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Definition

f : D — D analytic is inner if | lim,—1 f(r§)| =1, a.e. £ € D.

@ Invariant Subspaces
H? = {g(2) = X ,50n2" : Y |an|* < o0}
S: H? — H?
g(z) — zg(z)

Theorem (Beurling, 49)

M subspace of H?.

SM C M < M = fH? for some f inner.
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o Q C C simply connected
g : Q — Q analytic
¢ : D — Q conformal
Then, f=plogop:D—=D
Dynamics of g «— Dynamics of f.
o If g : C — C meromorphic and 2 is an invariant Fatou component,
then f is inner. (Baranski, Fagella, Jarque, Karpinska)



f:D— Dinnerif [lim,1 f(ré)| =1 a.e. £ € ID.



f:D— Dinnerif [lim,1 f(r§)| =1 a.e. £ € ID.

o Finite Blaschke products. Given z;,...,zy € D

N
fz)=[[ Z-2%. zeD.

1—zz’
k=1 k




f:D— Dinnerif [lim,1 f(r§)| =1 a.e. £ € ID.

o Finite Blaschke products. Given z;,...,zy € D

N
fz) = [[ Z—=X, zeD.

1—72zz
k=1 k

@ Infinite Blaschke products. Given {zx} C D, Y (1 — |z]) < +o0,

—ZK z— z
B D.
(z) = H \lz] 1= zkz’ z€




f:D— Dinnerif [lim,1 f(r§)| =1 a.e. £ € ID.

o Finite Blaschke products. Given z;,...,zy € D

N
fz) = [[ Z—=X, zeD.

1—72zz
k=1 k

@ Infinite Blaschke products. Given {zx} C D, Y (1 — |z]) < +o0,

—ZK z— z
B D.
(z) = H lzu| 1= zz’ z€

@ Singular Inner Functions. Given a positive singular measure p on 9D,

du(§)>, zeD.



f:D— Dinnerif [lim,1 f(r§)| =1 a.e. £ € ID.

o Finite Blaschke products. Given z1,...,zy € D
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@ Infinite Blaschke products. Given {zx} C D, Y (1 — |z]) < +o0,

—ZK z— z
B D.
(z) = H lzu| 1= zz’ i

@ Singular Inner Functions. Given a positive singular measure p on 9D,

f inner. Then, f = BS,,. l

du(§)>, zeD.
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Singularities

f inner. Consider f : 9D — 0D defined as

F(€) = lim £(r€), ae. & € OD.

r—1

Definition
Sing(f) = {£ € OD : f does not extend analytically at £} = {z,}' U sptu if
f = Biz1Su

| A\

0—1Law
Let ¢ € OD. Either

(a) There exists an arc J, £ € J, such that f extends analytically across J
or

(b) Foreveryarc J, & € J, f(J\ {£}) = OD.

A\
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For z € D,

w / |z|2 - |de], E C 0D
2( ~or |€ — ’

w, = harmonic measure from z

wo = Lebesgue measure on 0D

Theorem (Lowner)
f inner, z € D. Then,

wz(fH(E)) = wr(z)(E), E C D.

FH(E) =|E

Ifz="f(z)=
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Definition
ForO<a<1andzeD,

Mo (w;)(E) = |nf{Z wo(Jk)*: E CUJ} E COD

If z=0, My(wp) = Hausdorff content

Theorem (Fernandez, Pestana, 92)
finner, 0 < o<1 and z € DD. Then

Mo (wz)(F7H(E)) > CaMa(we(z)(E)), E C 0D,

(and, consequently, dim f~*(E) > dim E, for any E C OD)
Ifz = f(z) = 0, Ma(f"(E)) > CaMa(E),E C OD.
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Distortion with respect to a boundary point

f : D — D analytic and p € OD. We say |f'(p)| < oo if
f(p) = lim,_1 f(rp) € OD exists (p is a Boundary Fatou point) and

f(z) — f(p)
Mz—p zZ—p

exists.

Otherwise |f'(p)| = oo.

