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PREFACIO

O presente tratalho estende hs variedades diferencidveis
compactzs e prientdveis de dimensie dois, os resultados de
A, Andronev e E. Isontovich s8ibre estmbilid=de estrutural de pri-
meirz ordsm dos campos de vetores definidos mum disco plane; e
estabelece a estruturz de variedade diferencidvel de Banach do

conjunts de campos estrutuvralmsnte estdveis de primeirs ordem.

Agradegs ao professosr Mauriein Peixoto; por ter me suge-—
rido o probtlema e acompantado com sew constanie conzselho e alento
© seu desenvolviments: ps =sus ertigos [2;3 ]faram 2 ponts de par
tida da presents investigacis.

Desejo agraizcer tzmhém mos colegas do IMPA professor
I. Kupka, A. Avgusto; M.L. Peixoto e A.C. Barrstop p2la troea de
ldé¢ias adbre temz=s relecipnzdinz com o aqui tratado, ¢ que teve in
fluéncia positiva na presents tese,

Bate trabzlho contou com = ejuda parcial do Office
Scientific Reazarch T.5,a.F, '

Jorge Sotomayor
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Consider the complement X| of the set X" of C"-structurally stable vector fields,
relative to the set X' of all vector fields on a compact two-dimensional manifold. Let
X[ be endowed with the induced C" topology. Characterize the set ¥ of those vector

fields that are structurally stable with respect to arbitrarily small perturbations inside
E
1

I,r (ml)




184 iiE Paulo Journal of Mathematical Science< (2010) 13:177-104

This problem goes back to a 1938 research announcement of Andronov and Leon-
tovich [3,4]. They formulated a characterization of X for a compact region in the
plane. This step points toward a systematic study of the bifurcations (qualitative
changes) that occur in families of vector fields as they cross Aj. In the research
announcement—contained in a dense four pages note—they stated that the most sta-
ble bifurcations occur in X [44,47].




~
,In the written composition of my doctoral thesis (DT) was deposited most of what I
had learned during 1962—-1963:
The Calculus in Banach spaces and manifolds,
The invariant manifolds a la Coddington-Levinson,
The Structural Stability papers of Peixoto,
The personal digest I had scribbled on the understanding of Andronov-Leontovich
(AL) announcement note [4].
Keeping in mind the analogy with the previous works of Andronov and Pontrjagin,
as improved by Peixoto, the note of AL, [3], can be outlined as consisting of:

1. An axiomatic definition for the class X{ as the part of A7 = A"\ X" that violate
minimally the conditions of Andronov-Pontrjagin and Peixoto that define X".

2. A definition of the class S} of the systems in X] that are structurally stable under
small perturbations inside A7 .
3. The statement identifying X7 with S7.

I transliterated the terminology for the systems in [3] as being “first order structurally
stable”. However Russian translators use the name : “first order structurally unstable”.
In fact, they are the “most stable among the unstable ones”. See Andronov—Leontovich /!
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Fig. 4 Timeline with colored landmarks, weighted by the size of stars, for the beginning of Dynamical
Systems interest in Brazil, with organizing center on the years 1962-1964. Brazil (red): Peixoto’s works,
Seminar and Symposium [34]; France (black): Poincaré QTDE; Russia (blue): The Gorkii School Landmark;
USA (green): Lefschetz, 1949-52, and Smale, Visit to IMPA, 1961, Seminar in Berkeley: 1966-67, and his
landmark papers Differentiable Dynamical System, 1967, and What is Global Analysis?, 1969 (Color figure

online)
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Proposition (3.5). — Denote by QY the collection of XeX', r>2, such that:

1) X has a saddle-node as unique non-generic singular pount.

2) X has only generic periodic trajectories.
3) The a and w-limit sets of any trajectory of X are singular points or periodic trajectories.

4) X has no saddle connections.

Then:

a) QY is open in XJ.
b) It is an tmbedded Banach submanifold of class C'~' and codimension one of X'; and

c) Every XeQl has a neighborhood B, in QY such that every YeB, is topologically

-

equivalent to X.

4



Lemma (3.2). — Let p be a saddle-node of XeX', r>2. Then there is a neighborhood B
of X, a netghborhood N of p, and a C"' ' function f:B—>R such that:

1) YeB fhas a saddle-node as unique singular point in N if and only if f(Y)=o0; if
f(Y)<o, Y has two singular points, both generic, one saddle and one node, in N; 1f f(Y)>o,
Y has no singular point in N. See Fig. (3.1).

