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Abstract In ecent yous,considerable oflot I bocn direted toward he
topological dynamics of abstract PDEs whose solutions are governed by
o e of operator scmigronps, factonal resolvens operator s and
evolution systems. In this paper, we shall present the most important re-
sults about hypereyclic and topologically mixing propertics of some special
subelasses of the abstract time-fractional equations of the following form:
D ult) + a1 DY ult) + - + e DETu(t) = ADJu(t), >0, 8
W0 =, k=0 ] 1 o
where n € N\ {1), A'is a closed linear operator acting on a separable infinite-
dimensional complex Banach space E. c1.- ., are certain complex con-
stants, 0 < ay < -+ < an, 0 < @ < ., and D denotes the Caputo fractional
derivative of order o ([3]). We slightly gencralize results from [24] and pro-
vide several applications, including those to abstract higher order differential
cquations of integer order ((38)).

1 Introduction and Preliminaries

The last two decades have witnessed a growing interest in fractional deriva-
tives and their applications. In this paper, we enquire into the basic hyper-
cyelic and topologically mixing properties of some special subclasses of the
abstract time-fractional equations of the form (1), contimuing in such a way
the research raised in [24]. Our main result is Theorem 2.3, which is the
Kind of Desch-Schappacher-Webb and Banasiak-Moszyriski criteria for chaos
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of strongly continuous semigroups. For further information concerning hy-
perclic and toplogicall mixing propetis of single valued opertors
abstract PDEs, we refer the reader to [2-4, 68, 10-22, 24-25, 33, 36-37]. A
farly complete. o the general theory of operator semigroups, co-
sine functions and abstract Volterra equations can be obtained by consulting
the monographs [1, 9, 22, 35, 35].

Before going any further, it will be convenient to introduce the basic con-
cepts used throughout the paper. We shall always assume that (| -[|) is
& separable infinite-dimensional complex Banach space, A and Ar, -+, A,y
are closed lincar operators acting on E, n € N\ {1},0 < a1 <
0% a < a, By Iis denoted the identity operator on E. Given s € R, put
[s] == inf{k € Z : 5 < k}. Define my = [a;], 1 < j < n, m := my := [o
A= Aand ag he dual space of E and the space of continuous lin-
ear mappings from E into £ are denoted by * and L(E). respectively. By
D(A), Kem(4), R(A), p(A), 0,(4) and A", we denote the domain, kernel,
range, resolvent set, point spectrum and adjoint operator of A, respectively.
Suppose F is a closed subspace of E. Then the part of A in F, denoted by
Ajp. is a linear operator defined by D(Ajp) = {z € D(A) N F: Az € F}
and Az == Az, & € D(Ajp). Tn the sequel, we assume that L(E) 3 C
is an injective operator satisfying CA C AC. The Gamma function is de-
noted by () and the principal branch is always used {0 take the powers
Set Ny = {1, b N 1= {0, 1,0+, 1}, 0% 5= 0, ge(0 ) = 671/D(Q) (¢ > 0,
> 0) and gy = the Dirac d-distribution. If § € (0,7, then we define
S5i={A€T:A£0, [ag(N)| < 5}. Denote by £ P Laplace
oot s e e, respectively.

It is clear that the abstract Cauchy problem (1) is a special case of the
following one:

Dut) + A DY tue) £+ D) = ADRE). 120,
O = ues k=0, fan] -1 ®

what follows, we shall briefly summarize the most important facts con-
cerning the C-wellposedness of the problem (2).

Definition 1. A function u € €™ ~((0,50) : E) is called a (atrong) ol
Hiom of (3 1 ADu @ C(l0,00) < B) for 0 4 < 1,

St e

uges1) € O™ ((0,00) : E) and (2) Skt The sbasact Candw
problem (2) is said to be C-uellpose if

1 FOr every o, tim, -1 € nn““ 1 C(D(A,)), there exists a unique
soltion u(t - i) of 2
2. For every T > 0, there exists ¢ > "0 such that, for every .+ i, 1 €

Moczn1 O D(A,)). the following holds:

