CONFIGURATIONS OF THE TOPOLOGICAL INDICES OF
THE PLANAR POLYNOMIAL DIFFERENTIAL SYSTEMS
OF DEGREE (2,m)

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. Using the Euler-Jacobi formula there is a relation between
the singular points of a polynomial vector field and their topological
indices. Using this formula we obtain the configuration of the singular
points together with their topological indices for the polynomial differ-
ential systems © = P(z,y), ¥ = Q(z,y) with degree of P equal to 2
and degree of @ equal to m when these systems have 2m finite singular
points.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Consider in R? the polynomial differential system

(1) &= Plz,y), y=~Q(@,y),
where P(x,y) and Q(z,y) are real polynomials of degrees 2 and m, respec-
tively, or simply of degree (2,m).

The motivation of our paper comes from the fact that for the planar
quadratic polynomial differential systems (i.e. the ones of degree (2,2)) the
characterization of all configurations of the indices of the singular points
of all systems that have four singular points is the well-known Berlinskii’s
Theorem proved in [2, 6] and reproved in [4] using the Euler-Jacobi formula.
More precisely, the Berlinskii’s Theorem can be stated as follows: Assume
that a real quadratic system has exactly four real singular points. In this
case if the quadrilateral formed by these points is convex, then two opposite
singular points are anti-saddles (i.e. nodes, foci or centers) and the other
two are saddles. If this quadrilateral is mot convex, then either the three
exterior vertices are saddles and the interior vertex is an anti-saddle or the
exterior vertices are anti-saddles and the interior vertex is a saddle.

We want to extend the Berlinskii’s Theorem from degree (2,2) to degree
(2,2m) for all m > 2, i.e., we shall obtain all configurations of the polynomial
differential system of degree (2, m).
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Assuming that the differential system (1) has 2m finite singular points,
then using the Euler-Jacobi formula we obtain a relation between the finite
singular points of the polynomial differential system (1) and the topological
indices of their singular points.

In the complex projective plane, and taking into account all the multiplic-
ities of the singular points of a polynomial differential system, if the number
of singular points is finite, then it is at most 2m, see for more details the
Bézout’s Theorem (see [7] for a proof of this theorem). When all the sin-
gular points have multiplicity one and are located in the finite part of the
projective space, we can apply the Euler-Jacobi formula (see [1] for a proof
of such formula). For system (1) if the set of zeroes contains exactly 2m
elements, then the Jacobian determinant

| OP/0x 0OP/0y

~ 1 0Q/0x 0Q/dy

evaluated at each zero does not vanish, and for any polynomial R of degree
less than or equal to m — 1 we have

(2) 3 52((2; = 0.

acA

J

We denote by A the set of finite singular points of system (1). Given a
finite subset B of R2, we denote by B its convex hull, by 0B its boundary,
and by #B its cardinal.

Set Ag=Aandfori>1A4;=A4,_1\ (A1 ﬂ@/li_l). There is an integer
¢ such that Ag4q = 0.

We say that A has the configuration (Ko; K1;Ko;...;K,) where K; =
#(A;NOA;).

We are also interested in the study of the (topological) indices of the
singular points of system (1). We say that the singular points of system (1)
which belong to A; N 0A; are on the i-th level.

We recall that if we assume that #A = 2m then the Jacobian determi-
nant J is non-zero at any singular point of system (1), consequently the
topological indices of the singular points are +1, and then the number K;
of the i-th level is substituted by the vector (n}+,n?—,...,n/" 14 nl"i-),
i
A;NAA, is a convex polygon, these numbers take into account the number of
consecutive points with positive and negative indices, viewing the ith level
oriented counterclockwise: n} corresponds to the string with largest number
of consecutive points with positive indices. If there are several strings with
the same number of points we choose one such that the next string (that
has points with negative indices) is as large as possible. We continue the

process with n? and so on. Furthermore, when A; N d4; is a segment, the

where n] are positive integers such that j n] = K;. More precisely, since
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numbers take into account the number of consecutive points with positive
indices, beginning at one of its endpoints.

We denote by i(a) the index of a singular point a € A of system (1). To
introduce the main results of the paper we introduce some notations

A% = (4;...54), A= (+2-), Ay=(2+-), I'=(2+2-),
Rk:(+7_7"')+7_)7 Oi:(2+)_7+7_7+7"')+7_)7
Olj = (+72_7+7_7+7"'7+7_)7

where k is the length of the strings 4(%), R¥ and Oi. We take the convention
that Ol = — and O} = +.

