On the cyclicity of Kolmogorov polycycles

D. Marin and J. Villadelprat

Departament de Matematiques, Edifici Cc, Universitat Autonoma de Barcelona,
08193 Cerdanyola del Vallés (Barcelona), Spain
Centre de Recerca Matematica, Edifici Cc, Campus de Bellaterra,
08193 Cerdanyola del Vallés (Barcelona), Spain

Departament d’Enginyeria Informatica i Matematiques, ETSE,
Universitat Rovira i Virgili, 43007 Tarragona, Spain

March 23, 2022

Abstract. In this paper we study planar polynomial Kolmogorov’s differential systems

X, w =zf(z,y; 1),
¥ =yg(z,y; 1),

with the parameter p varying in an open subset A C RY. Compactifying X, to the Poincaré disc, the
boundary of the first quadrant is an invariant triangle I, that we assume to be a hyperbolic polycycle
with exactly three saddle points at its vertices for all p € A. We are interested in the cyclicity of T’
inside the family {X,}.en, i.e., the number of limit cycles that bifurcate from I' as we perturb p. In
our main result we define three functions that play the same role for the cyclicity of the polycycle as
the first three Lyapunov quantities for the cyclicity of a focus. As an application we study two cubic
Kolmogorov families, with N = 3 and N = 5, and in both cases we are able to determine the cyclicity of
the polycycle for all p € A, including those parameters for which the return map along I is the identity.

1 Introduction and main results

The present paper is motivated by the results obtained by Gasull, Mafiosa and Mafosas [8] with regard to
the stability of an unbounded polycycle I' in the Kolmogorov’s polynomial differential systems

{ T = xf(x,y),
v =yg(z,y).

These systems are widely used in ecology to describe the interaction between two populations, see [19] for
instance. That being said, the stability of the polycycle is not the main issue to which this paper is addressed.
Indeed, assuming that the coefficients of the polynomials f and g depend analytically on a parameter pu,
we are interested in the cyclicity of the polycycle (see Definition 1.2 below), which roughly speaking is the
number of limit cycles that can bifurcate from I' as we perturb p. In our main result (Theorem A) we define
three functions, dq (i), do(p) and dz(u), that play the same role for the cyclicity of the polycycle as the first

2010 AMS Subject Classification: 34C07; 34C20; 34C23.

Key words and phrases: limit cycle, polycycle, cyclicity, asymptotic expansion.

This work has been partially funded by the Ministry of Science, Innovation and Universities of Spain through the grants
PGC2018-095998-B-100 and MTM2017-86795-C3-2-P and by the Agency for Management of University and Research Grants
of Catalonia through the grants 2017SGR1725 and 2017SGR1617.



three Lyapunov quantities for the cyclicity of a focus. Recall that the displacement map can be analytically
extended to a focus and that the Lyapunov quantities are the coefficients of its Taylor’s series. On the
contrary the displacement map has no smooth extension to a polycycle. At best one can hope that it has
some asymptotic expansion. This is indeed the case for the polycycle that we study in the present paper
and in order to obtain it we strongly rely in our previous results [14, 15, 16] about the asymptotic expansion
of the Dulac map of an unfolding of hyperbolic saddles. The principal part of the asymptotic expansion of
the displacement map is given in a monomial scale containing a deformation of the logarithm, the so-called
Ecalle-Roussarie compensator, and the remainder is uniformly flat with respect to the parameters. The
functions d;(u) in Theorem A are essentially the coefficients of the first three monomials in the principal
part, which explains their relation with the cyclicity. For other results regarding the cyclicity of polycycles
and more general limit periodic sets the reader is referred to [5, 6, 11, 20] and references therein.

Most of the work on planar polynomial differential systems, including this paper, is related to the
questions surrounding Hilbert’s 16th problem (see for instance [10, 22, 23] and references therein) and its
various weakened versions. In this setting it is worth to mention that, using a compactness argument,
Roussarie [21] showed that to prove the existential part of Hilbert’s 16 problem in the family P, of all
polynomial vector fields of degree < n it is sufficient to show that each limit periodic set in P, has finite
cyclicity.

Definition 1.1. Let X be a vector field on R? (or S?). A graphic I for X is a compact, non-empty
invariant subset which is a continuous image of S' and consists of a finite number of isolated singular
points {p1, ..., Pm,Pm+1 = p1} (not necessarily distinct) and compatibly oriented separatrices {s1,...,Sm}
connecting them (i.e., such that the a-limit set of s; is p; and the w-limit set of s; is p;j41). A graphic is
said to be hyperbolic if all its singular points are hyperbolic saddles. A polycyle is a graphic with a return
map defined on one of its sides. O

The polycycle that we aim to study is unbounded. In order to investigate the behaviour of the trajectories
of a polynomial vector field Y near infinity we can consider its Poincaré compactification p(Y), see |2, §5] for
details, which is an analytically equivalent vector field defined on the sphere S?. The points at infinity of R?
are in bijective correspondence with the points of the equator of S?, that we denote by f.,. Furthermore
the trajectories of p(Y) in S? are symmetric with respect to the origin and so it suffices to draw its flow in
the closed northern hemisphere only, the so called Poincaré disc.

Definition 1.2. Let {X,},ca be a family of vector fields on S? and suppose that I is a polycyle for X, .
We say that I' has finite cyclicity in the family {X,},ca if there exist K € N, ¢ > 0 and 6 > 0 such that
any X, with ||u— pol| < 6 has at most & limit cycles v; with dist (I, 7;) < €. The minimum of such £ when
e and § go to zero is called the cyclicity of T" in {X,},ea and denoted by Cycl((F, Xio), Xu)- O

In this paper we consider the family of vector fields {X,},eca given by

X,i= £,y 1)ads + gla,y: 1)y, @

where A is an open subset of RY and f and g are polynomials in 2 and y of degree n € N with the coefficients
depending analytically on u. The standing hypothesis on the family {X,},.ca are the following:

H1 f(z,0;1) >0, g(0,2;1) <0 and (fn, — gn)(1,2;1) <0 for all z> 0 and p € A.

H2 X\ (p) = (gnf_nfn) (1,0; ), Aa(p) == (f”g%g”> (0,1; ) and Ag(p) :== — (%) (0,0; i), are well defined
and strictly positive for all p € A.

Here, and in what follows, f, and g, denote, respectively, the homogeneous part of degree n of f and g.
Conditions H1 and H2 guarantee that, after compactifying the polynomial vector field X, to the Poincaré
disc, the boundary of the first quadrant is a polycyle with three hyperbolic saddles, see Figure 1,
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Figure 1: Placement of the hyperbolic saddles and the polycycle I' in
the Poincaré disc.

s1:={y =0} Nly, s2:= {x =0} Ny and s3:= (0,0).

From now on we shall denote this polycyle by I', that we remark is a compact subset of the Poincaré disc.
The hyperbolicity ratios of the saddles at its vertices are precisely the ones given in H2. We also define:

e[ (7000 £)%) ([ () 004))
irmen{ [ (o) - 1)) s [ (152 002)
Lyt (u) = exp (/Ou <<§ﬂ) (2,0) +/\3> d;) L (u) = exp (/Ou ((;) 0, 2) + ;3) d;)

together with

M (u) = —L“T(“) By (?) (1/u,0) and M;(u) = Ly (u) & (?) (1,0). (2)

We point out that all these functions depend on the parameter p. This dependence is omitted for the sake
of shortness when there is no risk of confusion.

We can now state our main result, which is addressed to the cyclicity of the polycycle I' inside the
polynomial family {X,},ca. More formally, we should refer to the compactified family {p(X,)}.ca of
vector fields on S? but for the simplicity in the exposition we commit an abuse of language by identifying
both families. It is clear that the number of limit cycles of p(X,) and X, is the same. In the statement
Z(-; ) stands for the return map of the vector field X,, around the polycycle I' (see Figure 1) and we use
the notion of functional independence that is given in Definition 2.8.

Theorem A. Let us consider the family of Kolmogorov polynomial vector fields {X,},en given in (1) and
verifying the assumptions H1 and H2. Then, for any py € A, the following assertions hold with regard to
the cyclicity of the polycycle I inside the family:



(a) If di(p):=1— A1 A2A3 does not vanish at o then Cycl((T', X, ), X)) = 0.
(b) If dy vanishes and is independent at o and Z(-; po) # Id then Cycl((T', X,,,), X,) > 1.

A2 Atz
(¢) If do(p):=log <(£;f) (f—fi) éii) (1) does not vanish at po then Cycl((T', X,,,), X,) < 1.
(d) If dv and dy vanish and are independent at po and Z(-; o) # Id then Cycl((T', X, ), X)) = 2.

In case that M\ (po) <1, A2(uo) > 1 and A3(po) > 1 then the following assertions hold as well:
(e) If d3(p):= Mg()\g, 1)L11(1) — M, (%1, 1)L31(1) does not vanish at pgy then Cycl((F,XMO),XM) <2.
(f) If di, dy and ds vanish and are independent at pig and Z( - ; o) # Id then Cycl((T, X, ), X,) = 3.

Let us make some remarks with regard to the regularity of the functions dy, do and d3 defined in the
statement. On account of the hypothesis H1 and H2 it is evident that d; is analytic on the whole parameter
space A. On the other hand, ds is defined in terms of the functions p +— L;;(1), which in turn are given by
some (apparently) improper integrals. By applying the Weierstrass Division Theorem one can easily show
that each L;;(1) is an analytic strictly positive function, so that d is also analytic on A. Finally, ds is given
by means of a sort of incomplete Mellin transform (which is defined in Proposition 2.5) of the functions M;
and M3 in (2). One can show that the hypothesis H1 and H2 imply that each M;(u;p) is analytic on
(—e,+00) x A for some € > 0. Taking this into account, by applying (d) in Proposition 2.5 it follows that
ds is a meromorphic function on A having poles only at those g such that 1/A;(uo) € N or Az(po) € N.

Also with regard to the statement of Theorem A, the assertions (e) and (f) hold under the assumptions
A1(po) < 1, Aa(po) > 1 and As(po) > 1. However one can always reduce to this case provided that
Ai(po) # 1 for ¢ = 1,2,3 by means of a rescaling of time and a projective change of coordinates that
permute conveniently the three singular points of the polycycle.