Ju(ts w0, s, ) < O ], t € [0.7]
=1
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Although not of primary importance in our analysis, the following facts
should be sated. The Capudo fractional derivative D" s defined fo those
Iuncuou: we Cm1((0,50) ¢ E) for which g, —o, * (4 —
([0, 00) : E). IF this is the case, then we have D{u(t) = 42
(.ﬁ}_" ukgis1)]- Suppose 8 > 0, 7 > 0 and D] is defined. 1
the equality D} "u = DD u does not hold in general. The validity of this
equality can be proved provided that any of the following conditions holds:

Loen,
2. [B+4] =], 0r
3. ull(0) = 0for [v] <5< [B+9] -1

Suppose uft

W(ts o, i, 1), £ > O Is a strong solution of (2), with
() = 0 and initial values ug, -y, 1 € R(C). Convoluting the both sides
of (2) with g, (1), and making use of the cquality [5, (1.21)], it readily follows
that (1), t > 0 satisfies the following;

RS SETICES WY I ':/Z:“wul()]

SR VO 5 PNHS)

(;m-n i NG,y in advance, set D, i= {j € Ny =y
< S m 1,5 # 4 in (3), one gets:

[u(;n,n e 0) g ()]
; ZD G # A [0, .0) = g ()]

o+ A (30,0 |

1> i}. Plugging

n
seve,
Gan-a* Au(30,0 -y 0), m— 1<y
G- # A0, 0) “wigia ()], m-124,

@
where u; appears in the i-th place (0 < i < m,, ~1) ~t,;\v1,m" from 0. Suppose

wﬂ(?(xO#I\'EL' [D‘r;sudh = [y K(s)ds, t € [0,7).
Denote Ri(t)C"u; = (K u(-:0, 20) e[n ) 0<i<m—
Convoluting fonmd!y the both sides of (1) wnh !\(1) te [o,‘ onc obtains
that, for 0< i < m,
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b g0) (] + zq(,,.,mm][m()v* = (k0 (]

RO 0

+ ¥ [ga“ AR ]
s D
(0,0 * AR) OO s, m—1<i,
= {g,,‘,,, <A[ROC = (k) u], m-12

Motivated by the above analysis, we introduce the following gencral defi-
nition.

Definition 2. Suppose 0 < 7 < oo, k € C((0,7)), C. Ci, Cy € L(E), C and
Cs are injective. A sequence ((Ro(t))ie(o,r). - (Rma-1()icjo,r)) of strongly
continuous operator families in L(E) is called a (local, if 7 < 00):

1. keregularized C-evistence propagation family for (2) if R(0) = (k +
9)(0)Cy and:

[m( Yo (k) ()C1

+3 4, [g, oy ® (R,( Yo — (k% ) (- )(‘u)]

Y A(Gnaa, RO
Jerion,
Alga,—o* Bi)()e, m—-1<i,
- { Atqﬂn ot (B2 = (k2 8) ()C12)| (), =124,
for any i =0,---,m, — 1 and z € E.

2. k-regularized Cy-uniqueness propagation family for (2) if Ri(0) = (k *
90)(0)C2 and:

= (k+g)()Casa]

p (tnrmay R4
JennD:
7{({/«",“*11.(-)/\&(), m-1<i,

Sou-a * RO AT = (k2 g)()Cala] (). m 124,

any i TLand 2 € (o, )
5 K rgularial C-ressivent propeguti. ﬁmuly /.;r (@) i (Ro()iefon),
(R, -1(t)econ) is a k-regularized C-uniqueness propagation family
for (2], and i for every ¢ € (0,7), § € N0, _, and § € Nb., oo h

R4, € AR(1). Ri()C = CR.(1) and €, € A,C.