2) f(X)=o0 and dfyx=+o.
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F(Y) >0
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Proposition (3.12). — Denote by Q2 the set of vector fields XeX', r>4 such that:

1) X hasg combosed focus as unique non-generic singular point.

2) X has only generic periodic trajectories.
3) The o and w-limit sets of any trajectory of X are singular poinis or periodic trajectories.

4) X has no saddle connections.

Then:

a) Q2 is open in X7.
b) It is an imbedded Banrach submanifold of class C'~' and codimension one of X'; and
c) Every XeQ? has a neighborhood B, in Q% so that it is topologically equivalent to

every YeB,.
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Proposition (2.2). — Denote by Q , the set of vector fields XeX', r>3g such that:

1) X has one quasi-generic periodic trajectory as unique non-generic periodic trajectory.
2) X has only generic singular points and does not have saddle connections.
3) The o and o-limit sets of any trajectory of X are singular points or periodic trajectories.

Then, Qo is an immersed Banach submanifold of class C' =" and codimension one of X';
Surthermore, every XeQ, has a neighborhood B, in Q , so that every YeB, is topologically
equivalent to X.



Lemma (2.6). — Let XeX', r>9, have a quasi-generic periodic trajectory v of period ~(X)
such that w%(0)=—1 and (7%)®(0)4o0. Then, given >0, there are neighborhoods B of X
and N of vx and a C"~1 function f:B—>R such that:

1) 0N is a curve transversal to every Y €B.

2) YeB has one pertodic trajectory, which is quasi-generic and one-sided, contained in N
of and only if f(Y)=o0; if f(Y)>o0, Y has two periodic trajectories both generic, only one being
one-sided, contained in N ; if f(Y)<o, YeB has one one-sided periodic trajectory, which is generic,
contained in N. Furthermore, f(X)=o0 and dfy=+o.

3) A periodic trajectory of YeB contained in N has period within € of ©(X) 1f 1t 15 one-sided,
and within € of 27(X) of it 15 two-sided.



Lemma (2.7). — Call Q'y(n) the set of XeQ, (Prop. (2.2)) such that its quasi-generic
periodic trajectory, v, is one-sided, with period ~(X)<n.

Q'5(n) is an imbedded Banach submanifold of class C'~' and codimension one of X'.

Furthermore, Q'y(n) s open in X] and every XeQy(n) has a neighborhood B, in (Q5(n)
such that every YeB, is topologically equivalent to X.
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Proposition (4.2). — Let Q 4 denote the set of vector fields XeX', r>2 such that:
1) XW, which in case of being a loop is a sz'mgle :faoﬁ.

2) X has only generic singular points and generic periodic trajectories.
3) The o and w-limit sets of every trajectory of X are singular points, periodic trajectories,
or loops.

26
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GENERIC ONE-PARAMETER FAMILIES OF VECTOR FIELDS 27
Then Q4 is a Banach submanifold of class C'~' and codimension one immersed in X';

Surthermore, every XeQ g has a neighborhood B, in Q 4 such that every YeB, is topologically
equivalent to X.



We define S,=Q,uQ,(z)uQ,(z)uQ,(z). By (3.13) and (4.8.1) d), S; is an
imbedded submanifold of X". Hence, E{:L{IS,; is an immersed submanifold of X'.

Theorem 1. — a) X defined above is an immersed Banach submanifold of class C' ' and
codimension one of X', r>4.

b) X} is dense in XJ.

c) Every XeXi has a Xi-neighborhood By, 1.e., a neighborhood in the intrinsic topology
of X7, such that X s topologically equivalent to every Y eB,.

—B'Sd-o\ﬂ\\-“ho",é){“\l‘f:t& oNe Y\\'@\vx&ev —C"M\-\t% (,/X \reCl'b\ L‘.A(Lﬁ
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THES |, (1934) , vl 43 - kp. S-46.
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Call X(a,b,c,d) the set of smooth compact oriented surfaces S which
verify the following conditions.
a) All umbilic points are Darbouxian.

b) All principal cycles are hyperbolic. This means that the corresponding
return map is hyperbolic; that is, its derivative is different from 1. It has
been shown- that hyperbolicity of a principal cycle ~ is equivalent to
the requirement that

/ dH 20

VKT "

where H = (k1 + k2)/2 is the mean curvature and K = kjks is the gaussian
curvature.

c) The limit set of every principal line is contained in the set of umbilic
points and principal cycles of S.

The a-(resp. w) limit set of an oriented principal line «, defined on its
maximal interval 7 = (w_, w, ) where it is parametrized by arc length s, is
the collection a(+y)-(resp. w(7)) of limit point sequences of the form ~(sy),
convergent in S, with s, tending to the left (resp. right) extreme of 7. The
limit set of vy is the set 2 = avy) Uw(v).