In our notation Berlinskii’s Theorem corresponds to the case m = 2 and
can be stated as follows.

Theorem 1 ( Berlinskii’s Theorem). For planar quadratic polynomial dif-
ferential systems such that #A = 4 the following statements hold:

(a) Daecaila) =0 or [P cqila)] = 2.

(b) If Y ,caila) = 0, only the configuration (4) = R* is possible and
there are examples of such configuration.

(¢) If > eai(a)] = 2, only the configurations (3) = (34, 0L) and (3) =
(3—, O}r) are possible and there are examples of such configurations.

With the notation introduced above we can state the first main theorem
in the paper that deals with m > 3 odd.

Theorem 2. For planar polynomial differential systems of degree (2,m)
such that #A = 2m with m > 3 odd, the following statements hold.

(8) enila) =0.
(b) Only the following configurations are possible
(i) (2m) = R*™;

(ii) (49);2m —45) = (Ty;...;T5; R¥™Y) for j=1,...,(m — 3)/2
where 'y =T fork=1,...,7;

(iti) (49);3;2m —4j — 3) = (T1;...;T; A4, R?™4973) for j even
and (49);3;2m — 45 — 3) = (I'y;... ;T AL, R2m=473) for j
odd, where j =0,1,...,(m—3)/2 and T, =T fork=1,...,7.

There exist examples of all these configurations.

The proof of Theorem 2 is given in section 2. Note that the particular
case m = 3 was proved in [4].

Now we introduce the second main result of the paper which deals with
the case m > 2 even.

Theorem 3. For planar polynomial differential systems of degree (2,m)
such that #A = 2m with m > 2 even, the following statements hold.



4 J. LLIBRE AND C. VALLS

()zf:aeA ) =0 0r [ ,eqila)] = 2.

(b) If > ,cai(a) =0, only the following configurations are possible
(i) om) = R |
(i) (49);2m —4j) = (R};.. .;R?;RQm_‘U) forj=1,...,(m—3)/2
where Ri—Rfork: 1,...,7
There exist examples of such configurations.
(c) If [>_,caila)] =2, only the following configurations are possible

(iii) (49);3;2m — 4j — 3) = (S14;S2—;...;9;0;;3(=6;); 0" V73
or (419);3;2m—45-3) = (S1—; So+;...;5;(—0); 35J,O2m 473
for 3 =1,...,(m — 3)/2, where Sk =4 fork=1,...,j and
0j =+ if j is odd and 6; = — if j is even.

There exist examples of such configurations.

i(a
€A

The proof of Theorem 3 is given in section 3. The particular cases m = 2
is the well-known Berinskii’s Theorem and m = 4 was proved in [9].

2. PROOF OF THEOREM 2

First of all we observe that if a configuration exists for a polynomial vector
field X with degrees (2,m) and #A = 2m, then it is possible to construct
the same configuration but interchanging the indices of the singular point,
i.e. the points with index +1 become with index —1 and vice versa. For
doing that it is enough to take Y = (— P, Q) instead of X = (P, Q).

In the proof of Theorem 2 we will denote by {pi,...,pam} the set of
points of A if there is no information about their indices, by {pf‘, . ,pk}
the set of points of A with positive index, and by {p;,...,p,, .} the set
of points of A with negative index. Also we will denote by L; ; the straight
line L; j(z,y) = 0 through the points p; and p; where i € {1,...,2m}, and
by L; a straight line through a point p; € dA such that for all q € A we
have L;(A) # 0 and it is zero only at gq.

We will also use the following auxiliary result proved in [3].

Lemma 4. Let X = (P, Q) be a polynomial vector field with max(deg P, deg Q) =

n. If X has n singular points on a straight line L(x,y) = 0, this line is an
isocline. If X has n + 1 singular points on L(x,y) = 0 then this line is full
of singular points.

2.1. Proof of statement (a) of Theorem 2. It was proved in [8] that
in the case of polynomial vector fields of degree (2, m) with m odd it holds
that .4 ix(a) = 0. This proves statement (a).