Before proceeding further, we would like to draw the readers attention
to the paper [26] for further information concerning some other types of
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(C1,Cy)eexistence and uniqueness resolvent. familics which can be useful in
the analysis of (inhomogeneous) abstract Cauchy problems of the form (2),
Notice also the following: If 4 is a subgencrator o'al regularized Cresolvent
propagation family ((Ro(t))eeio o), (Rom,,1(£) ,KJ{, ) for (2), then, in gen-
eral, there do not exist a; & Ly, ([0.7)). i € N, _, and k; & C((0.7))
such that 4111(1)),(‘.,,J is an (i, k) rcgulmwcd C-resolvent family with sub-
generator A; cf. [22-23, 26-31] for the basic properties of (a, k)-regularized
ettt it spplcations i the sy of absract Cancly
problem (2). The notions of exponential houndedness and analyticity of k-
regularized C-resolvent propagation familics will be understood in e
of (2]

T the sequel, we shall consider only global C-resolvent propagation fami-
lies for (2), ic., global k-regularized C-resolvent propagation families for (1)
with k(t) = 1t in the case ' = I. such a resolvent family is also called a
resoluent propagation family for (2), or simply a resolvent propagation fam-
iy, if there is no risk for confusion. 1t will be assumed that every single
operatr fully (R0 of the tuple (Ro0)za (Rnu-1(0)2e) I
non-degenerate, the supposition Ry(t)z = 0. ¢ > 0 implies
Henceforward we shall assume that there exist complex constants ¢y, -, ¢n.-1
such that A; = ¢, j € N,_y. Then it is also said that the operator A is a
subgenerator of (Ro(t))izu, -+ (B, ~1(t))iz0). The integral generator A of
((Ro(0))iz0,++, (R, (1))»0) -mcﬁmlwmu of all pairs (z,y) € ExE
such that, for every i = 0, and t > 0, the following holds:

[Roe (kw,)ocf]»"iw ot [R O (ea)c]

+ Y gltanaerK(OC

ot mion moi<s
{%H,M[m (kxa)()Cy). m=12i

By a mild solution of (3) we mean any function u € C([0,0¢) : E) such
that the following holds

- Wg wgenn() + X;g o= X; nr ()]
= Ao s [u) - riukgm()])‘

a strong solution is any function u € C([0, ) : E) satisfying (3). It is clear
that every strong solution of (3) is also a mild solution of the same problem;
the converse statement is not true, in general. In the sequel, we shall always
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assume that, for every i € N, _, with m 12 i, one has: N, \ D; # 0 and
b, Ies[2 > 0. Then'the pmblem (3) has at most one mild (strong)
Sohutont ef [26] for more det
" proof of following oy lemma folows from an application of 2,
Theorem 2.12).

Lemma 1. 1. Suppose A generates an exponentially bounded, analytic C-
reqularized semigroup of angle 8 € (0,7/2) and A is densely defined.
Then A is the integral generator of an exponentially bounded, analytic
C-regularized propagation family ((Ro(t))e=0." - -, (Rm,—1(t))e=0) of angle
wmin(Z2L — 5.3), provided that § + > (o, — a)

2. Suppose A generates an mpmm}mﬂy bounded C-regularized semigroup
and A is densely defined. Then A is the integral generator of an expo-
nentialy bounded, analytic C-regularized propagalion family ((Ro(()) 2o

s (B, ~1(t))iz0) of angle min vided that 5 < =

Temm 50 3) 0! b

We refer the reader to 24, Definition n] for the wotion of & gl
times C-regularized resolvent family. If n ., and A is
& subgenerator of a global C-regularized plop1g'\tlon ﬁmll Rolt)) 0.

+(Ry1()ez0), then it is obvious that (Ro(t)) o is a glubal ou-times C-
regularized resolvent family having A as subgencrator. In our recent paper
[24], we have considered hypercyelic and topologically mixing properties of
feactional C-regularized resolvent familics. Thercfore, the results of this paper
can be viewed as generalizations of corresponding results from [21].

