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Soto was not content 
with making 
discoveries, he also 
made students, which 
is sometimes better... 



“If we wish to foresee the future of mathematics,

our proper course is to study the history and

present condition of the science.” 

H. Poincaré, The Future of Mathematics,  lecture  read by G. Darboux,   Rome, ICM, 
1908



Historical landmarks

Monge
Analyst and geometer

Euler
Normal curvature, 
principal curvature, 
principal directions.
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Founder of differential geometry on surface (1767)

Founder of the global study of lines of 
curvature (1796)
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Historical landmarks

Dupin
Triply orthogonal

system (1813)

Monge
Analyst and geometer

Euler
Normal curvature, 
principal curvature, 
principal directions.

1707

1746

1783

1784

1818

1873

Founder of differential geometry on surface (1767)

Founder of the global study of lines of 
curvature (1796)

First global theory for the 
lines of curvature



Dupin
1784 1873

Dupin's Theorem: Triply 
orthogonal families of 
Surfaces  intersect along lines 
of curvature.

First global theory for the 
lines of curvature



https://images.math.cnrs.fr/Un-systeme-triple-orthogonal.html?lang=fr

https://images.math.cnrs.fr/Un-systeme-triple-orthogonal.html?lang=fr




Euler
Fundador da geometria

1707 1783Founder of differential geometry on 
surface (1767)



Monge
Análise, Geometria

   

              

              

Y=x+tN

Fundador do estudo global da linhas 
de curvatura (1796)

1746 1818

The normal 
sections for which 
this ruled surfaces 
are developable 
are the curvature 
lines.



28º Colóquio de la Sociedad Matmética Peuana, 
Agosto 2010 (J. Sotomayor and R. Garcia)

How was Monge 
taken to the study of 
principal lines?

What about the 
study of ruled and 
developable surfaces 
and line congruence? 



R. Garcia, D. Lopes and J. Sotomayor, ICM 2018

I'm looking for a topic 
for a master's 
student.... Any 
suggestions?

Line congruence is a 
good option!

An interesting exercise....



Line Congruence

A line congruence is defined by a pair 

(𝑥, 𝜉) ∈ 𝐶∞(𝑈, 𝑅3 × 𝑅3\{0} })

where 𝑈 ⊂ 𝑅2 is open and for all 𝑢1, 𝑢2 ∈ 𝑈, 𝜉 𝑢1, 𝑢2
denotes the direction of the line through the point  x (u_1,u_{2}) . 

An example of line congruences is given by the normal 
lines of a surface of 𝑅3.



Definição: The lines of the congruence which pass through a curve 
𝛼 𝑡 on the reference surface 𝑥 𝑢, 𝑣 form a ruled surface  

𝑌 𝑡, 𝑤 = 𝛼 𝑡 + 𝑤 𝜉 𝑡 , 𝑡 ∈ 𝐼, 𝑤 ∈ R,
called surface of the congruence.

   

              

              
surface of the 
congruence.

𝜉 𝑡 ,

𝛼 𝑡



Proposition: Let {𝑥, 𝜉} be an exact normal line congruence. A 
curve C on the reference surface parametrized by 𝛼: 𝐼 → 𝑅3is a  
line of curvature if and only if the surface of the congruence 
𝑌 𝑡, 𝑤 = 𝛼 𝑡 + 𝑤𝜉 𝑡 is developable.

When 𝑥 is normal to 𝜉, the congruence {𝑥, 𝜉} is called exact 
normal line congruence.



What about the study of ruled and 
developable surfaces and line congruence 
on singular surface? 

Is it possible define line curvature on singular
surface using Monge approach? 

Or Dupin approach?
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Soto was also an amazing human being: 
Marilda must remember when I had my
first daughter during my PhD and Soto 
and Marilda came to visit me, and we
talked about the thesis in a super 
productive way... making me even more 

excited to finish the my PhD... 

To conclude, soto wasn’t only my PhD adviser, he taught me to see the
beauty of mathematics and to look at a math problem for what it is... without
a specific area.



Thank you soto, our “Mestre MAYOR”



GASPARD MONGE, le beau, l’utile et le vrai
Le 24 décembre 2011 - Ecrit par Étienne Ghys

https://images.math.cnrs.fr/Gaspard-Monge.html?lang=fr#nb36

UN SYSTÈME TRIPLE ORTHOGONAL, une figure classique de géométrie différentielle
Le 25 novembre 2008 - Ecrit par Étienne Ghys, Jos Leys

https://images.math.cnrs.fr/Un-systeme-triple-orthogonal.html?lang=fr

GASPARD MONGE

Le mémoire sur les déblais et les remblais
Le 20 janvier 2012 - Ecrit par Étienne Ghys

https://images.math.cnrs.fr/Gaspard-Monge,1094.html?lang=fr
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Obrigado!!