2.2. Proof of statement (b) of Theorem 2. By statement (a) we have
m points with positive index and m points with negative one. Note that
configurations (2m—1;1), (2m—2;2), (2m—3;3), (2m—4;4), (2m—4;3;1),
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(2m—"5, %), ..., (5; *) are not possible because any convex hull of 2m—1, 2m—
2,...,5 points on a conic has at most four points in the boundary of the
convex hull except for the ellipse, but in the case of the ellipse cannot be
points in the 1-level. Furthermore, the unique possible configurations of
the form (3;x*) are (3;2m — 3). Indeed, since the polynomial P has degree
2, P(z,y) = 0 is a conic and the 2m finite singular points of system (1)
are on this conic. Therefore any real conic (ellipse, parabola, hyperbola,
two parallel straight lines, two straight lines intersecting in a real point,
one double straight line or one point) do not allow the configuration of
the form (3;%;%). In a similar manner a configuration of the form (4;5; %),
or (4;4;5;%) or (4;3;%;x*). Clearly configurations of the form (2;x) cannot
occur because the 2m singular points would be on a straight line, and by
Lemma 4 this straight line will be full of singular points, a contradiction.
Moreover, configurations of the form (1;%) have no meaning. In short, the
unique possible configurations are (2m), (49);2m —4j —4), (3;2m — 3) and
(49);3:2m — 45 — 3) for j = 1,..., (m — 3)/2. Moreover we will show that
each configuration mentioned above is realizable.

We will study each configuration separately.

Configuration (2m): Assume that the subscripts of the points in A are in
such a way that p1,...,pom, are ordered in 0A in counterclockwise sense.
Also we consider the subscripts in Z/2mZ. Take

m—2

Ci(z,y) = H Litojivoj+1, forj=1,2,....2m.
=0

Then the Euler Jacobi formula applied to C; yields

Ci(pivom) n Ci(Pitam+1)

=0.
J(pivom)  J(Ditam+1)

Since all the points p1, ..., pam, are in an ellipse, the polynomial C;(z,y) has
the same sign on the two points p;iom and pitom+1. S0 J(Pitom)J (Pitom+1) <
0 for all i. Hence the indices of p; and p;11 are different and the configuration
of A must be (2m) = (+,—,...,+,—) = R*™.

The configuration R?*™ can be realized intersecting an ellipse with m
parallel straight lines each one having two points in the ellipse.

Configurations (49);2m — 45 — 4) for j = 0,1,...,(m — 3)/2. We will only
prove the cases j = 0 and j = 1 since the other cases are done in a similar
manner. So, we study the cases (4;2m — 4) and (4;4;2m — 8).

Configuration (4;2m — 4). Clearly the configuration (4;2m — 4) only can be
realizable being P(x,y) = 0 a hyperbola or a conic formed by two straight
lines which intersect.
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First we prove it for the case when P(x,y) = 0 is a hyperbola. Since all
the singular points lie in a hyperbola and in the 1st-level of A we must have
2m — 4 points, it is clear that two points are in one branch of the hyperbola
and the other 2m —2 points in the other branch of the hyperbola. Denote by
p1, p2 the points in one branch of the hyperbola (ordered in clockwise sense)
and by ps, ..., po, the remaining points which are in the other branch of the
hyperbola and ordered in counterclockwise sense. Applying the Euler-Jacobi
formula to

m—2
C(may) - H L3+j,2m7
7=0

and taking into account the convex hull of pi, p2, p3, p4 and the convex hull
of ps,...,pom we get that p; and po have different indices. Now applying
again the Euler-Jacobi formula successively to

m—2
Ci(r,y) = L1 H L3y jom—j,
J=0,j#k

with £ =0,...,m — 2 we get that p3;r and po,,—x have different indices for
k=0,...,m— 2. Without loss of generality we can assume that p3 = p;
and pa,, = p,,,. Moreover, applying the Euler-Jacobi formula to

m—2

C(z,y) = Laom H L3ijom—j,
j=1

we get that p; and p3 have the same index (because the number of straight
lines is m — 2 which is odd) and so p; = pf and py = p, . Finally, applying
the Euler-Jacobi formula to

k-1 m—k—3
Cr(z,y) = L1 H L3+jom—;j H Lt jtk,2m—j—ks
Jj=0 J=0

for k = 0,...,m — 3 we get that pp = pz for k odd and pp = p, for k
even. Hence the unique possible configuration is (24,2—;+,—,...,+,—) =
(P7 R2m—4)_

If the conic is the product of two intersecting straight lines at the real point
p, by Lemma 4 on each straight line we must have exactly m points, and the
point p on every straight line separates 1 point from the other m — 1 points
of the same straight line. In this configuration we can repeat the arguments
done on the hyperbola for obtaining the configuration (', R?™~4).

The configuration (I', R*™~%) can be realized intersecting the hyperbola
22 —y? =1 by the m — 1 straight lines + = —m, 2,3,...,m.