Suppose 4 > 0 and 5 > 0. Then the Mittag-Leffier function Es., (2) is
defined by Ej(2) * 02" /T(Bn+ 1), = € C. Set, for short, Ea(")
g 1(-). The following asymptotic formulae for the Mittag-Leffler functions
(51 32) phy  evucil ole i our annsi

Bae) = e eulo), Jarg(a)] < am/2, )
and
Eo(2) = cal2), |arg(=2)| < 7= an/2, ©)
where .
=X Faoan O™ lsl o ]
=1

2 Hypercyclicity and Topologically Mixing Property for
C-Resolvent Propagation Families

We recall the basic notations used henceforward:  is a separable infinite-
dimensional complex Banach space, A is a closed linear operator on E, n €
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NA{IL 0 a < < an 0< a < an A; = e for certain complex
constants e1,- - eur. my = [ay], 1< j < mom = my = [a], 4 = A
vy = . Wo s, addiion, (hat € TAC = A1 denscly defned
and that A s a subgenerator of a global C-resolvent propngion fsxmlv
((Ro(t))i0. - (Ryn, —1(#))i=0). Then we know (se [26]) that A is, in f

the nogrl gmcrawx of ((Ro(®)iz0:+ (Run,—1(8))0)-

., 1. Then we denote by Z,(4) the sct which consists of those
ctons ¢ B s tht Ri(t)r € R(C), ¢ > 0 and that the mapping t >
C™1R,(t)a, t > 0 is continnous. Then R(C) C Z,(A). and it can be simply
proved with the hlp of (26 Theorem 28] that 7 ¢ % (A) if here existe &
unique mild solution of (3) with ug = dy ., k € N, this s the case,
the unique mild solution of (3) is given by () i (1) 1= C (1),
>0

“The Laplace transform can be used to prove the following extension of [24,
Lemma 2.1]

Lemma 2. Suppose A € C. 7 € B and Ax = Ar. Then = € Z(A) and the
unigque strong solution of (3) is given by

an-iclba

).

for any £ 2 0,i € Nf, _y and A€ T\ {0}

Definition 3. Let i € Nf, _,. and let £ be a closed lincar subspace of E.

Then it is said that (Ri(6)rzo i

1. E-hypercyeliciff there exists x € Z;(A) N E such that {C™1R,(t)x : ¢ > 0}

is a dense subset of E: such an clement is called a E-hypercyclic vector of

(Rit))ezo0: .

E-topologically transitive iff for every y, = € E and for every & > 0,

there exist 1 € Z,(4) 11 E and £ > 0 such St Jly -zl < ¢ and

“IRi(t)x]| < -

5. E-topologetly mising i fo cvers . = € B and for very € > 0, thero
exists fg > 0 such that, for every £ > fo, d.m exists 7, € Z,(4) 1 E such
that ||y —o¢l| < & and ||z = C Ri(t)a]| <

In the case £ = B, it is also said that a E—I\_vpcn.ychc veetor of (Ry(t)) o is &

hypercyclic vector of (Ry(t))zo and that (R(t))rq is topologically transitive,

xesp. topologically miring.
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Suppose C = I, E = E and (R;(t))20 is topologically transitive for some
0, 1. Then (Ri(t))i=o is hypercyclic and the set of all hypercyclic
vectors of (Ri(t))iza, denoted by HC(R,), is a dense Gy-subset, of E ([16])
Furthermore, the condition p(A) # § combined with the proofs of (19, Lemma
31, 3.2] implics that HC(R;) N Dac(A) is a dense subset of E.
The proof of following theorem follows from Lemma 2 and the argumen-
tation used in the proof of [24, Theorem 2.3|

Theorem 1. Suppose i € N3, _. 2 is an open connccted subset of C. n n
(~=20,0] d P = {P) € 02} C ap(A). Let f : Pp —

an analytic mapping such_that /(PA) € Kern(Py — A)\ {0}, A € n and
let E = span{(Px) : A € 12). Suppose 2, and £_ are two open connected
subsets of £2, and cach of them admits a cluster point in £2. If

lim [Fi(M1)| = +0c, A€ 24 and lim Fi(A) =0, Ae @, (8)

RN L8
then (Ri(t))izo is E-topologically mizing.