Examples of surfaces with non trivial recurrent principal lines, which
violate condition c are given-for ellipsoidal and toroidal surfaces.

There are no examples of these situations in the classical geometry litera-
ture.

d) All umbilic separatrices are separatrices of a single umbilic point.
Separatrices which violate d are called umbilic connections; an example

can be seen in the ellipsoid SEEEEGpP
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A{‘ 4\"\5}\-’*‘ Theorem 2. (Structural Stability of Principal Configurations The
A 3%- 35 set of surfaces ¥(a, b, e,d) is open in the C*? sense and each of its elements
N ¥y 7 is C*-principal structurally stable.

N The set ¥(a,b,c,d) is dense in the C? sense.
T AL
e 1093 —
\53 E Problem 1. Raise from 2 to 3 the differentiability class in the density
Theorem 3]

L d N“M L Theorem 3. (Density of Principal Structurally Stable Surfaces,-
ecl. WU

This remains among the most intractable questions in this subject, in-
volving difficulties of Closing Lemma type, which also permeate other
differential equations of classical geometry,

S‘ M\ ' Problem 2. Is it possible to have a smooth embedding of the Torus T? into

R? with both maximal and minimal non-trivial recurrent principal curvature
lines?
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~ Recapitulation and Comments, fiom R. Gate Version

From slide 4: COMPLEMENTING THE TIMELINE WITH LANDMARKS
RELATED TO THE FOUNDATION OF THE BRAZILIAN SCHOOL OF ODEs
AND DYNAMICAL SYSTEMS:

*

* +* +* * % * *

1881.. 1937 .38 1952 1959 1962-64 1968 1971
** Brazil: Peixoto’'s works, Seminar and Symposium;

* * France: Poincaré QTDE;

* * Russia: The Gorkil School Landmark;

* * USA: Lefschetz, 1949-52, and Smale, Visit to IMPA,
1961, Seminar in Berkeley. 1966-67, and his landmark
1968 Differentiable Dynamical System papers, BAMS.



| Jorge Sotomayor Sep 15,2018
/¥ added an update D

Description of the Project A Mathematics Memoir.
A Mathematics Memoir.

To participate in a Public Competition for a position of Professor of Mathematics in a
State University, in 1992 | had to compose a written Mathematics Memoir.

The outcome of an introspective inquiry in preparation for for this endeavor, led me to
outline several stages of my contact with Mathematics, going back to my adolescence. |
hoped that a rational organization and a concatenation of these stages could help me to
present the contributions | had made.

However, after conferring with people with experience in Public Competitions, the final
simplified version of the Memoir consisted on a document close to a Curriculum Vitae and
a commented Publications List.

The outlines of the above mentioned stages were developed and composed later on
different occasions, in the form of independent evocative essays. This may explain why
they have disparate styles and some overlapping.

In this project | will post the collection of essays which have been translated into English
and deposited in Research Gate. They are listed in chronological order as follows:

My geometry notebook for years 1954-58 Reminiscences of Mathematical
Apprenticeship in San Marcos, 1959-62 Mathematical Encounters, for years 1961-73 On a
List of ODE Problemns for years 1962-64

Comment Recommend Share 54 Reads
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Selected publications |edit)

« Sotomayor, J. (1993). "O elipsoide de Monge" @y (PDF). Revista Matematica Universitaria. 15: 33-47.

= Sotomayor, J. (2007). "El elipsoide de Monge vy las lineas de curvatura"&. Materials Matematics. 01: 1-25.

« Sotomayor, J.; Garcia, R. (2016). "Historical Comments on Monge's Ellipsoid and the Confgurations of Lines of
Curvature on Surfaces". Antiquitates Mathematicae. 10; 348-354.

= Sotomayor, J. (2019). "A Private Mathematical Lesson, Rio de Janeiro,1933"&. Nexus Mathematicae. 02: 01-04.

= Sotomayor, J. (2020). "Reminiscences of a Mathematical Sojourn at San Marcos, 1959 - 61, and at IMPA, 1962"&.
Nexus Mathematicae. 03: 01-14. doi:10.5216/nm.v3.63724 &. S2CID 238106577 &.

= Sotomayor, J. (2020). "On an encounter of two men of mathematics in Lima" &. Revista Brasileira de Historia da
Matemaética. 20 (40): 01-07. doi:10.47976/RBHM2020v20n4001-07&. S2CID 229001686 .