The paper [8] constitutes an important previous contribution to the study of Kolmogorov polycycles that
should be referred. Indeed, following our notations and definitions, the authors prove (see [8, Theorem 1])
that if dq(po) = 0 then the return map of X,,; around the polycycle I is of the form

Z(s; o) = As + o(s), (3)

cf. (b) in Theorem 2.6, and they also provide the explicit expression of the coefficient A. This coeflicient
is given as the limit of a sum of three improper integrals, which computed separately diverge. An easy
manipulation of the integrals shows that these divergences cancel each other, yielding to the expression
of ds given in Theorem A. It is important to remark that the expansion in (3) can not be used to obtain an
upper bound for Cycl((F, X)X u) because the remainder is not uniform with respect to the parameters.
It is possible however to use it to obtain lower bounds. In this direction the authors prove in [8, Corollary 5]
that if d; vanishes and is independent at po and da(po) # 0 then Cycl((T, X,,,), X,,) = 1. Since da(pg) # 0
implies Z( - ; o) Z Id by Theorem 2.6, this lower bound follows by applying (b) in Theorem A.

The paper is organised in the following way. Section 2 is entirely devoted to prove Theorem A and for that
purpose we rely in our previous results about the asymptotic expansion of the Dulac map of a hyperbolic
saddle that we obtain in [14, 15, 16]. For this reason, before starting the proof of Theorem A we first
state these results and introduce the necessary definitions. The asymptotic expansion of the displacement
map near the polycycle is given in Theorem 2.6 and constitutes the fundamental tool in order to prove
Theorem A. As a by-product of this expansion we obtain a method to study the stability of the polycycle,
see Remark 2.7. Section 3 is addressed to the applications. The first one is Theorem 3.1, where we consider a
Kolmogorov’s cubic system depending on three parameters that was previously studied in [8]. The authors
in that paper show that there exist parameters for which the cyclicity of the polycycle is at least 1. In
the present paper we obtain the exact cyclicity of all the parameters in the family (that can be 0 or 1),



including the case in which the return map along the polycycle is the identity. We also show that there
exists exactly one singularity in the first quadrant, which can be a focus or a center, and we compute its
cyclicity. Finally we prove that it is not possible a simultaneous bifurcation of limit cycles from the polycycle
and that singularity. We give our second application in Theorem 3.2, where we consider a Kolmogorov’s
cubic system depending on five parameters. In this case we also provide the exact cyclicity of I" for all the
parameters in the family, which again can be 0 or 1.

2 Proof of Theorem A

In order to tackle the proof of Theorem A we will appeal to some previous results from [14, 15, 16] about the
asymptotic expansion of the Dulac map. For reader’s convenience we gather these results in Proposition 2.4.
To this end it is first necessary to introduce some new notation and definitions.

Setting 7:= (\,v) € W= (0,4+00) x W with W an open set of RV, we consider the family of vector
fields {Xﬁ}ﬁeW with
Xo(w1,22) = 21 P1(21, 025 0) 0y + 22 Pa(1, 22; V)0, (4)

where
e P, and P; belong to €% (% x W) for some open set % of R? containing the origin,
e Pi(x1,0;0) > 0 and P(0,29;2) < 0 for all (z1,0), (0,22) € Z and ¥ € W,

_ _ Px(0,0v)
o A= *Pf(o,o;u)'

Thus, for all 7 € W, the origin is a hyperbolic saddle of X; with the separatrices lying in the axis. We
point out that here the hyperbolicity ratio of the saddle is an independent parameter, although in the
proof of Theorem A we will have A = A(v). The reason for this is that the hyperbolicity ratio turns out
to be the ruling parameter in our results and, besides, having it uncoupled from the rest of parameters
simplifies the notation in the statements. Moreover, for i = 1,2, we consider a ¥“ transverse section
0i: (—e,8) x W — %, to X at x; = 0 defined by

oi(s;0) = (Uﬂ(s;ﬁ)aUﬂ(S?ﬁ))

such that ¢1(0,2) € {(0,22);22 > 0} and 09(0,7) € {(21,0);2; > 0} for all # € W. We denote the
Dulac map of X, from ¥; to X3 by D(-;7), see Figure 2. The asymptotic expansion of D(s;7) at s = 0
consists of a remainder and a principal part. The principal part is given in a monomial scale that contains a
deformation of the logarithm, the so-called Ecalle-Roussarie compensator, whereas the remainder has good
flatness properties with respect to the parameters. We next give precise definitions of these key notions.

Definition 2.1. The function defined for s > 0 and o € R by means of

{ S g A0,

w(s;a) =
(s550) —logs ifa=0,

is called the Ecalle-Roussarie compensator. O

Definition 2.2. Consider an open subset U € W C RV+1. We say that a function ¥ (s; ) belongs to the
class €3, (U) if there exist an open neighbourhood € of

{(5,7) eRN 25 = 0,0 c U} = {0} x U
in RN*2 such that (s, ) — 9(s;0) is €°° on QN ((0,+00) x U). O
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Figure 2: Definition of the Dulac map D(-;7), where ¢(t,p; ) is the
solution of X passing through the point p € % at time t = 0.

More formally, the definition of €X,(U) must be thought in terms of germs with respect to relative
neighbourhoods of {0} x U in (0, +00) x U. In doing so €X,(U) becomes a ring.

We can now introduce the notion of flatness that we shall use in the sequel.

Definition 2.3. Consider an open subset U € W C RN+ Given L € R and 9y € U, we say that
a function ¥(s;0) € €2, (U) is L-flat with respect to s at ¥y, and we write ¢ € F5°(dy), if for each
D= (00,...,Onp1) € ZE5? with 9] = &9 + -+ + Iny1 < K there exist a neighbourhood V' of ¥ and
C, sg > 0 such that

011y (s;0)

— > < Cst=" for all s € (0,50) and v € V.
s 00" -+ 00

If W is a (not necessarily open) subset of U then define Fp°(W):= ", i Fz°(%0)- O

Apart from the remainder and the monomial order, the most important ingredient for our purposes is
the explicit expression of the coefficients in the asymptotic expansion. In order to give them we introduce
next some additional notation, where for the sake of shortness the dependence on # = (A, v) is omitted. We
define the functions:

o [ (35 1)% e [ (32501

Miw)=La(w)oh (?) 0,w) Ma(u)i= Lo (u), (?) (u,0) )

2 1

On the other hand, for shortness as well, we use the compact notation o;;;, for the kth derivative at s = 0
of the jth component of o;(s; D), i.e.,
ok (D)= 850”- (0;0).

Taking this notation into account we also introduce the following real values, where once again we omit the

dependence on 7:

o112 o121 (1 o111 -
=g =5 )0 — ——M;(1/X
YT 2001 0w (P2>( +9120) Li(o120) 1(1/A 7120)

(6)

P N
gy 22 o (2>(021070) ST o).
20901 0210 \ P2 6 La(0210)



Here M; stands for a sort of incomplete Mellin transform of M; that will be defined by Proposition 2.5
below. We can now state the following result, which gathers Theorem A and Theorem 4.1 in [16] and that
it will constitute the key tool in order to prove the main result in the present paper.

Proposition 2.4. Let D(s;¥) be the Dulac map of the hyperbolic saddle (4) from ¥1 and 3o and define

A L
) = J119120 2(0210) A1(D) = AgAS) and As(D) = —AFSs,

Ay
( L3 (0120) 02210910

>

where U = (A, v) € W = (0,+00) x W. Then Aq is analytic and strictly positive on W, Ay is meromorphic
on W with poles only at \ € % and As is meromorphic on W with poles only at A € N. Moreover the
following assertions hold:

(1) If Ao < 1 then D(s;0) = s*(Ag(D) + Ag(2)s™ + F°({ Ao} x W) for any £ € [Xg, min(2X, 1)).
(2) If \o = 1 then D(s;0) = s (Ag(D) + A (w; 0)s + F*({\o} x W)) for any £ € [1,2), where
AN (w; ) = A (D) + Aa (D) (1 + aw),
a=1-X\andw = w(s;a).
(3) If Ao > 1 then D(s;0) = s*(Ao(D) + A1(D)s + F2({ Ao} x W)) for any £ € [1,min()o, 2)).
In particular D(s;0) = sM(Ag(9) + F°({Ao} x W)) for any € € (0, min(Ag, 1)).

The flatness ¢ of the remainder can range in a certain interval depending on Ag. The left endpoint of
this interval is only given for completeness to guarantee that all the monomials in the principal part are
relevant (i.e., they cannot be included in the remainder). The important information about the flatness is
given by the right endpoint. A key tool in order to give a closed expression of the coeflicients A; is the use
of a sort of incomplete Mellin transform, which is accurately defined in the next result. For a proof of this
result the reader is referred to [16, Appendix BJ.

Proposition 2.5. Let us consider an open interval I of R containing x = 0 and an open subset U of RM.
(a) Given f(x;v) € €I x U), there exits a unique f(a,z;v) € €°((R\ Zso) x I x U) such that

x(“)wf(a,x;v) —af(a,a:;v) = f(x;v).

—a

(b) If & € I\ {0} then d,(f (v, z;0)|x|~*) = f(z;v)

T

and, taking any k € Z>o with k > «,

k-1

Flovai) = 3 GOt ¢ ol /0 (Flss0) = TE 1) Il

(7 —
— il(i — )

where TF f(x;v) = Zf:o 50L f(0;v)a" is the k-th degree Taylor polynomial of f(x;v) at x = 0.

(¢) For each (ig,x0,v0) € Zxo X I x W the function (o, z,v) > (ig —a)f(a,z;v) extends € at (i, To,vo)
and, moreover, it tends to %Qiof(o; vo)zy as (a,z,v) — (ig, o, vo)-

(d) If f(x;v) is analytic on I x U then f(o,x;v) is analytic on (R \ Zs) x I x U. Finally, for each

(v, 0, v0) € Z>o x I XU the function (o, z,v) — (ag— ) f(a, x;0) extends analytically to (ap, xo, vo).
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Figure 3: Auxiliary Dulac maps for the definition of 2 = Dy 0 Dy — D3
in Theorem 2.6. The return map in Theorem A, with respect to the
transverse section ¥, would be Z = D;l oDyo Dy = D;l o +1d.

On account of this result for each M;(u; ) in (5) we have that (a,u; ) — M;(, u; ) is a well defined
meromorphic function with poles only at a € Z>¢. Accordingly, see (6), Ml(l/)\, o120) and MQ()\, 0910) are
the values (depending on ») that we obtain by taking M (a,u;?) with o = 1/X and u = 0120(7) and by
taking ]\ng(a7 u; ) with @ = X and u = 0919(¥), respectively.