Remark 1. 1. Assume that (z*, f(P)) = 0, X €  for some a* € E* implies
Then

2Tt is not clear how one can prove an extension of (14, Theorem 2.1] for the
most simplest time-fractional evolution equations of the form

The previous theorem can be slightly improved in the following manner.
Suppose £ & N, €+, 2 are open connected subsets 21,0 of C, as well
as 12, and £2; _ are open connected subsets of 2; which aduits a cluster
point in 2,. and satisfy (8) with 2, and 2_ replaced respectively by
2 and 2;_ (1< j < 1). Assume, additionally, that f; : Po, — E is an
analytic mapping, €2, 1 (~c0.0] = 0. Py, € a,(4), and f,(Py) € Kem(A—
PON(O), A€ 25 (1< j <0). Set B = span{ (P A€ 2, TS <n]
and assume that 2 is an open connected subset of £2; which admits a
cluster point in €, for 1 < j < L Then

E=Span(L(P) A2, 125 <1)

and one can repeat literally the proof of Theorem 1 in order to seo that
(Ru(t)) 10 is E-topologically mixing (cf. also [7])

Let Cf(Py) € B\ € 2. Then A is the densely defined integral generator
of the €| g-resolvent propagation family ((Ro(t) £)ez0. -, (Run, -1 (t) g)ez0)
in the Banach space E, €, 4,C) = Az and the proof of Theorem 1
mplics that ((Ro(t) g)ezor---+ Ry -1(8) i) i topologically mixing in
E. The additional assumption C(E]
s (R, -1(t);)i=0) is hyperey
tors of ((Ro(t) )0 (R, -1 (8 )ezo) is dense in -

= E implis that ((Ro(t) )20
lic and that the set of all hypercyclic vec-
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5. The assumptions of Theorem 1 hold provided that n =2, ¢; =0, a;
@=0,i=0and 2 N iR#0 ([24]). In this case, (A1) = L‘L,I(X'Zi"ﬂ)
£ 20, and there exist Xy € 2 and § > 0 such that (8) holds with 2, =
Penir- ol <8 wre() € (5 -5.5) )} and 2= {Ae 2|\ ol <
b arg(N) € (5.3 +6

It is worth noting that the condition (8) of Theorem 1 does ot hold in
general. In order to illustrate this, we shall present two simple counterex-
amples. Consider first the case: .
=0 and Dy = {1} (notice that in the final part of Example 1(1), given
below, one has Do = §). Then, for every ¢ > 0,

A0 = (1525 (1458 -

hich shows that there docs not exist an open connected m\m 2_ofc
such that Ty 0 Fo(A, ) = 0, A € £2_.. Suppose now
Nura o112 ad 1 € €1 (0). Then Dy o 0 o o evcey 120,

(H;;)mugl,

" ot

e e

Bt =

where A ~\? £ VATFAG)/(2A). Tt s not difficult to prove that,
o ey v C\(m the following relation holds: RA # R\, This mlpll&
hat, for every A € € with RA > 0, one has limy s [Fy(\.
Regettabiy,thero do ot exist an open connected subset 2 of € oy
that limy, o Fa() e
As far as we know, in e It containing tables of Laplace trans-
forms, the explicit forms of functions like F(. ) have not been presented
as known images, except for some very special cases of the coefficients
@ ;. Tn this place, we would like to point out the following fact. Suj
@ j € N_,. By the well-known formla [5, (1.26)], we
obtain that there exists a mumber ¢ € (0,1), independent of A, such that
the function Fy(A,#) can be represented as the finite convolution products
of functions like Ey ¢(pat).

We recomumend for the reader the reference [25] for the basic hypereyclic
and chaotic properties of fractionally integrated C-cosine functions. Notice
that, in general, the notion of chaoticity makes no sensc for the cquations of
the form (1

‘We shall omit the proof of the following extension of [24, Theorem 2.4]

Theorem 2. Suppose R(C) is dense in E and there exists i € N9, _, such
that (Ri(t))ezo is hypercyclic. Then o,(A%) = 0.

close the paper by giving some illustrative examples (for some other
applications, the sender s conmult the reforcnes 4, 10, 15, 3, 36-57)
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Erample 1. 1. ([13], [12], [25], [24]) Let a, b, ¢ > 0,C € (0,2), e < & <1
and

,‘l:{AeC.‘A z Q(x#mmmg(»::

Consider the following abstract time-fractional equation:

Dy u(t) =ty + b +cu = —Au,
u(0,1) =0, 120,

u(,0) = uo(a), &> 0, and uilr,0) =0, if a € (1,2).

