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Symplectic difference systems

@ Symplectic difference system:
(SDS) Zk1 = Skzk,

where z € R?", S € R2"%2" js symplectic, i.e.

o |/
SITSk=J, ‘7:(—/ 0>

X A B
Z= <u> S = (c D)
Xk41 = AkXk + BrUk, Uky1 = CxXx + Dyl

x,ueR", A B,C,DeR™",

Periodic symplectic systems

@ (SDS) in entries:



Symplectic systems

@ Symplecticity in terms of A, B,C, D:

ATc—cTA =0,
B'D-D'B =0,
ATD-c"B=1,

equivalently (ST 7S = 7 iff S7ST = 7)

ABT — BAT =0,
cp’ —pc’ =0,
ADT —BcT =1.
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Particular cases of (SDS)

@ Sturm-Liouville difference equation (rx # 0):
(SL) A(I’kAXk) + PrXk+1 = 0.

Substitution u = rAx:

’

AXxk = ,TkUk; Auk = —PrXk+1

<Xk+1> _ (1 n (Xk)
U 41 —Pk - %k Uk
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Symplectic systems

@ Linear Hamiltonian difference system:
Axie = AkXip1 + B, Atk = CicXiey1 — Af U,

where A, B, C € R™", | — Ainvertible, BT = B, CT = C.

()= (n co 0 ar), ()

and the matrix is the last system is symplectic.
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Linear Hamiltonian differential systems

Linear Hamiltonian differential system:
(LHdS) Z = \TH(1)z
z = () € C2", 1 € €272 is Hermitean and periodic, i.e.,

W) = H(), H(t+ T)=H()

- M. . Krein, Stablility zones... 1955, “Traffic rules” for eigenvalues
of the monodromy matrix of (LHdS).

@ )\ is the point of strong stability of (LHdS) if there exists § > 0
such that (LHdS) is stable, i.e., all solutions are bounded on R, for
A= Xo| < 6.

@ The set of strong stability points of (LHdS) is open, i.e., it consists
of (finite or infinite) system of disjoint open intervals.
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Hamiltonian differential systems

@ System of positive type:
-
H(t) >0, te[0,T], / H(t)dt > 0.
0

Here > 0 resp. > 0 means positive (semi) definiteness of a given
Hermitean matrix.
@ Let Z € C?™2" pe the fundamental matrix of (LHdS), Z(T) is
called the monodromy matrix of (LHdS).
@ pthe eigenvalue of Z(T) (= the multiplier of (LHdS)), Z(T)¢ = p&,
z(0) = ¢, then
zZ(t+ T) = pz(1).
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J-monotonicity

@ We suppose that (LHAS) is of positive type.
@ Fundamental formula: Z the fundamental matrix of (LHdS), then

Z5(8)TZ(s)HT = (A=) t+TZ*(s)H(s)Z(s) ds
—2ilmX !

@ 7-monotonicity of the fundamental matrix Z:
iZ-(ngz(m]-Jl >, = <0

depending on whether Im A > 0, =0, < 0.
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Periodic symplectic difference system

(SDS) Zy 1 = Sk(N)zk
where Sk n(A\) = Sk(A) for A € Cand k € Z.
(H1) There exist Hermitean matrices Ax()\) € C':

SIS -7 = (- NA). 7= () ).

In particular, for A € R the matrices Sk are J-unitary, i.e.,
Sk(NITSk(N) =T

and for S(\) € R2"™*2" symplectic.
(H2) Sk(0) =1, Sk(X) are differentiable, and SE] := &'(0) satisfy

(S + i =0



Second order matrix difference system

APXe_y + NPkxc =0, Pp =Py, Piin=Px
- A. Halanay, V. Rasvan, Dynam Systems Appl. 1999.

