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Symplectic difference systems

@ Symplecticity in terms of A, B,C, D:
@ Symplectic difference system: ymp y

ATc—-cTA=0,

(SDS) Zgiq = Ska, T T
B'D-D'B=0,
where z € R?", S € R?"%2" js symplectic, i.e. ATD—CcTB =]

o |/
SETS=JT, J= (—I 0> equivalently (S77S = J iff S7ST = 7)
@ (SDS) in entries:
(SDS) ABT — BAT =0,
2= (%), s=(4 B ¢pT — e’ =0,
u C D - -

AD' —BC' =1.

Xp1 = AXk + BrUk, U1 = CyXk + DiUk

x,ueR" A B C,DeR™M
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Symplectic systems Symplectic systems

Particular cases of (SDS)

@ Sturm-Liouville difference equation (rx # 0): @ Linear Hamiltonian difference system:

(SL) A(reAxk) + X1 = O. Bxic = AxXierr + B, Dtk = CXierr — Ay Uy

Substitution u — rAx: where A, B, C € R™" | — Ainvertible, BT = B, CT = C.

1 B Xk4+1 _ (/ — A)_1 (/ — A)_1 B Xk
AXie = 7 oUi - Al = —PiXice ur) ~\CU-AT cl-AB+1-4T) \u
ie., and the matrix is the last system is symplectic.
)= (o 1% ()
Uk 41 —Pk - %f Uk

Hamiltonian differential systems Hamiltonian differential systems

Linear Hamiltonian differential systems

(LHAS) Z = \JTH(t)z T

H(t) >0, te 0, T], / H(t)dt > 0.

z = (%) € C2", H € C2"*2" is Hermitean and periodic, i.e., 0
Here > 0 resp. > 0 means positive (semi) definiteness of a given
Hermitean matrix.

@ Let Z € C2"%2" pe the fundamental matrix of (LHdS), Z(T) is
called the monodromy matrix of (LHdS).

@ p the eigenvalue of Z(T) (= the multiplier of (LHdS)), Z(T)¢ = pé,

W) = H(D), H(t+T)=H().

- M. I. Krein, Stablility zones... 1955, “Traffic rules” for eigenvalues
of the monodromy matrix of (LHdS).

@ )\ is the point of strong stability of (LHdS) if there exists 6 > 0 2(0) = ¢, then
such that (LHdS) is stable, i.e., all solutions are bounded on R, for ’ 2(t+ T) = pz(b).
‘)\ - )\o| < 4.

@ The set of strong stability points of (LHdS) is open, i.e., it consists
of (finite or infinite) system of disjoint open intervals.
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J-monotonicity Periodic symplectic difference system

@ We suppose that (LHdS) is of positive type. (SDS) Zir1 = Sk(N) 2k

@ Fundamental formula: Z the fundamental matrix of (LHdS), then where Siyn(A) = Sk(A) for A € C and k € Z.
(H1) There exist Hermitean matrices Ax()\) € C':

t+T
Z5(s)TZ(s)|HT = (A= \) Z*(s)H(s)Z(s)ds ) 0 |/
Co—=— SiNTSk(N) =T = (A= NA(), T = .
—2ilmX\ -1 0
@ 7-monotonicity of the fundamental matrix Z: In particular, for A € R the matrices Sk are J-unitary, i.e.,

Sk(NITSk(N) =T
. and for S()\) € R2™2" symplectic.
depending on whether ImA > 0, =0, <0. (H2) Sk(0) = I, Sk(») are differentiable, and S} := §'(0) satisfy

iZz<(Mgz(m)]-J]>, = <0

Sy g+asi=o.

Second order matrix difference system In particular,
@ (H1):
_ 2 px* N\ D*
N2y + XPoxx =0, Pp=Pe Pipn=Pe S*O)TSO) = T + (=) <P TRPE AP )
- A. Halanay, V. Rasvan, Dynam Systems Appl. 1999. o (H2):
The substitution u, = 1Ax, z = (%), S5'(0) = St = U
P 0
0 / P, O and P
_ 2 ( Ik _ 1] _ 0
Zk+1 [+ A <_Pk O) +A < 0 0) Zk JS <0 /) )
T 1 1
st in particular, —jS,[(] >0and J Y r g S,[(] > 0if and only if
Sk(N)

N—-1
s _
@ Assumptions (H1), (H2) are satisfied. Pii 20 k=0,....N—1 kz_% Pic> 0.
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Periodic symplectic system Periodic symplectic system

Hamiltonian difference system
We have
S(\) =1+ A (é _Ej‘*> +Sl(y)
Xk\ —Cx AL\ [ Xk+1 -
A(’Jk) =N ( Ac  Bk) \ ug A
—_— with
H
with symmetric matrices B, C S0 (I=XA)"—1=)A X[(I-XA)"'B-B] o)
= =0
- V. Rasvan, Arch. Math. (Brno), 2000 g A[C(I-2A)"T—C] XeC(I-)A)'B
as A —0and
(I - \A)~! MI—-)A)'B _ _ .
Sty (24 SIS =7+ (G- (7 5 ) o0,
Uk 41 AC(I = AAY™T N2C(1 = NA) 1B+ 1 — AA* ), \Uk
Sk(A) H

