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A semigrovp with identity geverated (w.rt. the composition)
lo_n.j A CA,Mil_«.j of diffeomorphisms & = {¢1,..., ¢} oo S,

IFS(®) = {h:S* = S1: h=¢; 0---0¢;, ii€{l,...,k}}U{id}

is called iterated function system or shortly IFS.

For each x € St we defive the oreit of x for IFS(P) as
Orbe(x) = {h(x): heIFS(d)} c S

ana the set of periodic points of IFS(®) as

Per(IFS(®)) = {x € S*: h(x) = x for some hec IFS(®), h+#id}.

A semigroup with iéeutitj 3eodev-AteA (wart. the composition)
by a Lamily of diffeomorphisms & = {¢1,..., 0k} on S,

IFS(®) < {h:S' = S': h=¢;,0---0¢;, iie{l,...,k}}U{id}

is ealled iterated function system or shortly IFS.

Cet ACS'. We say that Ais
- invariant fer IFS(®) i€ Orbe(x) C A for all x € A,

- minimal for IFS(®) i

A C Orbg(x) for all x € A.




Let ACSL We say that A s
- invariant for IFS(®) i€ Orbe(x) C A for all x € A,

- minimal for IFS(P) i€

A C Orbe(x) for all x € A.

v order to defive robust properties uNder Fev-tuv-lop.tious we.
itroduce the following concept of Praximit_tj ito the set of
HFSs. We say that

IFS(e1, . ..

i€ i is C'-close to ¢ for all i=1,... k.

k) 1s C'-clese to IFS(¢1,. .., dk)

Taking iNto account the rotation wumber of 4 homeomorphism
f:S1 —» Sl we have three possibilities:

- f has A periodic orbit,
- all the orbits (for forward iterates) of f are dewse,

- there is A waNderivg interval for f.

The wandering ivtervals are the gaps of a unigue f-invariant
mivimal Cantor set A C Sl

Cet ACS. We say that A is
- invariant for IFS(®) i€ Orbe(x) C A for all x € A,

- minimal for IFS(®) i€

A C Orbe(x) for all x € A.

v order to defive robust properties uNder Pev-tuv-lop.tious we.
iNtroduee the following concept of Praximitj ito the set of
HFSs. We say that

IFS(e1, . ..

i€ Y is C'-close to ¢ for all i=1,... k. Se, we will say that

,d)k) is Cr—close to |FS(¢)1,...,¢)k)

St is C'-rosust minimal for IFS(d)

i€ St is mivimal for all IFS(V) C'-close emough to IFS(®).

Taking into account the rotation wumber of a4 homeomorphism
f:St— S' we have three possibilities:

- IFS(f) has a fivite orbit,

- all the orbits (for forward iterates) of f are dewse,

- there is A waNderivg interval for f.

The wandering intervals are the gaps of A unigue f-invariant
mivimal Cantor set A C SL




Taking into account the rotation Number of A homeomorphism
f:S'— S we have three Pcssiloilities:

- IFS(f) has a inite orbit,

- Sl is minimal for IFS(f),

- there is A wanderivg interval for f.

The wandering intervals are the gaps of & unigue. f=ivvariat
mivimal Cantor set A C Sl

Taking into account the rotation Number of a homeomorphism
f:S' = S we have three Fossiloilities:

- IFS(f) has a fivite orbit,

- Sl is minimal for IFS(f),

- there exists aw ivvariant mivimal Cavtor set for IFS(f).
v this case it is unigue.

This tv-ickctom_nj can be extended to actions of groups of
Acme.cmov-f:lwisms on the cirele:

THEOREM (CWYS): Let G(P) Be a suearoup of Hom(S!).
Then one (and only one) possigility oceurs:

- G(®) has a finite oreit,

- Stis minimal for G(®),

- there exists an invariant minimal Cantor set for G(®).
In this case it is unique.

Taking into account the rotation wumber of 4 homeomorphism
f:St— S' we have three possibilities:

- IFS(f) has a Sinite orbit,

- Sl is minimal for IFS(f),

- there exists aw ivvariant mivimal Cavtor set for IFS(f).
v this case it is uNigue..

THEOREM (pendaY):  There exists ¢ > 0 such that if
f € Diff?(S!) is e-close to the identity in the C?-topoloay
then there are No invariant minimal Cantor sets £or IFS(f).

Moreover, the followina conditions are equivalent:
1. Stis minimal for IFS(f),
2. there are no periodic points for f.




THEOREM (pendaY): There exists & > 0 such that if
f € Diff’(S') is e-close to the identity in the C?-topoloay
then there are Nno invariant minimal Cantor sets £or IFS(f).