known, the operator —A with domain D(~A) = {f € W22([0, o))
0}, generates an analytic strongly continuous semigroup of angle
3 in the space E = L2([0, o)) the same assertion holds in the case that
the opcmm Aacts on E = L'([0,00)) with domsin D( A =€
W2([0,00)) = f(0 Assume first € € [1,2) 3) and

P() = £ ;27 is a non-constant complex po\\momnl och that 2 =0
and

—eOP(—A) 0 {tetE 120} £0. ()
Then it is not diffieult to prove that —¢“P(A) generates an analytic Cy-
semigroup of angle 3 |6]. Taking into account (23, Theorem 2.17], one gets
that the operator —¢'*P(4) is the integral generator of an exponentially
Dounded, analyte G times reglarized resolvent iy (I, (0) o of -
gle T4 — 2.1t is not difficult to show that the conditions of Theorem 1
aresaisied with B = I, which implics that (Re,»(9) 20 is topologicaly
mixing. Suppose now ¢ € (0.1), 0 € (~3,%) and P() = 37_ga, is
nonwconstant comples polynomial such that a, > 0 and (9) folds. Then
#2P(A) i tho inegal generator o an exponentialy bownded; analytic -
times regularized resolvent family (R p(1)) 0 of angle min((1~1)5.
Using the above arguments, we easily infer that (R¢g,p(t))izo is tupuluv-
ically mixing. Notice that (9) holds if ¢ < £: in the case ¢ > 2. one
can prove that (9) holds provided ay = 0 of P(z) = S_ya;(= + d)),
here d € € and 0 € int(d — 4). Consider now the cqua-

tion (1) with n = 2. ap = 2,01 = 0,0 = L e > 0, and A re-
placed by —*P(4) thercin. Using Lemma 1(1), one gets that —c* P(4)
is the integral generator of an exponentially bounded, analytic resolvent
propagation family ((Ro(t))ezo. (Ra(t))cz0) of angle § — [f]. Moreover,
Fo(At) = (1+ (W —er)HeM — e (A — ) "'e1¥/A £ > 0. By Theorem
1, we easily infer that the condition

SOP(—A) N iR £D (10)

implies that (Ro(t))izo is lupuluglully mixing, Finally, suppose that
n=2a-a “1i

> 0and2 < az < 3. Thenmy
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Dy =0 and Fi(A1) = X114 (A% = ¢) 1)er = AW — ) e/,
> 0. By Lemma 1(1), we get that —eP(4) is the integral genera-
tor of an mponn-mlxy bounded, analytic resolvent propagation family
R . (Ra(t)):0) of angle § — 0]. I the condition (10)
e ono apply Theorem 1 i order to see that (Ra(t)):=0
is topologically mixing.
([18], [24]) Theorem 1 can be applied in the analysis of (subspace) topo-
logeally mising propetis of timeractionl v cquation ad tine-
fractional heat equation on symmetric spaces of non-compact type (cf.
[18, Theorem 3.1(a), Theorem 3.2, Corollary .3)): here we shall also pro-
vide some applications to the abstract Cauchy problem (1). Consider, for
example, the situation of [18, Theorem 3.1(a)]. Let X be a symmetric
space o nocompact type i sl e, et p > 2. 1 the pusablic -
ve real mumber ¢, possess the same meaning as in
18] and et Py 70577, 2 € C be a non-constant complex polyno-

‘mial with a,, > 0. Assume first € (1,2), 7 — nmm.%’_‘ =0

and 6 € (naretan 222 4 (3 — w7 — navetan f52 — (3). Then it is
obvious that —e**P(A ) is the integral genem or o[ an exponentially
bounded, analytic (-times regularized resolvent family (Reg.p(f))i=o of
angle 4(r — namung% (% — |#])- Keeping in mind that int(F,) C

a,(4A%,), the condition
—e?P(int(P,)) N {te*F 220} #0 (1)
implies that (R¢e,p(t))e>0 is topologically mixing. Suppoac now n = 2,
<203 =200 =0a=a¢>0i=0and|l <
min(§ — narctan {22, 2 — narctan J222 — Za). Tlmu Dy = 0 and,

by Lemma 1(1), —cP(4% ) is the integral generator of an exponen-
ly bounded, analytic resalvent propagation family ((Ra,po()iz0.