At this point we get back to the setting treated in the present paper and from now on we recover the
original notation for the parameters in the family under consideration, see (1). In order to study the Dulac
maps of the hyperbolic saddles at the vertices of the polycycle I' we take three local transverse sections 31,
¥, and X3 parametrised, respectively, by s — (1,s), s — (1/s,1/s) and s — (s,1) with s > 0. We define
D+ (s; 1) to be the Dulac map of X,, from ¥; to X3, Ds(s; ) to be the Dulac map of X, from X5 to X3
and, finally, D3(s; i) to be the Dulac map of —X,, from ¥; to X3, see Figure 3 x It is then clear that the
limit cycles of X, near I' are in one to one correspondence with the isolated positive zeroes of

D(s; )= (Dg o Dy — D3)(s; 1)

near s = 0. The proof of Theorem A strongly relies in our next result, where we get the asymptotic expansion
of Z(s; ) at s = 0 and we compute its coefficients. In its statement d;(u), for i = 1,2,3, are the functions
defined in Theorem A and R{u},, stands for the local ring of convergent power series at fi.

Theorem 2.6. Let us firx any o € A and set \:= \;(uo) fori=1,2,3.
(a) If NAIAG # 1 then, for any €1 € (min(ATAS, 1/A3), min(A] + AQAS, 1+ A0AT, 20009, 1 + 1/A8,2/79)),
P(s31) = a1 ()™ — az ()5 + F3F (o),
where a; and as are analytic and strictly positive functions on A.
(b) If NYANY = 1 then, for any £ € (0, min(1, A, AIN9)),

D(s; 1) = (ba(p) w(s; () + ba(p) + Foe (1)) s'/?3,



where @ = 1/A3 — A1 A2, by = aay and by = a1 — as. Moreover the equalities
(b1) = (d1) and (b1, b2) = (d1,d2)

between ideals over the ring R{u},, are verified. Assuming AV > 1, A > 1 and \} < 1 additionally
then, for any (5 € (1,min(2, A}, 1/A3)),

D(s; 1) = (br(p) w(s; ap)) + ba(p) + bs(p)s + Fi3 (10)) s U (s 1),

where by is an analytic function at pg verifying that
(b1,b2,b3) = (di,da,d3)

over the ring R{u},, and U is an analytic function such that U(0; o) = 1.

Proof. In order to study the Dulac map D; from X; to ¥» we compactify X,, by means of the coordinate
change {z1 = ¥, 25 = 1}. One can casily verify that the new vector field is orbitally conjugated to (4) par-
ticularised with Py (z1,z2) = 25 (f — g)(i, o) and Py(z1,22) = 2% (;—2, £1), whereas in these coordinates
the transverse sections X7 and Yo are parametrised by o1(s) = (s,1) and o2(s) = (1, s), respectively. The
hyperbolicity ratio of the saddle at the origin is A; = —(%)(0,0) =( fn )(1,0). Therefore, by applying

gn—fn
Proposition 2.4 we can assert that

Dl(s) = Alos/\l (1 + .7:;10([1,0))7 with Aw = (L12L1_1>\1)(1) (7)

and any 0 < ¢; < min(1,\?). Recall here that A} = \;(u0) for i = 1,2,3 by definition.

Next, to analyse the Dulac map D, from ¥5 to 33 we compactify X, performing the change of coordinates
given by {z; = %,xg = %} One can check that the new vector field is orbitally conjugated to (4) with

Pi(z1,22) = 279(32, i) and Py(z1,32) = 27 (9 — HEE, i) and that in these coordinates the transverse

sections Yo and X3 are parametrised by o1(s) = (s,1) and o2(s) = (1, s), respectively. The hyperbolicity
ratio of the saddle at the origin is Ay = ,(%)(0, 0) = (f"g;g") (0,1). Thus, by Proposition 2.4 again,

DQ(S) = AQOS)\2 (1 + f[ozo(/,bo)), with AQO = (LQQL;lAQ)(l) (8)

and any 0 < {3 < min(1, \J).

Finally, to study the Dulac map Ds of from ¥; to X3 we make the reflection {z; = y,z2 = x}, which
brings —X,, to (4) with Py(z1,22) = —g(x2,21) and Py(z1,22) = —f(x2,21). In these coordinates the
transverse sections X1 and X3 are parametrised by o1(s) = (s,1) and o2(s) = (1, s), respectively, and the
hyperbolicity ratio of the saddle is 1= = —(%) (0,0) = —(5)(0, 0). Hence by Proposition 2.4 once again,

Dy(s) = Agos/ 2 (1 4+ F (o)), with Ago:= (LsaLz,' ) (1) (9)
and any 0 < £3 < min(1,1/)\3). Consequently, from (7), (8) and (9) we get that
P(s) = (D3 0 D1 — D3)(s) = Moo AN M (14 F72(10)) ™ (1 + Fi2 (o)) — Asos™ ™ (1 + F52 (o))

= Do AR3s™ (1 + 72 (o)) (1+ F2 (10)) — Asos™/ (1 + F2 (o))

= Ao A3sM™2 — Aggs'/ + F5° (o),
where, by [15, Lemma A.2], we can take ¢4 and /5 to be any numbers such that 0 < £4 < min(\9, \I\9)
and min(A9A3, 1/A9)) < f5 < min(A + AN, 1 + A0S, 20909, 1 + 1/)3,2/)9), respectively. Thus, setting

a:= AgoAi\g and as:= Ajzg, we obtain

D(s) = ars™™? — ags'/*e Fos (ko) (10)



and this proves (a) because each A;q is a strictly positive analytic function by Proposition 2.4.

Let us proceed next with the proof of the assertions in (), thus from now on we assume that AJAIN] = 1.
Then, setting a = 1/A3 — A1 A2 and taking any £g € (0, min(1, A9, A9\9)), from the above expression we get

P(s) = s'/73 (a1 271X — g + Fo (o))
=52 (a1(1 + aw(s;a)) —az + Ty (1))
= 5% (byw(s; a) + by + F2 (o)),

where by := aa; and bs := a; — as. Here we also take Definition 2.1 into account. Since a; is an analytic
non-vanishing function at g and d; = Azc, we obtain the equality (b1) = (d1) between ideals over the local
ring R{u},,. In order to show that (b1, b2) = (di, d2) holds as well we note that, from (7), (8) and (9) again,

ba(p) = a1 — az = Mg A2 — Aszg

_ _ —1/A
= (L22L21)\2Li\22[/11>\1)\2 - L32L311/ 3)’u:1

- L L—l/)\3 @Lil%{Aa Li\g 1
= L3alig; Lo Li\ixz L%f

1/ o [ Loz L33 133 o
= Ly L3,/ <L31 (Lg,QLih? LE 1)+ (L5 —1)
11 Lot

u=1

u=1

= r1(p)dz(p) + a(p)ra(p),

e?2—1

_ L3 L5-—1
o and ko =

Lé{k?’ o |u=1
by [16, Lemma 2.3]. Thus, on account of di = Az, we get that bs = k1ds + k3dy. Hence (by,bs) = (d1, d2)
over the ring R{u},, since k1 (po) > 0 and we have already shown that (b1) = (d1).

_ _Lso ’
where k1 = 7133 |zt

are analytic functions at uy because so it is each L;;

So far we have proved the first assertion in (b). To show the second one, besides AYAIN] = 1, we assume
AY > 1, Ay > 1 and A\J < 1. On account of this we can apply point (3) in Proposition 2.4 to conclude that

Di(s) = ™ (Arg + Avis + F2 (o)) for any £7 € [1,min()\},2)), (11)

Ds(s) = 8™ (Agg + Agys + F2(po)) for any fs € [1,min(AJ,2)), (12)
and

Ds(s) = '/ (Agg + Agis + Fio (o)) for any £y € [1, min(1/73,2)). (13)

Here the first order coefficients A1g, Ago and Agg are the ones already defined in (7), (8) and (9), respectively.
With regard to the second order coefficients, only the ones of D1 and Dj3 are relevant for our purposes, which
are given by R R
)\1A10M1(1/)\1,1) _AgoMg()\371)
Lll(l) A3L31(1) ’

respectively. In each case, on account of (2), this follows easily from the formula A; = AAyS; given in
Proposition 2.4 and taking S; in (6) particularised to o1(s) = (s,1).

A112: — and A311:

(14)

From (11) and (12), by applying [15, Lemma A.2| we can assert that

(DQ o Dl)(s) = S>\1)\2 (Alo =+ Alls =+ f;:)))\Q (AQO =+ A218>\1 (Al() -+ Alls + .7:[070) + ‘7:;100)
= M2 (A2 + MA2 T Ayys + F2) (Ao + Agys™ (Agg + Aqys) + F52 + Fp2)
=M (Ai‘é + A2 A s + Fi2) (Moo + ArgAors™ + AgpAgy sV T 4+ F0)
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for any (19 € [A},A\{ min(A3,2)) in the first equality, any £11 € [A? + 1,A{ 4+ min(A?,2)) in the second one
and any (12 € [A} 4+ 1, min(2A0, A 4+ 2, A019)) in the third one. Furthermore in the second equality we use
that, for any n = n(u),

(I4+as+Fo)"=1+as)"+ Fo=1+ans + Fo_e + Fu, (15)

for any € > 0, which in turn follows noting that

(1-+as+ F)7 = (1 as)" = (+as)((1+ 255)7 - 1)

=(14as)"((1+F)" —1) = (14 as)"F, = F.

Consequently
(D3 0 Dy)(s) = M2 (Agg A3 + AaA11 Agg AN s + FpF),

where we use again [15, Lemma A.2| taking AY > 1 and A\ > 1 into account. Hence, from (13) and plug in
s7* =1+ aw(s; a) as before, we get
9(s) = (Dy 0 Dy — D3)(s)
= (87& (AQOAi\S + AA1 A AN s + Fio) — Ago — Agys — ff;)
= 512 (14 aw(s: ) A AU (5) — Ago — Ags — FiY ),

where we define U(s) = 1+ AaA1AL)s + Fi2. The application of the formula given in (15) with n = —1
shows that U(s)™! =1 — )\gAuAfols + Fo,. Thus one can easily verify that the above expression yields to

D(s) = 81/’\3U(8) (blw(s; )+ by +bss + .7:;'1;)

with £13 € [1,min(\}, 1/A9,2)) and b3 := )\2A11A30A;01 — Asy. Let us recall here that b; = aa; = aAQOAi\a
and by = a1 — a2 = AgpAj2 — Agg, where a1 and ag are the analytic and strictly positive functions in (10).
On account of the assumptions A} > 1 and A} < 1 we have Ai(u) ¢ + and A3(p) ¢ N for p ~ po, which
imply respectively that Aj; and Ag; are analytic at pg by Proposition 2.4. Consequently b3 is an analytic
function at pp. That being said we claim that the equality (b1, be, bs) = (d1, da, d3) between ideals over the
local ring R{y},, is true. In order to prove this, for the sake of shortness in the next computation we follow
the convention that s stands for an analytic function at puo and 4 stands for an analytic strictly positive
function at pg. Some easy computations following this convention yield

bs = Al_ol()\QAnA:so — Ag1Aqg) = Al_ol()\zAnAw — Agz1Aqp)