Moreover, the following conditions are equivalent:
1. S1is minimal for IFS(f),
2. there are no periodic points for f.

THEOREM (cenevalized puMnY): There exists ¢ > 0 such
that if fo,fi € Diff?(S1) are Morse-Smale c-close to the
identity in the C’—topoloay then there are no invariant
minimal Cantor sets for all G(V) Cl-close to G(f, f).

Moreover, the followina conditions are equivalent?:
1. Stis Cl-roeust minimal for G(fo, ),

2. fi(Per(fy)) # Per(fy).

aCondition (2) is satisfied i$ fo and f; have not periodic points in common

IMgroved QuMiny’s [emma

THEOREM: Let K Be a ss-interval for IFS(P) with
® = {fy, 1} C Diff3 (R) such that filks has hypereolic fixed
points. Then, there exists ¢ > 0.16 such that i fy|kg, filk;
are c-close to the identity in the C?>—topoloay, it holds

Ky C Per(IFS(V)) and Ky = Orby(x) #or all x € Ky,

for every IFS(V) Cl-close to IFS(®).

ss-intervals {ov [FS(o)

DEFINITION: Given ¢ = {fy,f} C DiffL(R), an interval
[po, p1] C R is called ss-interval for IFS(®P) if:

= [po, p1] = fo([po, p1]) U fi([po, p1]),

- (po, p1) NFix(f;) #0 for i = 1,2, and p; € Fix(f;) $or i # j,

- po and p; are attracting fixed pointts of fy and f; resp.
We will denote By K3° a ss-interval [pg, p1] £or IFS(®).

THEOREM: Consider IFS(®) with ® = {¢1,..., ¢} € Hom(S?).
Then exists 8 non-empty closed set A C ST such that
A=¢i(A) U Ugk(A) = Orbe(x) £or all x € A.
One (and only one) of the following possigilities occurs:
1. Ais a finite oreit,
2. \ has non—empty interior,
3. ANis a Cantor set.




THEOREM: Consider IFS(®) with ® = {¢1,..., ¢} C Hom(S?).
Then exists 8 non-empty closed set A C St such that
A=o¢1(N)U---Ugpk(N) = Orbe(x) +or all x € A.
One (and only one) of the followina possigilities occurs:
1. Ais a finite oreit,
2. \ has non-empty interior,
3. Nis a Cantor set.

PenJay’s Theorem {or IFS

THEOREM: There exists ¢ > 0 st. i# fo,f; € Diff’(S!) are
Morse-Smale diff. e-close to the identity in the C?—topoloay
with No periadic point in common then, there are No invari-
ant minimal Cantor sets for all IFS(V) Cl-close to IFS(fy, f).

Moreover, denoting By nj the period of fj, it is equivalent:
1. S'is C'-roeust minimal for IFS(f°, £™),
2. there are no ss-intervals for IFS(f°, ;™).

Cet x € Sh The w-limit of x for IFS(®) is the set
wo(x) = {y € S 3(hn)n C IFS(®)\{id} st. lim hyo---ohi(x) =y},
while the w-limit of IFS(®) is

w(IFS(®)) = cl({y € S*: Ixe St st. y cwe(x)}),

where 'cl' denvotes the closure of a set. SiMilAv-lj we defive
the a-limit of IFS(®). Finally, the limit set of IFS(®)

L(IFS(®)) = w(IFS(®)) U a(IFS(®)).

Cet ACS'. We say that A is
- transitive for IFS(®) i€ there exists a dense orbit v A,

- isolated feor IFS(®) i€ ANPer(IFS(®)) # 0 and there exists
a0 open set D such that

ANC D and Per(IFS(®))NnD CA.

Cet x €S The w-limit of x for IFS(P) is the set
wo(x) = {y € S*: 3 (hn)n C IFS(®)\{id} st. lim hyo---ohi(x) = y},
while the w-limit of IFS(®) is

w(IFS(®)) = cl({y € S*: Ix e St st. y € we(x)}),

where 'cl' denvotes the closure of a set. SiMilArv-l_tj we defive
the a-limit of IFS(P). Finally, the limit set of IFS(P)

L(IFS(®)) = w(IFS(®)) U a(IFS(®)).

speciral decomposition (Qr IFS

THEOREM: There exists ¢ > 0 such that if fy, f; € Diff?(S?)
are Morse-Smale diffeomorphisms of periods ng and nq,
respectively, c-dlose to the identity in the C?>-topoloay
and with Nno periodic point in common, then there are
finitely many isolated, transitive pairwise disjoint intervals
Ki,...,Kmn $or IFS(fy°, fi™) such that

L(IFS(f™, 7)) =
i=1

Moreover, this decomposition is Cl-rorust.




Thavks for your Attenvtion