“Exponential” case

The case Sk()\) = S = €*!°95« with symplectic matrices S,
Sk+n = Sk. Denote Ry :=log Sk. Then R;J + JRx = 0 and

D(\) = ((/— 3A)—1 )\(l—)}A)—1B> ‘ k() = ZR/ N

In particular, for solutions of (LHS) we have

where

Then (suppressing the index k)

. _ N1 N /x S*N)TS(N) =T + (A= NA(N),
ijkazo ==Y ,(2:;) ( lljl:j) Hk( lL(IJ/j) where
AN =Y S (RY(-IR)A
(2 +1)!
j=0
. A=
+IZ1:( R (2))! (R VIR 20

if and only if —-7R = —-78'(0) > 0.
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Central stability zone Central stability zone
We consider our symplectic system in the form
] 2] We denote e
(SDS) Zy1 = [l + A5, o SN 2« s_ gl
Sk(A) k=0
with (H1) and (H2), in particular Theorem. Let
~78 >0

[y 7 _ (1 _ _ 7+glll _ _
(5)T =I5 == k=0,...N-1, and suppose that the eigenvalues s; of Sl are distinct. Then there

exists / > 0 such that solutions of (SDS) are bounded for || < /, i.e.,

£I(\) = =
where ST()) = 0(A) as A = 0 and Sin(A) = S(A). Then we have the interval (—/,/) is contained in the central stability zone of (SDS).

for the monodromy matrix
@ The theorem requires distinct eigenvalues of the matrix S!' and

N—1 . . ..
B _ [] its proof does not need any assumption on 7 monotonicity of the
Un(A) = Sn—1(A) - So(A) = 1+ X (Z Sk ) +0(A) monodromy matrix.
k=0
as A\ — 0.
Positive type system Krein’s traffic rules
Next, we don’t suppose that the eigenvalues of S['l are distinct, we
suppose that (SDS) is of positive type: @ |p| = 1 the eigenvalue of the monodromy matrix Uy, L is the
N corresponding eigenspace.
_jSE] >0, k=0,... N-1, —-J Z S,[(” > 0. e If iuv*Ju > 0 (< 0) for Yu € L, then the multiplier p is called of the
k=0 1-st (=positive) kind (2-th kind (negative) kind)
and, moreover (compare (H1)) @ If30 #u e L: u"Ju =0, pis the multiplier of indefinite (=mixed)
type.
* Y 1
SiNTSKA) =T + (A =N [~T S+ Be(M)] @ If (SDS) is of positive type and (B) holds, there are only multipliers
Ac(V) of definite type.
with @ )\ = 0 is the stability point of (SDS), Ux(0) = /. Multipliers of the
positive type (there is n of them) move clockwise and of negative
(B) ziBk(\)zx >0, k=0,....,N—1, type move counterclockwise when )\ increases and stay on the
unit circle.

for any solution of (SDS).
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Traffic rules cont.
[4 O. DosLy, Symplectic difference systems with periodic

@ A multiplier p(\) my exit the unit circle only when the multipliers of coefficients, in preparation.
different kind meet on the unit circle, i.e., at least of them comes [4 A. HALANAY, V. RASVAN, Stability and BVP'’s for discrete-time
through the point [—1, 0], which is the same as that the linear Hamiltonian systems, Dynam. Systems Appl. 9 (1999), 439—
antiperiodic BVP 459.

[4 M. G. KREIN, Foundations of theory of \-zones of stability of a
canonical system of linear differential equations with periodic
coefficients, AMS Transactions 120 (1983), 1-70.

[d V. RASVAN, Stability zones for discrete time Hamiltonian systems,
(V) det [Un(A\)+ 1] =0 Arch. Math. (Brno) 36 (2000), 563-573.

[ V. A. YAKUBOVICH, V. M. STARZHINSKII, Linear differential
equations with periodic coefficients. 1, 2. Israel Program for
Scientific Translations, Jerusalem-London, 1975.

Zky1 = Sk(N)zk, Zv+20=0

has a solution, i.e. X is a solution of

@ Estimate of the length of the central stability zone: Let A, be the
minimal positive root of (U) and A_ the maximal negative root of
(U). Then the interval (A_, A,) is contained in the central stability
zone of (SDS).

Periodic symplectic systems Periodic symplectic systems
Stability zones

[4 M. BOHNER, O. DoSLY, Disconjugacy and transformations for
symplectic systems. Rocky Mountain J. Math. 27 (1997), no. 3,
707-743.

[4 M. BOHNER, O. DoSLY, Trigonometric transformations of
symplectic difference systems. J. Differential Equations 163
(2000), no. 1, 113-129.

[4 O. DoSLY, W. KRATZ, Oscillation theorems for symplectic
difference systems. J. Difference Equ. Appl. 13 (2007), no. 7,
585-605.

[4 M. BOHNER, O. DoSLY, W. KRATZ, Sturmian and spectral theory
for discrete symplectic systems. Trans. Amer. Math. Soc. 361
(2009), no. 6, 3109-3123

[4 J. V. ELYSEEVA, Transformations and the number of focal points
for conjoined bases of symplectic difference systems. J. Difference
Equ. Appl. 15 (2009), no. 11-12, 1055—-1066.

Periodic symplectic systems