The substitution uyx = 1XAXK, z=(}),

. 0 / > (—Px 0O
Zky1 = [+ A <_Pk 0) +A < 0 0) Zk
—_——

S
Sk(A)

@ Assumptions (H1), (H2) are satisfied.
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Periodic symplectic system

In particular,

o (H1):
_ 2 p* \ D
S NISON) =T + (3 —A) (P +_|AA|PP PR )
e (H2)
5'(0) = 8l = (_OP é)
and

P 0
_ g8l =

in particular, —7SL! > 0 and 7 >"N-1 S > 0 if and only if

N—1
P >0 k=0...,N-1 S P>o0.
k=0
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Hamiltonian difference system

X\ _ —Cik A}i) Xk+1>
A<Uk> B Aj( Ax  Bx Uk
H
k

with symmetric matrices B, C
- V. Rasvan, Arch. Math. (Brno), 2000

(Xk+1> _ (1 — NA)~T MI—-)A)'B ) (Xk>
Uk+-1 AC(I—=MA)™" N2C(I—ANA)T'B+ - MA*) | \Uk

Sk(A)
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Periodic symplectic system

We have
S(A) =14 A (é _’i*) +s2l(n)
~—_—
TH

with

(1= MA)T—1—AA A[(/-)A)'B-B]

sPO) = [ =o(\)

A[C(I—XA)"1—C] XC(I-)A)'B

as A — 0and
S NTS() = T + (3 — A)D*(\) < AC g) D).
H
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Periodic symplectic system

where I—=XA)~1 XNI-)A)'B
D()\):((_o) (_[) )

In particular, for solutions of (LHS) we have

N—-1 *
_ X X
ZiT 2zl = (A=) < ku?) Hk< Zf)

k=0

Periodic symplectic systems



“Exponential” case

The case Sk(\) = S} = e*'%9 Sk with symplectic matrices S,
Skin = Sk. Denote Rk = log S. Then R;J + JRx = 0 and

Y
Sk(A\) =D R
=

Then (suppressing the index k)
S*NITS(A) =T + (A= NAW),
where

o I

ZAA VTR

:0

—.

+ Z(_”/m(g*)}jﬁwf >0

if and only if - 7R = —758’(0) > 0.



Stability zones

Central stability zone

We consider our symplectic system in the form

(SDS) Zip1 = [+ 28]+ SN z,

Sk(N)

with (H1) and (H2), in particular

sllyg=gsl=—g7+sl k=o0,... N-1,
where SPI(\) = o(\) as A — 0 and Sk n(A\) = Sk()). Then we have
for the monodromy matrix

N—1

Un(A) = Sn—1(A) -+ So(A) = T+ A (Z sL”) + o))

k=0

as A — 0.

Periodic symplectic systems



Stability zones

Central stability zone

We denote
sl — Z 8[1]

Theorem. Let
_ jg[ﬂ >0

and suppose that the eigenvalues s; of S!'l are distinct. Then there
exists / > 0 such that solutions of (SDS) are bounded for |\| < /, i.e.,
the interval (—/, /) is contained in the central stability zone of (SDS).

@ The theorem requires distinct eigenvalues of the matrix SI'l and
its proof does not need any assumption on 7 monotonicity of the
monodromy matrix.
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Stability zones

Positive type system

Next, we don’t suppose that the eigenvalues of S!'! are distinct, we
suppose that (SDS) is of positive type:

N—1
~gs>0,k=0,....N-1, -7 (ZSE]> > 0.
k=0
and, moreover (compare (H1))

SENTSK(N) = T + (A= N [T S + Bi(V)]
Ak(N)

with
(B) Z;Bk()\)ZkZO, k=0,....,N—1,

for any solution of (SDS).
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Stability zones

Krein’s traffic rules

@ |p| = 1 the eigenvalue of the monodromy matrix Uy, L is the
corresponding eigenspace.

@ Ifiu*Ju > 0 (< 0) for Vu € L, then the multiplier p is called of the
1-st (=positive) kind (2-th kind (negative) kind)

@ IfA0£Au e L: u*Ju =0, pis the multiplier of indefinite (=mixed)
type.

@ If (SDS) is of positive type and (B) holds, there are only multipliers
of definite type.

@ )\ = 0 is the stability point of (SDS), Uy(0) = /. Multipliers of the
positive type (there is n of them) move clockwise and of negative
type move counterclockwise when X increases and stay on the
unit circle.
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Traffic rules cont.

@ A multiplier p(\) my exit the unit circle only when the multipliers of
different kind meet on the unit circle, i.e., at least of them comes
through the point [—1, 0], which is the same as that the
antiperiodic BVP

Zk 1 =Sk(N)2k, 2Zv+20=0
has a solution, i.e. \ is a solution of
(U) det [UN()\) + /] =0

@ Estimate of the length of the central stability zone: Let A be the
minimal positive root of (U) and A_ the maximal negative root of
(U). Then the interval (A_, A, ) is contained in the central stability
zone of (SDS).
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Stability zones
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Stability zones
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