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In this paper we characterize the phase portraits of the complex Abel polynomial differential equations

with ze C, a,b,c e C. We give the complete description of their topological phase portraits in the
Poincaré disc, i.e. in the compactification of R? adding the circle S! of the infinity.
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1. Introduction and statement of the main results

Numerous problems of applied mathematics, or in physics,
chemistry, economics,...are modeled by polynomial differential sys-
tems. Excluding linear systems the quadratic polynomial differen-
tial systems are the ones with the lowest degree of complexity,
and the large bibliography on them proves their relevance, see the
books [1,15,16] and the surveys [3,4]. After the quadratic polyno-
mial differential systems come the cubic ones, which also have
many applications. Among the cubic polynomial differential sys-
tems we emphasize the Abel systems, see for instance the papers
[2,6,8,9,11] where the Abel systems are applied to modelize prob-
lems from Ecology, control theory for electrical circuits and cos-
mology, respectively.

In this paper we characterize the phase portraits of the complex
Abel differential equations

z=(z-a)(z-b)(z—0), (1)
with ze€ C, a,b,c e C and the dot means derivative with respect

to the time t e R. We write z=x+1iy, a=ay +ia;, b= by +ib,,
¢ =1 +icy, with X,y € R and q;, b;, ¢; € R for i = 1, 2. The complex
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differential Eq. (1) becomes the real differential system

X= —a1b1C1 + azsz1 + azb162 + a1b262 + (a1b1 — a2b2 + a1 + b1C1
—03Cy — baCa)x — (Azb1 + arby + ax¢1 + bycy + aica + b1y
—(a; + b1 +c1)x?> +2(az + by + )Xy + (a1 + by + ¢1)y? +x3 — 3xy?,
Y= —aybicy —aibacy — aybicy + axbycy + (azb1 4 a1by + axcy + by
+a1C + b1C2)X+ (Cl]b] — azbz +a;c + b1C1 — aCy — szz)y
—(a2 + by +¢2)x* = 2(a1 + by + c1)xy + (a2 + by + ©2)y* + 3%y — 3.

(2)

The objective of this work is to classify the phase portraits of
the Abel polynomial differential systems (2) in the Poincaré disc
modulo topological equivalence. As any polynomial differential sys-
tem, system (2) can be extended to an analytic system on a closed
disc D of radius one, whose interior is diffeomorphic to R? and its
boundary, the circle S!, plays the role of the infinity. This closed
disc is denoted by D? and called the Poincaré disc, because the
technique for doing such an extension is the Poincaré compactifica-
tion for a polynomial differential system in R2, which is described
in details in Chapter 5 of [5], see also Section 2.1. In this paper we
shall use the notation of that chapter. By using this compactifica-
tion technique the dynamics of system (2) in a neighborhood of
the infinity can be studied.

See Sectioin 2.2 for the definition of equivalent topological
phase portraits, and for seeing that it is sufficient to draw the sep-
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