(o1 1(0)c20) of angle min( 2 2 ) purer.

ore, the cquality [3, (1.26)] can serve one to simply verify that

xer

B D) = (Fuaea O00) = Fuaea(e370))

»
e [A“E,, (A7) + (a — DB, (A1)
— Ny (A1) — (a = Des A By o (e~ u‘)]. 150,

Tnvoking the asymptotic expansion formulae (5)-(7) and the above expres-
sion, it can be shown without any substantial difficulties that the condition

—P(int(B)) 0 () enlit)t e R\ (0} #0
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implies that (Ro,po(t))izo is topologically mixing. Finally, let ¢ € (0,1)

Ip B
o€ (narctan 5 3

Then the validity of (11) provides that —¢“P(A% ) is the intogral
generator of a topologically mixing C-times regularized resolvent. family
(Re0,p(1))ez0 of angle min{(} Tt is clear that (11) holds if P(z)
s of the form P(z) = 57 €. where ¢ > ¢,
([7), [34), [24]) Suppose ¢ € (0,1) LR).c>$>0,2:={AeC
<e- b} 06 B = Fand Aa= o+ 2beu +cuis the bounded per-
turbation of the one-dimensional Ornstein-Uhlenbeck operator acting with
domain D(A,) o
integral generator of  topologically mixing C-times regularized resolvent
family (R¢(1))zo which cannot be hypercyclic provided b < 0 or ¢ < &
7], [24]) Notico also that the abore, assertions continue to hold in the
case of (-times regularized resolvent families generated by bounded per-
arbations o - dinesions] Ot Unlenbeck operatons 1, Propo-
sition 1.1, Theorem 1 Ul snbo of simplicity, fn the soque of thin
example we shall i “onl the hypereyelic and topologicaly mixing
propertin of reaalven. propugation familes seerated by the aperator A,
defined above. Suppose ay — a < 1. Then an application of Lemma 1(2)
s that A, is the integral gencrator of an exponentially bounded, ana-
Iyt resolvent propagation fmily ((Ro(0)ezo: ,(m,. (—1(0))z0) of angle
min(yrIs — 5.5). 10 < 0, then 0,(A7) # 0 (ef. [7]) and, by Theorem
2, there does not exist i € N0, _, such that (R (c])m, s hypercycic (the
case e < % is more complicated in the newly arisen situation since it is
not clear how one can prove the boundecdness of (R (f))1>o. in general).
Consider now the following case: n a < boay =30 0= 20,
0, ey < 0o i — 1. Then D, = e

a2

LR \1))()

It g2t — 2 (N A N o

Set Az “Then one can simply prove that the
et T {4 € C: (A~ A)(A* ~ Aa)(A1 — Aa) # 0} is finite and that, for
every 2 €T\ {0} and A€ C\ T,

e = (VP aN ) b = (2

) (2 = M) (- Ag).

., (1.26)], we get that, for every A€ C\ T,

Using the equality
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OB 2 () | 0 Fag-aa(Mt?) | 17 Faa-aa(Aat")
A0 = G0 T a2 Gam )P -3
(x

Clearly, Py = X% + ) + 1A, A € €\ {0}, limyso(h — (~% +
0 and limyso(Aa (5 — VAA=) = 0. This implies that
there exists a sufficiently small mumber €3 > 0 such thaty for every A € €
with A > 0 and || < e1, the following holds: A < ~ and

o e 3) - 2 ) <ol

(13)
Arguing similarly, we obtain that there exists a sufficiently small number
€3 > 0 such that, for every \ € C with arg(A) € (3, £) and [A| < &3, the
following holds: RA; < — and

. @) ET_ sy o

dit(hfreciag(:+ Z) e [1.3-FN <2 a9
Pt oue ssumption s < 0 npls 1t e exty iy
small mumber 3 > 0 such that, for overy A € C\, {0} <%
and ] € e, we have R(Py) = RV +eoX 01 A0) < & +\u;\¢3 <ot

Let ¢4 > 0 satisfy that, for every A € C\ {u) an one has A < T
ut ¢ = min(er, 2,5, €4 2= {2 € C\ {0} : |arg(2)| <
= s = 2€C: Rz >0,z < e} an

D=, \(0‘7 arg(2) € (5,350, 12| <
Then W owions et By v,(A) Define fi : Py — E and

fai P o B by f) = FeRE-GHT)0, 2 € Py and
Solz) = F (e ’%\f\’“‘T"J( ), 2 € Pg, where F and F~ denote the
Pt st on the e o a0 transform, respectively.