= Sotomayor, J. (2020). "On Mauricio M. Peixoto and the arrival of Structural Stability to Rio de Janeiro, 1955"&. An.
Acad. Bras. Ciéncias. 92 (1): 01-07. doi:10.1580/0001-3765202020191219&. PMID 32267292 &.

S52CID 215406476 7.

= Sotomayor, J.; Garcia, R.; Mello, L. (2020). "Mauricio M. Peixoto (1921-2018)"&7. Revisia Matematica Universitaria da
SBM. 1: 01-22. doi:10.21711/26755254/rmu202013 . S2CID 226539649 &.

= Sotomayor, J. (1992). "A Caderneta de Geometria" . Revista do Professor de Matematica da SBM. 21: 1-5.

= Sotomayor, J. (1974). "Generic one-parameter families of vector fields on two-dimensional manifolds" 2. Publications
Mathématiques de I'HES. 43: 5-46. doi:10.1007/bf02684365&. S2CID 123134043 .

« Dumortier, F.; Roussarie, R.; Sotomayor, J. (1987). "Generic 3-parameter families of vector fields on the plane,
unfolding a singularity with nilpotent linear part. The cusp case of codimension 3"&. Ergodic Theory and Dynamical
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Mauricio Peixoto's Testimonial | edit ]

“lt is a pleasure to say a few words in this occasion, commemorating the 60th birthday of Sotormayor. He was my
student and got his PhD at IMPA in 1964. At the same time two other IMPA students of mine, lvan Kupka and
Aristides Barreto, also got their doctorates. These were the first doctorates awarded by IMPA. The theses of
Sotomayor and Kupka got quick international recognition and were initial steps in the direction of establishing IMPA
as a mathematical research institution, strong in Dynamical Systems. Both Sotomayor and Kupka came to IMPA
from Peru, Sotomayor through the shortest geodesic and Kupka through an arc with origin in Strasbourg (France).
In the wake of Sotomayor a number of Peruvians got their doctorates at IMPA. Among them, Carlos Gutierrez and
Cesar Camacho became distinguished mathematicians and professors at IMPA. Currently Camacho is the Director
of IMPA.

Sotomayor is certainly one of the pioneers of the modern theory of bifurcation, put in the context of the theory of
Dynamical Systems.

This point of view was introduced in his thesis when he considered a 2-dimensional manifold M and on the space
of flows on M, C2(M), he considered an arc y and studied the intersection y C Z when £ C C(M) is the set of
structurally stable flows on M.

In 1982 Sotomayor, together with C. Gutierrez put the concept of structurally stability in the study of the foliation
determined by the lines of principal curvature of an ordinary surface in R3.

This point of view enriched later by the collaboration of R. Garcia and others amounted to a new vision of the
classical work of Monge, Dupin, Darboux, Caratheodory.

Let Soto continue to produce for many years to come his beautiful, relevant and down to earth mathematics™".



O legado matematico de Jorge Sotomayor (Soto)

Como resumir em poucas palavras o legado do Soto? Poderia dizer que foi um matematico com contribuigdes pioneiras nas bifurcagdes das edo's e na teoria qualitativa das linhas de curvatura. Ele possuia grande capacidade de sintese, intuicdo agugada,
habilidade excepcional em fazer croquis de diagramas de bifurcagdes e retratos de fase (verdadeiras obras de arte moderna). Alguns ficavam pendurados nas paredes do seu escritério, organizado a sua maneira, onde era possivel entrar (caso conseguisse) mas
ndo podia mudar a ordem das pastas etc.

Conheci o Soto, por intermédio do Prof. Genésio Lima dos Reis (1940-2017) quando ainda fazia minha graduagéo na UFG. O acaso me fez reencontra-lo no IMPA em 1986 quando me aceitou para orientagéo no doutorado, concluido em janeiro/1989. Ao longo da

minha carreira tivemos uma parceria proficua e uma amizade estabeleceu-se. Toda vez que veio a Goiania ifamos, sempre por sua sugestéo, ao restaurante Tucunaré na Chapa.

Conforme depoimento da Marilda, acompanhei a sua luta pela vida nos ultimos seis meses (julho/2021 a janeiro/2022), mas ele pediu para ndo dar publicidade. Acredito que cumpri quase fielmente a sua vontade. Na penultima vez que falamos por telefone disse-

me que eu teria um compromisso com ele no dia 25/03/2022. Nesse momento, espero que ele esteja junto ao meu filho Breno relembrando e recontando a histéria *"E os cisnes ficaram doidinhos...™