=—Aj (/\2)\1 JWlL(lll/(All),l) _ %3]\4[:/;3(3\(31’)1)) = —/%(/\1/\2)\3]\%1()%, 1)L31(1) — M3(}\3, 1)L11(1))

_ _g((1 — AN (3£, 1) Ly (1) — M (s, 1)L11(1)) = g(Mg(Ag, )Lu (1) - M (L, 1)L31(1)) + k.

where in the third and fifth equalities we use (14) and dq:= 1 — A\ A2 )3, respectively. Hence bs = Rds + kdy
since dg:= M3(A3,1)L11(1) — Ml(%17 1)L31(1). On account of (by) = (dy) and (by,be) = (dy,ds), this shows
the validity of the claim and completes the proof of the result. [ |

Remark 2.7. There are two important observations to be made about Theorem 2.6:

(a) The statement claims that the equalities (b1) = (dy), (b1,b2) = (d1,d2) and (b1,bs,b3) = (di,da,d3)
between ideals over the local ring R{u},, are satisfied. As a matter of fact, in the proof we show a
stronger property, namely that the following holds:

d1 K1 O 0 b1
d | =] * k2 O by |,
ds * % Ksg b3

where all the entries in the matrix are analytic functions on A and each k; is strictly positive.
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(b) From the dynamical point of view it is interesting to point out that the asymptotic expansion of
the displacement map 2(s; po) given in Theorem 2.6 provides a method to study the stability of the
polycycle T'. Indeed, taking also the previous observation into account, it shows that

1. if dy(po) < 0 (respectively, > 0) then I' is asymptotically stable (respectively, unstable),
2. if di(po) = 0 and da(po) < 0 (respectively, > 0) then I' is asymptotically stable (respectively,
unstable), and

3. if di(po) = da(po) = 0 and ds(po) < 0 (respectively, > 0) then I' is asymptotically stable (respec-
tively, unstable).

Of course this is relevant because we have an explicit expression of these functions by Theorem A. In
this regard let us note that the first assertion is well known since dy(pg) < 0 is equivalent to require
that A9A9AJ > 1, while the second assertion was already proved by Gasull et al. in [8], see Theorem 1.
On the contrary the third assertion constitutes a new result to the best of our knowledge.

O
We give at this point the precise definition of independence of functions that we use in the present paper.

Definition 2.8. Consider the functions ¢g;: A — R for ¢ = 1,2,...,k. The real variety V(g1,92,.-.,9k)
is defined to be the set of u € A such that ¢g;(u) = 0 for i« = 1,2,..., k. We say that g1, go,...,gr are
independent at p. € V(g1,92,-..,9x) if the following conditions are satisfied:

(1) Every neighbourhood of p, contains two points p1, u2 € V(g1,...,gk—1) such that gx(p1)gr(p2) < 0 (if
k =1 then we set V(g1,...,9x—1) = V(0) = A for this to hold).

(2) The varieties V(g1,...,9:), 2 < i< k— 1, are such that if ug € V (g1, ..., g;) then every neighbourhood
of po contains two points p1, e € V(g1,...,g9i—1) such that g;(u1)g:(u2) < 0.

(3) If ug € V(g1) then every neighbourhood of 1y contains two points pq, s such that gq(u1)g1(u2) < 0.

It is clear that if g; € €1 (A) for i = 1,2,...,k and the gradients Vg; (11x), Vga(iix) - - - , Vgr(p+) are linearly
independent vectors of RV*1 then there exists a neighbourhood U, of u, such that the restrictions of
g1, 92, - - ., gk to Uy are independent at fi. O

Lemma 2.9. Suppose that the equalities (c1,...,cx) = (d1,...,dy) between ideals over the local ring R{pu},,
hold for k =1,2,...,n, where u, € V(cr,...,¢n) =V(d1,...,dy). Then c1,...,c, are independent at pi. if,
and only if, dy,...,d, are independent at pi,.

Proof. Let us assume for instance that cy,...,c, are independent at u, and prove that then dy,...,d, are
also independent. To this aim we note that the equalities (¢1,...,¢x) = (d1,...,dg) for k=1,2,...,n imply
the existence of two triangular matrices A = (a,;) and B = (b;;) with coefficients in R{x},, such that

0 ... 0 by 0O -+ 0

ail
dq C1 C1 dy
* Aoy - 0 * b22 A 0
= . . . . . and : :
d ) : ' ) c c d

Clearly R = (r;;):= BA is also a triangular matrix with coefficients in the local ring R{x},, and

r11 0 e 0
C1 C1
* 22 0
c ’ c
" * e * Tnn "
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We claim that, since ¢y, ..., ¢, are independent at gy, then rix(us) = 1 for all k = 1,2,...,n. The fact
that this is true for k£ = 1 follows easily by continuity. Let us prove by contradiction that this is also true
for k > 2. So assume that 7 (p.) # 1 for some k € {2,...,n}. Then the equality ¢y = rp1c1 + ... + Trgck
implies that ¢y = ajc1 + ... + ag_1cx_1 where each «;:= 1?;% is an analytic function at p,. This clearly
contradicts the assumption that ¢i,...,¢, are independent at u, (see Definition 2.8). Hence the claim is
true and, consequently, det(R) = det(A)det(B) = 1 at u = us. This shows, in particular, that A is an
invertible matrix in the local ring R{x},,, and so there exists a neighbourhood U of p, such that agx(p) # 0
forall p € U and £k =1,2,...,n. On account of this, the fact that di,...,d, are independent at u, follows
easily noting that if we take any two points py,pus € UNV(cy,...,ci1) = UNV(dy,...,di—1) verifying
ci(p1)ei(pue) < 0 then we have that d;(u1)d;(u2) = asi(p1)ai(p2)e;i(pr)ei(pe) < 0. This completes the proof
of the result. ]

Proof of Theorem A. Let us fix any o € A and set A\? := \;(uo) for i = 1,2,3. Recall that the limit
cycles of X, near I' are in one to one correspondence with the isolated positive zeros of

P(s;p) = (D2 0 Dy — Ds)(s; )

near s = 0. If d1(po) = 1 — AIAINY is not zero then by applying (a) in Theorem 2.6 we have that, for any
01 € (min(AYAS, 1/X8), min(A + A0AS, 1+ A9, 20909, 1 + 1/A9,2/79)),

D(s3 1) = ar ()s™* + az(u)s' + F72 (o),
where a; and ag are analytic and strictly positive functions on A. Thus

lim s M*9(s;u) = a1 (po) in case that A2AJ < A\
(37/‘)_>(07H0)

and

lim  s7Y%9P(s; ) = ag(po) in case that AJAG > XS,
(S,/A)*)(O,/,Lo)
Since a;(up) # 0 for ¢ = 1,2, this implies the existence of an open neighbourhood U of g and € > 0 small
enough such that Z(s;p) # 0 for all € U and s € (0,£) when AJAIN # 1. Hence Cycl((T, X,,), X)) =0
and the assertion in (a) is true.

In order to prove (b) we note that if dy (1) = 1 — AYAIAY is equal to zero then, by (b) in Theorem 2.6,
we can assert that, for any o € (0, min(1, A9, AY29)),

sV (s3) = bi(p)w(s; () + ba(p) + F5 (o), (16)

where a = 1/A3— A1 A2 and by and by are analytic functions at pg such that (b1) = (d1) and (b1, b2) = (dy,d2)
over the ring R{u},,. The assumptions in this case imply that Z(s;uo) # 0, bi(po) = 0 and, thanks
to Lemma 2.9, that by is independent at po. Thus, given any € > 0, there exists s; € (0,¢) such that
D (s1; o) # 0. Let us assume for instance that Z(s1; p0) > 0, the other case follows verbatim. Then, thanks
to (1) in Definition 2.8, there exists p; = po with b1(p1) < 0 and, by continuity, such that 2(sy;u1) > 0.
Moreover by applying Lemmas A.3 and A.4 in [14],

b M)
w(s;ap))

s P (s 1)

A= = rat)

— bi() + + Fi_g(m0) = lu) as s = 0, (17)

where
(1) := b () = ba(s2) min(a(11), 0)).

Here we use that 1/w(s;a(p)) € F>5(po) for any § > 0 and that lim,_,o1/w(s;a) = max(—«,0) by
assertions (a) and (b) in [14, Lemma A.4], respectively. Note on the other hand that, by (b) in Theorem 2.6,
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b1 = aay and by = a; — ag, where each a; is an analytic strictly positive function. Thus k(u) = a(p)az (i)
if a(p) <0 and k(p) = a(p)ar(p) if a(p) = 0. Therefore, since by = aay, we can write

K = byn with n > 0. (18)

Hence, on account of by(u1) < 0, we can assert that x(u;) < 0, which in turn, from (17), guarantees the
existence of some so € (0,5s1) such that Z1(so;pu1) < 0. Thus D(s1;p1)2(s2;41) < 0 and, by continuity,
2(8; 1) = 0 for some 3 € (s2,s1) C (0,&). This shows that Cycl((T', X,,), X,,) > 1 as desired.

Let us prove (c) next, i.e., that if da(po) # 0 then Cycl((T', X,,,), X,) < 1. Note first that to this end we
can also assume that dy(uo) = 0, otherwise Cycl((T', X,,,), X,,) = 0. Consequently the expression in (16) is

valid. That being said, the proof will follow by applying the well-known derivation-division algorithm. In
doing so, from (17) and the fact that d,w(s;a) = —s~*7 1

ba(p)
5102 (55 a(p))

0sZ1 (85 ) = + Foy—1-6(10),

where the flatness of the remainder follows from (f) in Lemma A.3 of [14]. Therefore

s W+1,,2 (s50(10)) 05 Z1 (55 1) = ba () + Fixa5(p0) = ba(po) as (s, ) — (0, o).

Recall at this point that (b1) = (d1) and (b1, b2) = (d1, d2) over the local ring R{x},,, by Theorem 2.6. Thus,
the assumptions d;(10) = 0 and da(1o) # 0 imply that ba(po) # 0. Accordingly, on account of the above
limit and by Bolzano’s Theorem, we obtain € > 0 such that if || — pol| < & then Z1(-;u), and so 2(-; u),
has at most one zero for s € (0, €), multiplicities taking into account. Hence Cycl((F7 Xuo)s Xu) < 1 and (¢)
follows.

