag is invertible

e The inverse maps of these restrictions are given by e The inverse maps of these restrictions are given by
GE12£—>5L, GE125—>5L,
/ -1 y / -1 y
[X’ y] = [2 —VA—x—vy, S02—\/4—><—y (2—\/4—X—y>] [X’ y] = [2 —VA—x—vy, S02—\/4—><—y (2—\/4—x—y)]
Gl A = Ag, Gr': A — Ag,

[X7 y] = [2 + V 4—x - 902_4}\/4_)(_}, (2+\/{,X,y)] [Xv y] = [2 + V 4—x - 902_-&\/4—X—y (2+\/Z/,X,y)]

e G restricted to the lower side is a logistic map.

Modifications Modifications
Repulsive and saddle points fixed points Repulsive and saddle points fixed points
Definition Definition
Let G"[x, y] = [gn(x,¥), hn(x,y)] and P = [xo, 0] be a lower fixed Let G"[x, y] = [gn(x,¥), hn(x,y)] and P = [xg, 0] be a lower fixed
point of the map G". The point P is called a repulsive point of the map G". The point P is called a repulsive
(respectively saddle) point if there is § > 0 such that (respectively saddle) point if there is § > 0 such that
hn(x,y) >y ( respectively h,(x,y) <) hn(x,y) >y ( respectively hy(x,y) <)

for all [x,y] € (xo — J,x0 + J) x (0,9).
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Modifications Modifications

Main result for modified Lotka—Volterra maps

Repulsive and saddle points fixed points

Definition

Let G"[x,y] = [gn(x,¥), hn(x,y)] and P = [xo, 0] be a lower fixed
point of the map G”. The point P is called a repulsive
(respectively saddle) point if there is § > 0 such that

Let P # [0,0] be a lower saddle fixed point of the map G". Then
there is an interior fixed point Q of G" with the same period and
itinerary.

hn(x,y) >y ( respectively hy(x,y) < y)

for all [x,y] € (x0 — &, x0 + 9) x (0, 9).
If the above inequalities can be replaced by

hn(x,y) > ky ( respectively h,(x,y) < ky)

with k > 1 (respectively 0 < k < 1) than P is called strictly
repulsive (respectively strict saddle) point.

4
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Modifications Modifications

Formula for A\

Formula for A\,

We have

" n—1
=[] xi¢,(0) =
i=0

or equivalently

n—1
=TT 2%«
= EJXI ay( i

Peter Malicky

n—1
T x50,
i=0

HX: (X,,O) )
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We have

_ n—1
=[] x¢l,(0) =
i=0

or equivalently

n—1
_ 1T 2%«
— E)Xl ay( iy

where ©(x, y) = ¢x(y) and

Peter Malicky

n—1
I x50,
i=0

H XI (XI > )

Modified Lotka-Volterra maps




Modifications

Formula for A\

We have . .
do = [l (0) = [ [ xiwl,(0)
i=0 i=0
or equivalently

_ n—1 )
= H)x,-at(x,, Hx, (X,,O)

where p(x,y) = ¢x(y) and ¥(x,y) = ¥x(y).
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(i) Let 0 < a<2and wx(y) = ay + (1 — a)y?. Then we obtain
oxly )—ay—l—(l a)y_

(i) Let 0 < a<2and 9y(y) =ay+ (L — a)y?. Then we obtain
1— 2
exly) = ay + G323
(il) Let thy(y) = Y2EEVIYDE Thon we obtain

24 x2—1/14x2

V2+x2— V14 x2

\/2y —x) +x2(4 — x)2 — /y(4 — x) + x2(4 — x)?

(i) Let 0 < a<2and 9(y) =ay+ (L — a)y?. Then we obtain
1— 2
exly) = ay + G2
(il) Let thy(y) = Y2EEVYDE Thon we obtain

24-x2—1/14x2

\/2y —x) +x2(4 — x)2 — /y(4 — x) + x2(4 — x)?
V2+x2 —V1+x2 '

(iii) Let ¢x(y) = /y. Then ox(y) = /(4 — x)y.




(i) Let 0 < a<2and wx(y) = ay + (1 — a)y?. Then we obtain
oxly )—ay—l—(l a)y_

(il) Let iy (y) = Y22 Vyba

e —in? Then we obtain

V2y(4 = x) +x2(4 = x)2 — \/y(4 — x) + x%(4 — x)?
@X(y) \/2+X2—\/1+X2 :
(iii)) Let ¥x(y) = /y. Then ox(y) = /(4 — x)y.

(iv) Let y) = y*. Then ou(y) = (4—x) () -

Modifications

Modifications

Modification (i)

Let0 <a<2and G: A — A be defined by

Glx,y] = {[[07 y (1—a)y? (1—a)y? = Z.L’
X (4 —x—ay — ﬁ) , X (ay + Txy>:| otherwise .
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Modifications

Modification (i)

Let 0 <a<2and G: A — A be defined by

cn- (Pl

In this case

if x =4,

—X

3\2 = a”)\g .

Peter Malicky

Modified Lotka-Volterra maps

ay — (14—73”2) X <ay + %)} otherwise .

Modification (i)

Let 0 <a<2and G:A — A be defined by

cn- (Pl

In this case

if x =4,
ay — (1;73”2> (ay + (1 a)y )} otherwise .