Definition

E C oD.

|d€]
If pe 8]1]), E =/ )
P o(E) el€—pl?

o JCODarc. pp(J) <oo<=p¢J.
@ [, measures the size of E and the distribution of E around p.

o £E=UJk. Then, pp(E) < oo <= ),
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Distortion with respect to a boundary point

up(E):/ d¢] E C oD.

£ € —p|?

Theorem (Levi, N., Soler, 18)

f inner, p € 0D a BFP. Then,

pp(FH(E)) = |f'(p)lnr(p)(E),  E C OD.

Extreme cases.

Definition
O<a<landpedD, My(up)(E)=inf{d> up(l})*:E\{p}CUl}

Theorem (Levi, N., Soler, 18)

f inner, p € 0D a BFP, 0 < aw < 1. Then,

MOC(IU’P)(f_l(E)) 2 Calf/(p)|aMa(ﬂf(p))(E)7 E C oD.




Denjoy-Wolff Theorem

Theorem (Denjoy-Wolff)
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n—o00

Moreover, p € D is the unique fixed point of f with |f'(p)| < 1.




Denjoy-Wolff Theorem

Theorem (Denjoy-Wolff)

f : D — D analytic, not automorphism. Then, there exists p € D such that

f"=fo---of —— p unif. on compacts of D.
n—o00

Moreover, p € D is the unique fixed point of f with |f'(p)| < 1.

p = DWFP
Dynamics of f : 9D — 0D 7
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DWEP in D

f inner with DWFP 0, not rotation. Lowner: |f~*(E)| = |E| for any
E C OD.

Theorem (Poincaré Recurrence Theorem)
f inner, f(0) = 0. Then liminf,_, |f"({) — & =0 a.e. £ € OD.

Theorem (Ergodic Theorem)

Let f inner with f(0) = 0. Then (f,||) is ergodic and
limp oo ZSKS O ) ) for any J € .
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Shrinking Targets

Notation: J(&,r) ={£ €D : [£ —&| < r}.

Theorem (Fernandez, Melian, Pestana, 07)
f inner, not automorphism, with f(0) = 0. Fix § € 0D and r, > 0
decreasing.

(a) IFS e = oo, then limp oo ZASKS O 6m} — 1 50 ¢ € OD.

k=1 "k

(b) If>" rk < oo, then liminf,_, W >1ae £e€D.




Pommerenke, 81

f inner, f(0) = 0, not a rotation. Then,

BN (A)]

—|B|| < Gie~©"
A Pl=ae

for any A, B C dD.
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DWFP in 0D

Theorem (Doering-Mafie, 91)

f inner with DWFP p € OD. Then
p(F(E)) = F/(p)|sp(E), for any E C D,

p is not finite!

Theorem (Aaranson, 81)

f inner with DWFP p € 0. Then,

(a) f:0D — ID recurrent <= > (1 — |f"(0)|) = o0
(b) f"(§) > pae £€ID <= > (1—|f"(0)]) < o0

.

Theorem (Doering, Mafie, 91)
f inner with DWFP p € OD. Then, for any neighborhood J of p,

o LS k<N : i) ey _

n—o00 n

1 ae £€0D




f inner with DWFP p € dD. Then ay = f%(0)/|f%(0)| — p. Denote
J(M) ={€ €D : |€—ay| < M}.



f inner with DWFP p € dD. Then ay = f%(0)/|f%(0)| — p. Denote
H(M)={£ €D : [£—ax] < M}

Theorem (Levi, N., Soler)

f inner with DWFP p € 0. Then

(a) Let % — OQ. Then,

im = [ #{1<k<n: () € h(M)}|de| = 1.

n—oo N i)

(b) Let % — 0. Then,

lim = [ #{1<k<n: £4E) € d(ex)}dE| =0,

n—oo N oD




Recall Jx(M) = {¢ € 9D : \g (<M}

Theorem (Levi, N., Soler)
f inner with DWFP p € 0D. Assume

> (1-1f(0)]) < 0

(a) Let M, >0 Wlthzl PO < . Then, for a.e. ¢ € D, there exists
no >0 : (&) € (M )foranyn>n0

(b) Leten, >0 with m < 00. Then

{& € ID : (&) € Jn(en) for infinitely many n}| = 0.