Let us turn next to the proof of (d), in which the assumptions are Z(-;uo) # Id and that dy and ds
vanish and are independent at pg. Then Z(-;ug) # 0 and, due to (b1) = (dy) and (by,b2) = (d1,ds) once
again, by and by vanish and are independent at py by Lemma 2.9. Thus, given any ¢ > 0, there exists
s1 € (0,¢) such that, for instance, Z(s1; o) < 0. Then, by continuity and condition (1) in Definition 2.8,
there exists 1 & pio such that ba(p1) > 0, b1 (u1) =0 and 2(s1;p1) < 0. Hence, from (16),

sV D (53 1) = ba(p) + Fi5 (10) = ba(pm) as s — 0,

which shows the existence of so € (0,s1) such that P(s9;p1) > 0. For the same reasons we can choose
po = p satisfying Z(s1;p2) < 0 and Z(sg; p2) > 0 together with by (u2) < 0. Then, from (17) and (18),
lims_,0 Z1(s; p2) = bi(p2)n(pz) < 0 and so there exists s3 € (0,s2) verifying that Z(ss;u2) < 0. By
continuity there exist 81,82 € (0,¢) with D(31; u2) = D(52; 2) = 0. Accordingly Cycl((T, X,,,), X,.) = 2.

From now on, in order to prove (e) and (f), we assume A} < 1, A§ > 1 and A\ > 1. Then by applying
Theorem 2.6, for any {3 € (1,min(2, PYR 1//\8)),

D(sip) = (b () w(s;a(p)) + ba(p) + bs(p)s + Fi2(po)) s/ U (s; ), (19)

where b3 is an analytic function at ug verifying that (bi, b2, bs) = (d1, d2, d3) over the ring R{u},, and U is
an analytic function such that U(0; uo) = 1. Hence

2 (s; 1)
st/ rsw(sya(p)U(s)

Zasi ) = = bu(1) 4 b4 Sy + ) Sy + T slh). (20)

where we use once again that 1/w(s;a(u)) € F>5(po) for any ¢ > 0. Note furthermore that, for 4 ~ g, the
positive zeros of Z(-;u) and Zy(-;u) near s = 0 are in one to one correspondence because m
tends to +o00 as (s, 1) — (0, up). That being stablished we begin first with the proof of assertion (e) and to
this aim, besides d3(po) # 0, we can also suppose di (po) = da(po) = 0, otherwise Cycl((T, X,,,), X,) < 1
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by (a) or (b), which already have been proved. In this case, since (by) = (d1), (b1,b2) = (di,d2) and
(b1,b2,b3) = (d1,d2,ds), it turns out that bs(ug) # 0. As in the proof of (¢), we will apply to steps of the
derivation-division algorithm in (20). In doing so we obtain that

Z3(s3 1) 1= "W (55.(1) )05 Za (53 1) = ba () + ba(u) (s + s (s aln))) + Fo_as(po),

where the flatness of the remainder follows by applying Lemmas A.3 and A.4 in [14] as before and we use
that O,w(s;a) = —s~*~1. Note also that the positive zeros of Z3(-;u) and 95 Z5( - ; ) near s = 0 are in one
to one correspondence for pu &~ o because w(s;a(u)) tends to +oo as (s, 1) — (0, po). Finally

8523(8; ,U,)

sa(ﬂ)w(s; a(p)) = (a(p) + 1)b3 (1) + -7:2571766(#0) — bs(po) # 0 as (s, 1) — (0, o).

By applying twice Bolzano’s Theorem, we can assert the existence of some € > 0 such that if ||u — pol| < e
then Zs(-;u), and so Z(-; u), has at most two zeros for s € (0, ¢), multiplicities taking into account. Hence
Cycl((T, X,,), X,.) < 2, which proves (e).

Finally, in order to prove (f) we suppose that Z(-;up) #Z Id and that dy, d and d3 vanish and are
independent at po. Consequently Z(-;uo) # 0 and, due to the equality between the corresponding ideals
over the local ring, by, b and b3 vanish and are independent at py by Lemma 2.9. Thus, given any € > 0,
there exists s; € (0,¢) such that, for instance, Z(s1;po) < 0. Then, by continuity and condition (1) in
Definition 2.8, there exists p1 =~ pg such that bs(u1) > 0, by (1) = ba(p1) = 0 and PD(s1; 1) < 0. Hence,
from (19),

2 (s; pa)
s/ XU (s 1)
which shows the existence of sa € (0,s1) such that Z(sq; 1) > 0. For the same reasons we can choose

po & py satisfying 2(s1; p2) < 0 and 2(s9; 12) > 0 together with by (us) = 0 and ba(us2) < 0. Accordingly,
from (19) again,

= bs(p1) + Fiy-1(po) — b3(pa) >0 as s — 0,

D(s; p2)

W(s;‘u) = bQ(/J,g) + bg(/iz)s + ./—‘?:71(/14()) — bz(,U,Q) <0ass— 0,

which shows the existence of s3 € (0, s2) such that Z(s3; uz) < 0. In the final step we take usz &~ po satisfying
D(s1;5p3) < 0 and P(sq;u3) > 0 and PD(s3; u3) < 0 together with by (us) > 0. Then, from (17) and (18),
lim, o s~ /232, (s;u3) = bi(us)n(us) > 0 and so there exists s4 € (0,s3) such that P(s3;u3) > 0. By
continuity there exist 31, 82, §3 € (0,&) with D(8;; u3) = 0 for i = 1,2,3. Hence Cycl((I, X,,,), X,,) = 3 and
this completes the proof of the result. [ |

3 Applications

We begin this section by revisiting in Theorem 3.1 a family of Kolmogorov differential systems that was first
studied in [8], where the authors (following the notation in our statement) prove that if py = (ag, po, qo)
verifies pg + ¢o = 0 and ag # 0 then Cycl((F,XMO),XN) > 1, cf. assertion (b).

Theorem 3.1. Consider the family of Kolmogorov differential systems

% {x’zm(1+x+x2+axy+py2),
. y=y(—1—y+qz® +axy —y?),

where 1 = (a,p,q) € R® withp < —1 and q > 1 and let us fix any po = (ao, po,qo). Then, compactifying X,
to the Poincaré disc, the boundary of the first quadrant is a polycycle T' such that:

(CL) Cyd((Fletu)vXu) =0 ifpo + qo 7é 0.
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(b) Cycl((T, Xp), X)) =1 if po+qo = 0 and ag # 0.

(¢) The return map of X,,, along I' is the identity if, and only if, ag = po + qo = 0. In this case I' is the

outer boundary of the period annulus of a center at (xg,yo) with xo = yo = —14'27 m’ that foliates

the first quadrant and, moreover, Cycl((l",XHULXH) =1.

On the other hand the vector field X, has a unique singularity Q,, = (v1,v2) in the first quadrant, which is
either a focus or a center, and has trace equal to T(u) = vy + 20? + 2av1ve — v — 203. Furthermore the
following holds:

(d) If T(o) # 0 then Cycl((Quy, Xuy), Xu) = 0 and a sufficient condition for T(uo) # 0 to hold is that
Po + qo = 0 and ag # 0.

(e) If T(po) =0 and po + qo # 0 then Q,, is a weak focus of order 1 and Cycl((Quo, XMO),X/L) =1.

(f) If T(1o) = 0 and po + qo = 0 then ap = 0. In addition Q, is a center if, and only if, po +qo =ao =0
and, in this case, Cycl((Quo,Xﬂo),Xu) =1.

Finally it is not possible a simultaneous bifurcation of limit cycles from I and Q.

Proof. The assertions in (a) and (b) follow directly by applying Theorem A. Indeed, in this case, following
the notation in (1), f(z,y) = 1+ + 22 + axy + py? and g(x,y) = —1 — y + q2* + azy — y?, so that

fo(z,y) = 2% + azy + py® and g2(x,y) = g2° + axy — y°.

Taking this into account, together with p < —1 and ¢ > 1, one can easily check that the assumptions H1
and H2 are verified. As a matter of fact the first assumption holds not only for z > 0 but for all z € R,
and this implies that the boundary of each quadrant is a monodromic polycycle for the compactified vector
field. Hence, by the Poincaré-Bendixson theorem (see [22] for instance), there exists at least one singularity
of X, inside each one of the four quadrants. Due to deg(f) = deg(g) = 2, by Bézout’s theorem there exists
exactly one in each quadrant. From now on we denote the singularity of X, in the first quadrant by Q..
That being said, the hyperbolicity ratios of the saddles at ' are Ay = q%l, Ao = —(p+1) and A3 = 1.
Consequently the first assertion follows from (a) in Theorem A because

_|_
di(pn) =1—MA2Ag = f]%(i (21)

The second assertion will follow by applying (b) and (¢) in Theorem A. To show this we first recall that

do(j1) = Ao log (gf) (1) + log <Zz) (1) + A A log (ﬁi) (1)

and this leads us to the computation of the following improper integrals:

soness (1) [ (oo (253
sanoss(12)or (52 won (- 1)

G (O A TRE
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These expressions have to be computed assuming that p + ¢ = 0, i.e.;, A A2 = 1. In doing so we obtain that

2a bo2dz am
Al(%}% _p) /

T1-q)o 211 2p+1)
and
1
zdz (p+ )
A s My T = —A: Py — =—(p+1 / = — .
2(a,p, —p) s(a,p,—p) = —(p )022+Z+1 373
Therefore da(a, p, —p) = —%¢ is zero if, and only if, a = 0. Taking this into account, the combination of (b)

and (¢) in Theorem A shows that Cycl((F, Xo)s Xu) =1 for any po = (ag, po, —po) wWith ag # 0, as desired.
It is important to remark for the forthcoming analysis that by applying the Weierstrass Division Theorem
(see for instance [9, 12]) we can assert that

aTm

da(p) = —— + (p+ Q)h(p) (22)

for some analytic function h.

Next we proceed with the proof of (¢).To this aim we fix any po = (ao, po, o) and apply Theorem 2.6,
which gives the asymptotic expansion of % (s;u) at s = 0 for p & pg. This result, taking (21) and (22) into
account, shows that if Z(s; up) = 0 then ag = pg + go = 0. In order to prove the converse observe that if
to = (0, po, —po) then the vector field X,,, writes as

{ i =x(1+ 2+ 22 + poy?),
g =—y(1+y+poz* + y?).

One can easily check that @), the only singularity of X,,; in the first quadrant, is a weak focus at the point
(z0,y0) With zg = yo = —w. Furthermore, setting o(z,y) = (y, x), it turns out that c* X, = —X,,
and so the vector field is reversible with respect to the straight line y = x. Hence @, is a center and a
straightforward application of the Poincaré-Bendixson theorem shows that its period annulus fills the first

quadrant, which in particular implies that 2(s; po) = 0.