Exploiting (12)-(14) and (5)-(7), we easily infer that:
i |5 (00

400, A€y and Tm Fi(A1) =0 AeQ.

By Remark 1(3) and the consideration given in (24, Example 2.5(if)], we
reveal that (R (1)) is topologically mixing,

4. The study of qualitative properties of the abstract Basset-Boussinesq-
Oseen equation:

(1) = ADfu(t) + u(t) = (1), t>0,u(0)=0 (a€(0.1), (3
describing the unsteady motion of a particle accelerating in a viscous fluid
under the action of the gravity u initiated by C. Lizama and

Prado in 31, Fo furthor reaus concerning the C-wellposednees of (15),
the references [27] and (28] are of importance. Our intention here i to c
iy the most important facts about hypercyclic and topologically mi
properties of once integrated solutions of the equation (15) with /(1) =

Marko Kostic:

Clearly, n 1oar =0, =1, Do = 0 and the analysis is quitc
complictod in the seneral cas s
!
LR (M0 .
(RO0)6) = s

The cases o = 3 and o = & can be considered similarly as in the parts
(2) and (3). Suppose now a = 3, A = A, and ¢~ § > 213 4 22/% (cf.
(9 Then 24, e ool gencrator of . exponetinly bonmded, s
alytic resolvent propagation family (Ro(f))izo of angle 3. Put Ajz

AL /TTERCTE e the sets 73 = {A € C\ {0, ~4}: (A= A)(A—
A2) =0} and Ty := (A € C\ {0} : A = R(\])} are finite. Furthermore,
for every A € €\ ((=2¢.0) U T3). one has:

__ Busas(N )
7= X) (A =)
Eyjsas(at’?) 4B wa(dat'?)
= AF) =) e = AP e = )

R0

¥

Since dh function s 51/ + 621, > 0 attaines is gobal miimun
+2%/% for s = 2, we obtain that there exist positive real umbers &
mnl & such that & < 2 < & and R(P)) = RA® + X2/3) <
provided 1 < 3| < %n Y S
and 2 = 01,4 AEC:RAS 0, & < |\ <o Mg T}
1 is clear hat A, < 0 for X € €1, (0], and that iy, 201
PR PRV, ez S Y e .
xect calculation shows that the argument of the last written mumber be-
= o the exita  euficinty
AeC:

Tongs to the set (2, —), which implies
small mumber ¢ > 0 such that the set 2 i~ 2 -
Sh >0, A 21 < e} i a subset of 2, and that arg(V) € (- =
for A € 2. Using Remark 1(3) and (5)-(7), we obtain that (Ro(t))ezo is
topologically mixing,

(1], [24]) Let B, wr, wa, Ve, B, @ and b possess the same meaning as
in [11, Section 5] and let Q(=) be a non-constant complex polynomial of
degree n. Assume 0 < ¢ <2, N € N, N > £ and

Re(t) = (Ec(Q)e

where the sght band side of (16) s deined by meaus of the o, func-

tional calculus developed in [11]. Then R((c™ B)) is dense in E, and

(Re(H))izo is a C-times (¢ B)-regularized resolvent family gener-
ated by Q(B). Moreover, the condition

”)1:1), >0, (16)
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Qint(Via)) N {t55F 11> 0) 0

implies um (R¢(t))e=o is both topolop,ics.uy ‘mixing and hypercyclic (cf.
25, Example 36(i)] for the case ¢ =
T e o s e e pmblcm of finding some other appli-
cations of functional calculi in the analysis of hypercyclic and topologically
mixing properties of the abstract Cauchy problem (1)
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