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A semigroup with identity geverated (w.rt. the composition)
by a Lamily of ditfeomorphisms & = {¢1,..., 0k} o ST,

def

IFS(®) = {h:S* = S': h=¢;, 0---0d;, ij€{l,..., k}}u{id}

is called iterated function system or shortly HFS.
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def
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For each x € St we defive the oreit of x for IFS(P) as
Orbo(x) & {h(x): h e IFS(®)} c S*

ana the set of periodic points of IFS(®) as

Per(IFS(®)) = {x € S': h(x) = x for some h e IFS(®), h+#id}.



Cet ANCS' We say that A is
- invariant fer IFS(®) i€ Orbe(x) C A for all x €A,

- minimal for IFS(P) i€

A C Orbe(x) for all x € A.
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A C Orbe(x) for all x € A.

0 order to defive robust properties under perturbations we
ivtroduce the following conveept of Pv-oximitj ivte the set of
HFSs. We say that

IFS(¢1,...,%k) is C'-close to IFS(¢1,...,dk)

i€ Vi is C'-close to ¢ for all i=1,... k. Se, we will say that

S! is C'-rosust minimal for IFS(®)

i€ St is minimal for all IFS(V) C'-close emough to IFS(®).



Taking inte account the rotation wumber of a komeomo\r,nlnism
f:St — St we have three possibilities:

- f has & periodic orbit,

- all the orbits (for forward iterates) of f are dewse,

- there is A wandering interval for f.

The wandering ivtervals are the gips of A unigue f-ivvariant
mivimal Cantor set A C SL
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Taking into account the rotation wumber of A homeomorphism
f:S'— Sl we have three possibilities:

- IFS(f) has a finite orbit,

- St is minimal Lor IFS(f),
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This tv-id\otoMj can be extended to actions of groups of
homeomorphisms on the cirele:

THEOREM (CWYS): Let G(P) e a susaroup of Hom(S?!).
Then one (and only one) possigility occurs:

- G(®) has a finite oreit,

- Stis minimal for G(®),

- there exists an invariant minimal Cantor set for G(®).
In this case it is uniQue.




THEOREM (pendaY): There exists ¢ > 0 such that if
f € Diff?(S1) is e-close to the identity in the C?-topoloay
then there are No invariant minimal Cantor sets for IFS(f).

Moreover, the following conditions are equivalentt:
1. S is minimal for IFS(f),
2. there are no periodic points for f.
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THEOREM (ceneralized DuminY): There exists ¢ > 0 such
that i§ fy, i € Diff>(S!) are Morse-Smale c—close to the
identity in the C?>—topoloay then there are no invariant
minimal Cantor sets for all G(W) Cl-close to G(f, f).

Moreover, the followina conditions are equivalent?:
1. Stis Cl-roeust minimal for G(f, f),

2. fi(Per(f)) # Per(fo).

?Condition (2) is satisfied if fo and f1 have not periodic points in common




ss-intervals £0v |FS(o)

DEFINITION: Given ¢ = {fp,f1} C DiffL(R), an interval
[po, p1] C R is called ss-interval $or IFS(P) if:

= [po, p1] = fo([po, p1]) U fi([po, p1]),

= (po,p1) NFix(f;) # 0 for i = 1,2, and p; ¢ Fix(f;) $or i # j,

- pg 3nd p; are attractina fixed points of fy and f; resp.
We will denote By K a ss-interval [po, p1| #or IFS(®).




IMgroved puMiny’s [emma

THEOREM: et K Be a ss-interval for IFS(®) with
® = {fo, A} C Diff3 (R) such that filks has hypereolic fixed
points. Then, there exists ¢ > 0.16 such that i folxz, filks
are c-close to the identity in the C?—topoloay, it holds

Ky C Per(IFS(V)) and K = Orby(x) $or all x € Ky,

for every IFS(V) Cl-close to IFS(®).




THEOREM: Consider IFS(®) with ® = {¢1,...,dx} C Hom(Sh).
Then exists a8 non—empty closed set A C ST such that

A=¢1(N)U---Uapk(A) = Orbe(x) #$or all x € A.
One (and only one) of the following possigilities oceurs:
1. Ais a finite oreit,
2. A has non-empty interior,
3. Ais a Cantor set.
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DenJoy’s Theorem {0r IFs

THEOREM: There exists ¢ > 0 st. i fy,f € Diff>(S!) are
Morse-Smale diff. e-close 1o the identity in the C’°—topoloay
with No periodic point in common then, there are No invari-
antt minimal Cantor sets £or all IFS(V) Cl-close to IFS(f, f1).

Moreover, dencting By n; the period of f;, it is equivalent:
1. Stis Cl-roeust minimal for IFS(f°, ™),
2. there are no ss-intervals for IFS(fy°, ™).




Let x €Sl The w-limit of x for IFS(®P) is the set
wo(x) = {y € §*: I(h,), C IFS()\{id} s.t. fim_hpo---ohi(x) = y},

while the w-limit of IFS(®) is

w(IFS(®)) & d({y € S': Ixe S st. y cwo(x)}),

where "cl' devotes the closure of a set. Simil/w-(j we defive
the a-limit of IFS(®). Finally, the limit set of IFS(P)

L(IFS(®)) = w(IFS(®)) U a(IFS(P)).
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Let AC S We say that A is
- transitive for IFS(®) i€ there exists a dewse orbit v A,

- isolated for IFS(®) i€ ANPer(IFS(P)) # () and there exists
AN open set D such that

AC D and Per(IFS(®))ND C A.



specival decomposition (or IFs

THEOREM: There exists ¢ > 0 such that if fy, i € Diff?(S1)
are Morse-Smale diffeomorphisms Of periods ng and np,
respectively, c-close to the identity in the C?>-topoloay
and with NoO periodic point IN common, then there are
finitely many isolated, transitive pairwise disjoint intervals
Ki,...,Km $or IFS(f°, ;") such that

m

MG = o

i=1

Moreover, this decomposition is Cl-rorust.