So far we have proved that the return map of X, along I' is the identity if, and only if, uo = (0, po, —po).
Our next task is to show that, in this case, Cycl((F, Xuo)s XM) = 1. With this aim in view we apply (b) in
Theorem 2.6, which shows that if u =~ uo then

D(s;11) = (br(p) w(si ) + ba(p) +r(s; p))s'/ e, (23)
where a = 1/A3 — Ao, 7 € F°(po) with £ € (O,min(l, p;+11)) and, in addition,
(bl) = (dl) and (bl,bg) = (dl,dQ)

over the local ring R{u},,. Consequently if u = (a,p, q) satisfies a = p + ¢ = 0 then b1 (p) = ba(u) =0
and r(s;p) = 0. Furthermore, since the vectors Vd;(uo) and Vda(po) are linearly independent, see (21)
and (22), the above equalities between ideals show that this is also the case of Vb (1) and Vba(ug). We
can thus take (n1,m2,m3) ¢ (Vb1(1o), Vba(uo)) and define bs(p) := ma + n2(p — po) + 13(q + po) so that
v =W(u):= (bi(p),ba(p), b3(1)) is a local analytical change of coordinates in a neighbourhood of y = pg.
Note that ¥ maps pg to 03:= (0,0,0) and {a = p+ ¢ = 0} to {1 = v» = 0} and in addition

Ry (s:v):= s V3P (s; 1) =v1w(s; &) + vp +7(s;v),

p=-1(v)

where & = a(v):= a(¥ 1 (v)) and #(s;v):=r(s; ¥ (v)) € F°(03). The key point is that 7(s;0,0,v3) = 0
implies, thanks to [17, Lemma 4.1], that #(s;v) = v1hi(s;v) 4+ voha(s;v) with h; € F;°(03). Accordingly

1 (s;v) = v (w(s; &) + hi(s;v)) + v (1 + ha(s;v)). (24)
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Observe that if s — 0% and v — (0,0,0) then the factor multiplying vy tends to +o00, whereas the factor
multiplying v tends to 1. Here we use Definition 2.3 and that lim ) (0,0) w(s; @) = +00. We claim that
there exists sp > 0 and an open neighbourhood U of v = (0,0,0) such that

K (s;v) I 1+ ho(s;v)
w(s;@) + hi(s;iv) - Pw(sid) + ha(s;v)

Ao (s;v):=

has at most one zero on (0, s9), counted with multiplicities, for all v = (v1,v9,v3) € U with v2 + 12 # 0.
This will imply that Cycl((l“7 Xuo)s XH) < 1 because %»(s;0,0,v3) = 0, so that it has not any isolated zero.
The claim is clear in case that vo = 0. To tackle the case vy # 0 we compute the derivative with respect
to s to obtain that

%wm:w@(“J?)zwm( L+ )
w w(

(50) + 70 Sa)(1+ FE)
14+ Fpe vy %)
= 1,0, <) = L+ Fo) + — 2 g
V2 (w@@)) AR T oay e
Vo 1P)

=————(1+F>.+ s 1w(s; AF2._) =

s4tLw2(s; ) (1+F%5).

s0t1w2(s; &)
Here, in the second equality we apply first assertion (¢) of Lemma A.4 in [14] to get that 1/w(s; &) € F>2(03)
for all € > 0 small enough, due to &(03) = 0, and use next that F2F° C Fy°, from (g) of Lemma A.3

€

in [14] . In the third equality, on account of l}rs —1 € F7° and by (h) of Lemma A.3 in [14] , we use

first the inclusion ﬁ C 1+ F°_. Then, by using (d) and (g) of Lemma A.3 in [14] , we expand
the numerator to get that (1 + F;°)(1 + Fp°,) C 1+ Fp°_. Next, in the fourth equality we use that
Osw(s;a) = s~ and assertion (f) of Lemma A.3 in [14] to deduce that 9,F;°, C Fg°._,. Finally in
the last equality we apply (c) of Lemma A.4 in [14] to get that s%Tlw(s;&) € F°,, and we use again that
FP oo F2 .1 C Fi°s.. On account of Definition 2.3 we can assert the existence of some so € (0,1) and a
neighbourhood U of v = (0,0, 0) such that %4 (s;v) # 0 for all s € (0, sp) and v € U with vo # 0. Hence the
application of Rolle’s theorem shows that the claim is true for 5 # 0 as well. So far we have proved that
Cycl((F, X ) X u) < 1. The fact that this upper bound is attained follows by applying the assertion in (b)
taking o = (ag, po, —po) with ag = 0 but different from zero. This completes the proof of (c).

Let us turn now to the proof of the assertions regarding the singularity of X, at (),. The approach
here is rather standard and the technical difficulty is that we do not dispose of a feasible expression of
the coordinates of @,. To overcome this problem we shall parametrise the family of vector fields more
conveniently. For reader’s convenience we summarise the chain of reparametrisations that we shall perform:

n= (a‘ap7q) — (a,p,@) — (U15U27€) - ('Ul,’UQ,T) - :[L = (p70a7)'

For the first one we simply introduce € = p + ¢. In the second one we take the coordinates of the singular
point @, = (v1,v2) as new parameters, i.e., we isolate a and p from

1+ v; +v? + avivg + pvi = 0, (25)
1+wvy+ (p—e)v? —avivg + v =0,
to obtain
az_v%v%a—l—vf—v%—i—v%—v%’—i—v%—v% and p = U%E—U%—U%—Ul—vg—Z
0102 (02 + 02) vl + 3 '

In this respect we point out that v; and vy are strictly positive because @, is inside the first quadrant for
all admissible p. More important, the map ¢ : (a,p,e) — (v1, v, €) is smooth and, taking (25) into account,
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injective. The smoothness follows by the Inverse Function Theorem since one can check that the determinant
of the Jacobian of (v1,ve,e) — (a,p,€) is non-zero at the image by ¢ of any admissible parameter. Then
one can check that the trace of the Jacobian of the vector field at (z,y) = (v1,v2) is

@ fo(2,y) + ygy (@, y)], ) =01+ 207 + 2av1v2 — vz — 203

I,y):(vlva a=a(v1,vg,6)

_251}%1}% + (v1 —v2)(v1 + 2+ v2)(v1 + v2)
v% + ’U%

)

and we introduce 7 = 7(v1, v, €) isolating & from
2ev3v2 + (v1 — Vo) (V1 + 2+ v2) (v +v2) = T. (26)

In other words, 7 is (up to a non-vanishing factor) the trace of the vector field. Finally, for convenience, we
define p = “5%2 and o = “£%2. Observe then that {p+ ¢ = a = 0} becomes {p = 7 = 0}. In what follows,
setting i = (p, o, 7) for shortness, we denote the vector field by X;. Let us also remark that the map p — fi
is smooth and injective as a consequence of the previous discussion.

At this point we claim that @, is either a focus or a center. To show this we will check that the
discriminant D,, of the characteristic polynomial of the Jacobian matrix of X, at @), is strictly negative for
all admissible parameter. Indeed, one can verify that D, expressed in terms of (v1,v2,€) can be written as

D = 4(1)11)2)462 + Al (’Ul, UQ)E + Ao(?}l, ’UQ)
a (vF +v3)? ’

where A; are polynomials of degree 7. Thus D, = 0 gives two roots € = ;(v1,v2), for i = 1,2, that one can
check to be well-defined continuous functions on V := {(v1,v2) € R? : v; > 0,v3 > 0}. To see the claim we
first prove that, for i = 1,2,

(p+1)(g—1)|._. > 0forall (v1,uv5) € V. (27)

This implies that D,, can not vanish at an admissible parameter due to the assumptions p < —1 and ¢ > 1.
In this regard we note that the product (p + 1)(¢ — 1) expressed in terms of (vq, v2,€) is given by

(U1U2)252 + By (v1,v2)e + Bo(v1,v2)

(p+1(g—-1)= (02 + 02)2

)

where deg(B;) = 3 and deg(By) = 2. A computation shows that the resultant (see [4, Chapter 3] for
instance) between the numerators of D, and (p + 1)(¢ — 1) with respect to ¢ is a polynomial in vy and v
with all the coefficients being natural numbers. Consequently the resultant does not vanish on V' and,
accordingly, (p + 1)(¢ — 1)|c=¢, # 0 for all (vy,v2) € V. Thus, since V is arc-connected and the function
(v1,v2) = (p+ 1)(q¢ — 1)|c=¢, is continuous on V, it suffices to verify (27) at some particular choice of
parameter. For instance, taking v; = vs = 1 we obtain that (p + 1)(q¢ — 1)|c=¢, = 92 for ¢ = 1,2. Therefore
D,, # 0 at any admissible parameter. Thus, exactly as before, since y +— D, is continuous and the set of
admissible parameters is arc-connected, the claim will follow once we verify its validity at some particular
parameter. For instance the choice u = (0,—2,2) yields D, = —6”375‘/5 < 0.

We proceed now with the study of the cyclicity of @,. The fact that Cycl((QuO,XMO), XH) = 0 when
T(po) # 0 is well-known. On the other hand, if p + ¢ = 0 then £ = 0 and

7(v1,v2,0) = (V1 — v2) (V1 + 2 + va) (V1 + V2),

which vanishes at an admissible parameter if, and only if, v; = vo. For this to happen, see (25) with € = 0,
it is necessary that a = 0. This proves the validity of (d).
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We shall next solve the center-focus problem in the family. With this aim in view, taking a local
transversal section at @), we consider the displacement map Z(s; ft), which extends analytically to s = 0,
so that we can compute its Taylor’s expansion

P (si 1) = m()s +n2()s” + n3(i)s® + sR(s; ), (28)

where the remainder R is o(s?). Recall that the trace of X; at @ is equal to Tu;(f), where u; is a
unity. The coefficients 7; are called the Lyapunov quantities of the focus. We have in particular (see for
instance [18, p. 94]) that 1, (1) = e™ ™ — 1 = Tuy(f1), where us is again a unity. Since the first nonzero
coefficient of the expansion is the coeflicient of an odd power of s, see [18, p. 94| again, we get that
n2(ft) = 7¢1(i1) for some analytic function ¢;. In order to obtain n3 we shall appeal to the well-known
relation between the Lyapunov and focus quantities which, following the notation in [18, Theorem 6.2.3], we
denote by g;;. The first ones are the coefficients in the Taylor’s expansion of the displacement map that we
already introduced, while the second ones are the obstructions for the existence of a first integral. It occurs
that ng;41 — 79 € (gu, A ,gi,l,i,l) and, more important for our purposes, that 73 = mgi1. On account of
this we can compute g1; instead of 73, which is easier to obtain, and in doing so (see [3, p. 29]) we get that

20(p—0)(0+1) (44 340 + 2902 + 80> — 3p?)
3(p+0)° (p+ 20+ 202 + 292 + 2)°

m()] g =7

In this respect we claim that ng(ﬂ)’Tzo = ph(p, o) with h(p,o) # 0 in case that |p| < o, which corresponds
to the admissible values v1,v2 > 0 due to p = 52 and 0 = “17;“2 Indeed, it is clear that the factor
(p—0)(0+1) does not vanish inside the admissible set, while the other one does not vanish neither because

4+ 340 4 2902 + 803 — 3p? > 4 + 340 + 2602 + 803 > 0,

where the first inequality follows using that |p| < o and the second one the fact that ¢ > 0. Hence the
claim is true. Therefore, if @, is a center then 7 = p = 0, and the assertion in (c¢) shows that these two
conditions are also sufficient because {p + ¢ = a = 0} = {r = p = 0}. Observe moreover that we can write
ns(f1) = Tla(fr) + ph(p, o) for some analytic function f5. On the other hand, due to R(s; fi)|,=r=0 = 0, we
can also write R = 7Ry + pRy with R; € o(s?) and, accordingly,

D (s;p) = 75(uz + 015+ las* + Ry) +ps(h82—|—R2). (29)

Note that if 7(u) = 0 and € = p + ¢ # 0 then p = “5*2 must be different from zero because otherwise,
from (26), we would get that e = 0. Consequently, due to h(p, o) # 0 for all admissible p and o, the equality
in (29) implies Cycl((Q“O,X/LO),X,L) < 1 in case that 7(pg) = 0 and po + go # 0. The fact that this upper
bound is attained follows by means of an easy perturbative argument using that d.7(u) = —2v?v3 # 0.
This proves the validity of the assertion in (e).