3\2 = a”)\g .

e If 0 < a< 1/3then G" has interior fixed points for all
itineraries, because all lower fixed points of G" are saddle
fixed points.

Peter Malicky Modified Lotka-Volterra maps



Modifications

Modification (i)

Modifications

Modification (i)

Let0 <a<2and G: A — A be defined by

if x =4,

In this case _
/\2 = a”)\g .

e If 0 < a< 1/3then G" has interior fixed points for all
itineraries, because all lower fixed points of G" are saddle
fixed points.

e If a=1/3 then [3,0] is not lower saddle fixed point of G and
there is no interior fixed point of G lying in Ag.

Modifications

Modification (i)

Gl =41 (1-a)y? -
[x(4 X — ay - ),x(ay+ y—o )} otherwise .

Let0 <a<2and G: A — A be defined by

Glx,y] = {[[07 y (1—a)y? (1—a)y? = Z.L’
X (4 —x—ay — ﬁ) , X (ay + Txy>:| otherwise .

In this case _
)\2 = a”)\g .

e If 0 < a<1/3then G" has interior fixed points for all
itineraries, because all lower fixed points of G" are saddle
fixed points.

e If a=1/3 then [3,0] is not lower saddle fixed point of G and
there is no interior fixed point of G lying in Ag. The other
lower fixed points of G” are saddle points for any n > 1.
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Modifications

Modification (i)

o If 0 <a< y/1+4/y/17 =1.1847437... then

P = [4sin® &, 0] is a saddle fixed point of G*.

Modified Lotka-Volterra maps

Peter Malicky

o If 0 <a< y/1+4/y/17 = 1.1847437... then

P = [4sin® 0] is a saddle fixed point of G*.

o If \4/1+4/\/ﬁ§ a<?2then P= [4sin2 %,0} is not a

saddle fixed point of G*.
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Modifications

Modifications

Modifications (ii) and (iii)

Modifications (ii) and (iii)

Let Let
Gx,y] = [x(4 — x — ox(¥)), xx(¥)] Gx,y] = [x(4 — x — ox(¥)), xx(¥)]
where
() = \/2y(4—x)+x2(4—x)2 — \/y(4—x)+x2(4—x)2
i V2+x2—V1+x2

Modifications

Modifications (ii) and (iii)

Modifications

Modifications (ii) and (iii)

Glx, y] = [x(4 = x = ¢x(y)), xex(¥)]

_ V2 (4 —x) +x2(4 — x)2 — \/y(4 — x) + x2(4 — x)?

V2+x2 -1+ x2

ex(y) =V (4 —x)y.

Peter Malicky Modified Lotka-Volterra maps

Glx, y] = [x(4 = x = ¢x(y)), xex(¥)]

_ V2 (4 —x) +x2(4 — x)2 — \/y(4 — x) + x2(4 — x)?
V2+x2 -1+ x2

ex(y) =V (4 —x)y.

Then all lower fixed points different from [0, 0] of the map G" are
repulsive.

©x(y)

or
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Modifications

Modifications (ii) and (iii)

Let
Glx,y] = [x(4 = x = ox(¥)), xex(¥)]
where
V2= X) B xP =yl —X) + 2= x)
@X(y)_ \/2+X2—\/1+X2

ex(y) =V (4 —x)y .

Then all lower fixed points different from [0, 0] of the map G" are
repulsive. In the case (ii)

n
~ 241
)\2><\[2+> >1.
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Modifications

Modifications

Modifications (ii) and (iii)

Glx,y] = [x(4 = x — wx(¥)), xpx(¥)]

_ V2y(4 —x) +x2(4 — x)2 — \/y(4 — x) + x2(4 — x)?
V2 +x2 -1+ x2

ox(¥)

or

px(y) = V(4 =x)y.
Then all lower fixed points different from [0, 0] of the map G" are
repulsive. In the case (ii)

n
~ 241
)\2><\[2+> >1.

In the case (iii) the map G is not differentiable on the lower side.

Modifications

Modification (iv)

Let

[0’ 0] if x = 0,
Glx,y] =
[x,¥1 {[X(4 —x — ox(¥)), xox(y)]  otherwise ,

Peter Malicky Modified Lotka-Volterra maps

Modification (iv)

Let

if x =20,

otherwise ,

[0, 0]
Glx,y] =
[ a)/] {[X(4_X_S0X(y)),x@x(y)]

where

e = (a2 ()

Then any lower fixed point of the map G” which is strictly
repulsive for F" is a strict saddle fixed point for G”

Peter Malicky
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Modifications Modifications

Modification (iv) Modification (iv)

Let Let

0,0 if x =0, 0,0 if x =0,

Ghyl =110 . Ghyl =100 .

[x(4 — x — px(¥)), xpox(y)] otherwise , [x(4 — x — px(¥)), xex(y)] otherwise ,
where N where N

o)== (75 ) - o)== (7)) -

4 —x 4 —x

Then any lower fixed point of the map G" which is strictly Then any lower fixed point of the map G" which is strictly
repulsive for F" is a strict saddle fixed point for G"” and there repulsive for F" is a strict saddle fixed point for G"” and there
exists an interior fixed point of G" with the same period and exists an interior fixed point of G" with the same period and
itinerary. itinerary. Any lower fixed point of the map G” which is a strict

saddle fixed point for F" is strictly repulsive for G".
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