In order to prove (f) note that if 7(u) = 0 and € = p + ¢ = 0 then, from (26), p = “5*2 = 0. Hence,
from (25), 2avivy = 0, which implies @ = 0 and shows the first assertion. That being stablished, we have
already proved that Q,, is a center if, and only if py + g0 = ap = 0. We show next that, in this case,
Cycl((QHO,XMO)7 Xu) < 1. Indeed, since us is a unity we can consider

D (s; 1) hs® + Ry

.@1(&#)32 s(u2+€18+€282+R1) :T+qu+€18+£282+R1.

The upper bound for the cyclicity of @,,, in the center case will follow once we prove that there exist so > 0
and an open neighbourhood U of (p,0,7) = (0,6,0) such that % (s; i) has at most one zero on (0, sg),
counted with multiplicities, for all i € U with p? 472 # 0. Recall in this regard that 2 (s; ii)|,—r—o = 0 and

1+ —3—4po
2(1+po)
the same as in the proof of (¢) but with less technicalities because the involved functions are analytic at

that, on account of (¢), 5 = — > 0 is the first component of (),,,. The idea to show this is exactly

20



s = 0. The desired property is evident when p = 0. In case that p # 0 we compute the derivative of &, with
respect to s to obtain
051 (s; u) = ps(2h/ug + o(1)).

Since h(p, o) # 0 in case that |p| < o and us = ua(fi) is a unity, the existence of the desired sg > 0 and the
open neighbourhood U follows by Rolle’s theorem. So far we have proved that Cycl((QMO, X ) X u) < 1if
po + go = agp = 0. The fact that this upper bound is attained follows noting that we can take p = (a,p, q)
with 7(u) = 0 and p + g # 0 arbitrarily close to pg = (0,po, —po) and apply then the assertion in (e). This
proves (f).

Let us turn now to the proof of the last assertion in the statement. Observe in this respect that the
combination of (a) and (b) together with (d) and (e) shows that a simultaneous bifurcation of limit cycles
from I" and @, can only occur if we perturb some p, = (a«, p«, gx) With a, = p, + ¢« = 0. We shall prove by
contradiction that this is neither possible. So assume that for each n € N there exist p, = (an, Pn, ¢n) and
two limit cycles v, and v;, of the vector field X, in the first quadrant such that the Hausdorff distances
dp(vn,T) and dg (7, Qu,) tend to zero and p, tends to p, as n — +o0o. Let us consider the asymptotic
expansion of the displacement map of X,, at the polycycle I' that we compute in (23) and denote it by
Dp(s; 1t). We also consider its Taylor’s expansion near the focus @, given in (29) and denote it by Z.(s"; p).
Then the assumption implies the existence of two sequences s,, — 0 and s/, — 0% such that Z,(sp; pn) =0
and Z.(s),; i) = 0 for all n € N. We claim that the first equality implies that

i Pn + Qn
m ———

n—-+oo an

= 0. (30)

Indeed, from (24) we have that

K1 (Sn; 1/)‘ y= by (fn) (w(sn; alpn)) + h1(sn; V)) + bg(,un)(l + ha(s; 1/)) ‘V:\y(“n) =0 for all n € N.

v="(pn

Thus, due to lim,,—, 4o w(sp; a(p,)) = +oo and h; € F;°(03), we obtain that 2?55"; — —00 as n — +00.

Moreover, since (by) = (d1) and (b1, be) = (dy1,d3) with Vd; and Vds independent at p = uy, we can write

b2 o Klldl + I%ng

by Asds
with &;(u«) # 0 and, consequently, lim,,_, o jﬁgﬁ:g = 00. This, on account of (21) and (22), gives the limit

in (30) and so the claim is true. Recall on the other hand that in order to study the displacement map near
the focus @, we use a more convenient parametrisation given by fi:= (p,0,7) = ¢(n). That being said,
setting (pn, on, Tn) = ®(an,Pn, ¢n), similarly as we argue before, the fact that Z.(s); pn) =0 for all n € N
implies from (29) that

lim ™ =0. (31)

n—+oo Py

Let us remark that here we also take into account that us is a unity. We next arrive to contradiction showing
1++/—3—4p.

that (30) and (31) cannot hold simultaneously. Indeed, one can verify that, setting o, = — SIET

Do + an 4 P2 +o2 T + Pron(on +2)
An |y, =¢=1(fin) P — 05 2Ty — pn(20, + 1)(p7 + 03)

_4[)727,"_0—7% Tn/pn+an(0n+2) 4(U*+2)

0 — .
p’%_a'r% 2Tn/pn—(20'n—|—1)(p72l_|_0-721) 0*(20*+1) 7& as n —+00

Here, in addition to (31), we use that if p + ¢ and a tend to zero then p — 0 and o — oy, where o, is
precisely the first component of the center at @,, (which is in the diagonal of the first quadrant). This
shows that (30) and (31) cannot occur simultaneously, which yields to the desired contradiction and finishes
the proof of the result. [ ]
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The following is our second example of application of Theorem A. In this case the family of Kolmogorov’s
systems is five-parametric and to the best of our knowledge it has not been studied previously.

Theorem 3.2. Consider the family of Kolmogorov differential systems
X {i::m(c+x2+axy—(p+1)y2),
"o ly=y(-1+ (g + D2 + (a = Dzy — y?),

where u = (a,b,¢,p,q) € R® withe >0, p >0, ¢ >0 and b < 2,/pq and let us fix any po = (ao, bo, co, Po, qo)-
Then there exists a unique singular point @, in the first quadrant, which is either a center, a focus or a
node. Moreover, compactifying X,, to the Poincaré disc, the boundary of the first quadrant is a polycycle T’
such that:

(a) Cycl((F, XMO),XM) =0 if po — coqo # 0.

(b) Cycl((F, XMO),XM) =1 14f po — coqo = 0 and 2¢coqoao — (cogo — co + 1)by # 0.

(¢) The return map of X,,, along I is the identity if, and only if, po — cogo = 2coqoao — (cogo —co+1)bo = 0.
In this case @, is a center with first integral

qo(z® +co(y® +1)) — bo$y7

(ayeo) rteot

H(.’lﬁ,y) =

which foliates the first quadrant. Moreover I' is the outer boundary of its period annulus and, in addition,
Cycl((l",Xﬂo)7Xu) =1.

Remark 3.3. In contrast to the family of Kolmogorov’s cubic systems studied in Theorem 3.1, for the family
in Theorem 3.2 there exist parameters yo with dy(10) = 0 and da(po) # 0, so that Cycl((T', X,,), X,) = 1,
and satisfying additionally that the unique singular point @), in the first quadrant is a non-degenerate node.
Hence, for appropiate p1 ~ ug we will have a limit cycle 7, with a non-monodromic singular point @, as
unique singularity in its interior. For instance, the choice pg = (—800.01,—-900.99999, 1000, 1,0.001) leads
to this phenomenon with @Q,, = (0.1,10). A similar occurrence is observed in [2, p. 203] to take place in
the family of cubic Lienard systems studied in [7]. O

Proof of Theorem 3.2. In this case, following the notation in (1), we have that
fa,yip):=c+a? +azy — (p+1)y* and g(z,y; p):= —1+ (¢ + 1)a® + (a — b)ay — y°.

Since f(z,0;u) = c+ 22, g(0,z; ) = —1 — 22 and (f2 — g2)(1, 2; ) = —q + bz — pz?, one can check that the
hypothesis H1 and H2 are satisfied for the admissible parameters, i.e., ¢ > 0, p > 0, ¢ > 0 and b < 2,/pq.
Moreover the hyperbolicity ratios are

A =1/g, Ao =pand \3 = 1/c. (32)

Then T is a polycycle and by applying the Poincaré-Bendixson theorem we deduce the existence of at least
one singular point of X, in the first quadrant. We claim that there exists exactly one. In order to show
this we suppose that (vi,v2) is a singular point of X, in the first quadrant and solve f(vi,ve; ) =0 and
g(v1,v9; ) = 0 for a and b as a function of ¢, p, ¢, v1 and ve. In doing so we obtain that

7pvg—v%+vgfc

2 2

VU, v —c—1
and b= PY2 TV .
V1U2 V12

The substitution of these values in f + cg, which is homogeneous of degree 2 in x and y, yields

2% (vg — rvl)(rvg(c+p+ 1) +vi(cg+c+ 1))

(f + o) @y ml,_,, = U102 '
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It is clear then that the vanishing of the above numerator provides the possible values of r such that X,
has a singular point at the straight-line y = rz, namely,

1
rl:% >0andr2:—7m(cq+c+ )
vy valc+p+1)

Since x — f(z,r12) = c+x2(1+ar; — (p+1)r?) vanishes at z = vy > 0, it must have another real zero, which
has to be negative. Therefore X, has exactly one singular point in the first quadrant and exactly one singular
point in the third quadrant, showing in particular the validity of the claim. An easy computation shows
that the determinant of the Jacobian of X, at Q,, = (v1,v2) is equal to 2v%(cqg+c+1) +2v3(p+c+1) > 0,
so that it can be a center, a focus or a node.

So far we have proved that the first assertion in the statement is true. Let us turn to the proof of the
assertions in (a), (b) and (¢). The first one follows from (a) in Theorem A because

dl(/J,) =1- /\1/\2/\3 = ) _p. (33)

The second assertion will follow by applying (b) and (¢) in Theorem A. In this regard let us recall that
L L L
i) = detor (722 ) 1) +10g (72 ) 1)+ Anrato (222 ) ). (34)
Loy L3, Ly

On account of the definition of each L;;, see (2), we easily obtain that

1+ +1
log L11(1) = L log(c+ 1),

2c
1+c(g+1)
2c

log L3 (1) = log (1/c+1), (35)

log 2
log Laa (1) = log L3 (1) = %(p+c+ 1).
Moreover L ) )
1 mz—+n 1/ mz+n
log L15(1) = - ——————dzand logLy1(1) = — ——dz,
2 Laz(1) Q./o —pz*+bz—gq gla(l) pJo —qz*+bz—p
where

m:=—(pg+p+q), n:=qga+band n :=p—a)+b. (36)

The explicit integration of these functions leads to several cases depending on the parameters. To avoid this
we note that

mz+n . m_ —2pz+ b 1 mb + 2np
—p22+bz—q  2p-p2Hbz—q 2p-—p2+bz—q’
so that )
m p+q—>b mb + 2np dz
log L12(1 :—log( ) + .
o 2pq q 2pq  Jo —pF*+bz—g¢

It is clear that the same formula holds for log Lo (1) replacing p, ¢ and n by ¢, p and n’, respectively. On
account of this and the fact that, from (36), mb+ 2n’q = —mb — 2np, we get

L12 —lo —lo — 72 fe) B m n
log <L21>(1) = log L12(1) — log L21(1) 2pq1 g <q) + (mb + 2np)®(u), (37)

where

a( )-—1/1 1,1 J
M= opg Jo \=p24bz—q " —qZ+bz—p) "
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Notice, and this is the key point in the forthcoming arguments, that ® is a non-vanishing function because,
thanks to property H1, ®(u) < 0 at any admissible parameter p. On the other hand, from (35),

Ls; (14+c+cq) Los
log 3 )(1) = — =T,y dlog (22 ) (1) =o.
og( 11)( ) 5 ogc and log " (1)=0 (38)

Accordingly the substitution of (37) and (38) in (34) yields

m P p(1+c+ cq
dy(p) = ~2 log (q) + p(mb + 2np)@(p) — (2qc) log e
ot 1+c+
= PP g (2) s p(opaa = (0 -+ ) 0() - P D g

where in the first equality we set the values of the hyperbolicity ratios given in (32) and in the second one
the expressions of m and n defined in (36). Observe at this point, see (33), that d; (i) = 0 if, and only if,
p = ¢q. Moreover the two logarithmic summands in the above expression of da(u) cancel each other after
the substitution p = cq, so that

dg(,u)| = cq*(2cqa — (cq — ¢+ 1)b)®(a, b, ¢, cq, q).

p=cq

Thus, by the Weierstrass Division Theorem (see [9, 12]), there exists an analytic function k; such that

dy(p) = dy(p)kr (1) + (2cqa — (cq — ¢+ 1)b) ka(p), (39)

where ko (1) := cg?® (1) is a unity in the admissible set. This expression shows that if we take an admissible
parameter 1o = (ag, bo, €0, Po, go) such that py —cogo = 0 and 2¢pgoag — (cogo —co+1)bo # 0 then da(po) # 0,
which by (¢) in Theorem A implies that Cycl((F,XHO),XM) < 1. The fact that Cycl((F,XHO),XM) =1
follows by applying (b) in Theorem A because Vd; (o) is not the zero vector, see (33). This proves the
validity of the assertion in (b).

To show (c) we take any j9 = (ao, bo, co, Po, qo) satisfying po — coqo = 2cogoao — (cogo — co + 1)bo = 0.
Then one can verify that the function

qo(2? + co(y® + 1)) — boxy

H(z,y) =

is a first integral of X, , which is clearly analytic on the whole first quadrant. (For reader’s convenience let
us mention that we found this first integral looking for an integrating factor of the form z"y* with r, s € R.)
Thus, since the determinant of the Jacobian of X, at @Q,,, is strictly positive, we can assert that it is a center.
A straightforward application of the Poincaré-Bendixson theorem shows that I' is the outer boundary of its
period annulus, which fills the first quadrant. This proves that if pg — cogo = 2¢oqoao — (cogo — co + 1)bg = 0
then the displacement map Z( - ; o) of X,,, along I' is identically zero. The converse follows by Theorem 2.6
noting that di (u) = d2(p) = 0 if, and only if, p — ¢q¢ = 2¢qa — (¢q — ¢+ 1)b = 0.

It only remains to be proved that Cycl((F, X)X u) = 1. This follows verbatim the proof of the same
fact in assertion (c) of Theorem 3.1 and so we shall omit the details for the sake of shortness. Indeed, by (b)
in Theorem 2.6 we have that if ;4 ~ pg then

P(s; ) = (br(p)w(s; a(p)) + ba(p) + (s 1)),

where a = ¢ —p/q and r € F;°(uo) with ¢ € (0, min(1,p)). Here we use that the three hyperbolicity ratios
are A\; = 1/q, A2 = p and A3 = 1/c. We also have that (b;) = (d1) and (b1, be) = (d1,d2) over the local ring
R{p},,- Therefore, if u = (a,b, c,p, q) verifies p — cq = 2cqa — (cq — ¢+ 1)b = 0 then by (1) = ba(p) = 0 and
r(s; 1) = 0. Moreover, since Vd; (1o) and Vda(pg) are linearly independent, see (33) and (39), this is also the
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case of Vb (uo) and Vba(1p). We can thus take three linear functions, say bs(u), bs(u) and bs(), such that
v =U(u):= (by(p),ba(1), b3(p), ba(p), bs(1)) is a local analytic change of coordinates in a neighbourhood
of p = po with ¥(uo) = 05:= (0,0,0,0,0). Notice then that ¥ maps {p — c¢q¢ = 2cqa — (¢q — ¢+ 1)b = 0} to
{v1 = vo = 0} and, moreover,

1 (s;v) =5 °D(s; u)’ = nw(s; &) + va + 7(s;v),
p==1(v)
where @ = @(v) == a(¥~1(v)) and #(s;v) := 7(s; U1 (v)) € F°(05). Due to #(s;0,0,v3,v4,v5) = 0, by
applying [17, Lemma 4.1] we can write the remainder as 7(s;v) = v1hi(s;v) 4+ v2ha(s; v) with h; € F;°(05)
and, consequently,
1 (s;v) = v (w(s; &) + hi(s;v)) + v (1 + ha(s;v)).

From this expression we conclude that there exists sy > 0 and an open neighbourhood U of v = 05 such that
% (s;v) that has at most one zero on (0, sg), counted with multiplicities, for all v = (v1,va,v3,v4,v5) € U
with v + v2 # 0, which implies that Cycl((F,Xﬂo),X#) < 1. The proof of this follows exactly as we
argue to show the same fact in Theorem 3.1, cf. (24), and it is omitted for brevity. Finally the fact that
Cycl((F,XHO),XM) > 1 follows taking p; ~ po with p1 — ¢1q1 = 0 and 2¢1qra1 — (c1q1 — ¢1 + 1)by # 0, and
applying the assertion in (b). This completes the proof of the result. [ |

Remark 3.4. In order to prove Theorem 3.2 it is only necessary to compute the functions d; and ds in
Theorem A, which give the conditions for cyclicity 0 and 1, respectively. Let us explain that, as a matter of
fact, we computed the function d3 as well, realizing that it vanishes when d; = do = 0. It was this fact that
lead us to investigate if the return map along the polycycle is the identity in that case. For completeness
let us explain succinctly the computations that involve the obtention of ds for the Kolmogorov’s family
considered in Theorem 3.2. Recall, see (e) in Theorem A, that

ds(p):= Ms(As, 1) L1 (1) — My (1/A1,1) La1 (1)
In this case, cf. (35), we have that

+(gt1)e Li(gtle

Liy(u) = (1+cu®) " % and Ly (u) = (1 +u/c) =

and then, from the definition in (2),

My (u) = (14 cu?) %" (ag+b+ (cb— (c+ L)a)u?)
and

1+(g—3)c

M(u) = —u(1+v*/c) > ((ag+b)u® +cb— (c+ 1)a)/c*.

In order to proceed with the computation of M; (/\%, 1) and M; ()\3, 1) we note that if J(x;n,r):= (1+nz?)"
with n > 0 and r € R then

1

R 1

J(a,1;m,r) = / (1+nz?) 'z~ tde = - oy (=1 —a/2;1 — a/2; —n) for all a < 0,
0

where in the first equality we apply (b) in Proposition 2.5 with £k = 0 and in the second one we use the
equality in [1, 15.3.1] to express the definite integral as a hypergeometric function. In principle the above
equality is only true provided that o < 0. However its validity can be extended to any « ¢ N thanks to the
meromorphic properties of the functions o F; and J stablished, respectively, by [17, Lemma B.2] and (d) in
Proposition 2.5. Consequently, thanks to this observation and applying twice the above formula, we get

aqg+b cb—(c+1a

2—q

Mi(1/A,1) = — pi1(c,q) + pa(c,q),
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where

e1(c,q):=2F1((3—¢q)/2—1/(2¢),—q/2;1 — q/2;—¢),
@2(c,q):=2F1 (38— ¢q)/2—1/(2¢),1 — q/2;2 — ¢/2;—¢).

Here we also use that if h = f + g then ha = fa + §o and that if f(z) = z™g(x) then fa(x) = 2" Jo—n(x),
see [16, Corollary B3|. Similarly

- aqg+b

MS()\S;].) = C(l—SC) - (C+1)a

p3(c, q) + Ti—o ea(c, q),
where

p3(c,q)=2F1((3 —q)/2—1/(2c),3/2 = 1/(2¢);5/2 — 1/(2¢); ~1/c),
pale,q):=2F1((3—q)/2—1/(2¢),1/2 = 1/(2¢); 3/2 = 1/(2¢); ~1/c).

In the proof of Theorem 3.2 we show that dy (u) = do(u) = 0 if, and only if, u = (a, b, ¢, p, q) verifies p = cq

and a = 17(1_272:0‘1). Long but easy computations show that, under these two conditions, ds(u) = 0 if, and
only if|
gesten) —eiea) + e (alea + S plen) =0

This is an equation for b, ¢ and ¢ that involves four hypergeometric functions. Surprisingly enough it turns
out, by applying the formula in [1, 15.3.7], that the function on the left hand side of the above equation is
identically zero. In other words, d(p0) = da(po) = 0 implies dg(po) = 0. O

Acknowledgements. The authors want to thank Joan Torregrosa, who kindly lend us his Maple [13] pro-
cedure to compute the focus quantities that we use to prove (e) in Theorem 3.1.
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