Configuration (4;4;2m — 8). The configuration (4;4;2m — 8) only can be
realized being P(x,y) = 0 a hyperbola or a conic formed by two straight
lines which intersect. Since the proof in both cases follow the same lines,
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we only do it for the hyperbola. In that case, observe that since all the
singular points lie in a hyperbola and in the 1st-level and 2nd level of A we
must have four points, it is clear that four points are in one branch of the
hyperbola and the other 2m — 4 points in the other branch of the hyperbola.
Denote by p1, po, p3, p4 the points in one branch of the hyperbola ordered
in clockwise sense and by ps,...,p2, the remaining points which are in
the other branch of the hyperbola and ordered in counterclockwise sense.
Applying the Euler-Jacobi formula to

m—3 m—3
C(z,y) = Lia [ [ Ls1jom—j and C(x,y) = Loz [[ Ls+jzm—s»
=0 =0

we get that ps and ps have different indices and p; and ps have different
indices. Moreover, applying the Euler-Jacobi formula to

m—3
C(z,y) = L1l H Lsyjom—;j
7=0,j7#k
with £ = 0,...,m — 3 we get that ps.x and po,,_ have different indices.

Without loss of generality we can assume that ps; = p; and p2;m = Dy,),-
Applying the Euler-Jacobi formula to

m—3

C(z,y) = LaomLa3 H Lsyjom—j,
j=1

we get that p; and ps have the same index (because the number of straight
lines is m — 2 which is odd). In short p; = pf and py = py . Now we apply
the Euler-Jacobi formula to

m—3

C(x,y) = LaomL3 2m—1 H Lsyjom—j—1,

j=1
with Ly,42 m+2 being a straight line through the point p,,12 which separates
the points {p1, p2, 3, p4} from the points {ps, . .., Pm+1, Pm+3, - - -, P2m }. Do-
ing so, we get that py and ps must have different indices (because the number
of straight lines is m — 3 which is even) and so p; = p; and p3 = p:",f. Finally,
applying the Euler-Jacobi formula to

k—1 m—k—4
Cr(z,y) = L14Lla3 H Lsyjom—; H Lryjiko2m—j—k,
j=0 7=0

for k=0,...,m — 4 we get that px :p,j for k odd and p, = p, for k even.
Hence, the unique possible configuration is (2+,2—; 2+,2—; 4+, —, ..., +,—) =
(T;T; R?m—8),

The configuration (I'; T'; R2™~8) can be realized intersecting the hyperbola
22 — y? = 1 with the straight lines x = —3,-2,2,3,...,m — 1.
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Configurations (49);3;2m — 45 — 3) for j = 0,1,...,(m — 3)/2. We will
only prove the cases j =0, j = 1 and j = 2 since the other cases are done
in a similar manner. So, we study the cases (3;2m — 3), (4;3;2m — 7) and
(4,4,3,2m — 11).

Configuration (3;2m — 3). In this case it is clear that this configuration only
can be realized being P(z,y) = 0 a hyperbola. Since all the singular points
lie in a hyperbola and in the 1st-level of A we must have 2m — 3 points, it is
clear that one point is in one branch of the hyperbola and the other 2m — 1
points in the other branch of the hyperbola. Denote by p; the point alone in
one branch of the hyperbola and by ps, ..., p2;, the remaining points which
are in the other branch of the hyperbola ordered in counterclockwise sense.
Applying the Euler-Jacobi formula to

m—2
C(z,y) = [ Lorjom—y
5=0

we get that p; and pp,41 have different indices. Now applying again the
Euler-Jacobi formula successively to

m—2
Cr(,y) = Limr || Lorjom—j»
7=0,j#k
with £k =0,...,m — 2 we get that poyj and pay, i have the same index for
k=0,...,m — 2. Without loss of generality we can assume that ps = py
and so poy, = p;m. Now applying the Euler-Jacobi formula to
m—2
C(,y) = Lmnyrmyz [[ Lotjom—jtr,
j=1

we get that p; and py have opposite indices (because the number of straight
lines is m — 1 which is even). So p; = p; and pp41 = p;rl +1- Now applying
the Euler-Jacobi formula to

k—1 m—k—2
Ck(w,y) = Lim+1 H Loy jom—; H Litjtkom—i—k;
§=0 3=0
for kK =0,...,m — 2, where Ly, 42,42 is a straight line through the point
Pm+2 that separates the point p; from {p2,...,Pm+1,Pm+3,---,P2m}, We

get that poiy = p;rk and poy_p = p;m_k for k even and poyg = Dori
and po;m—k = Py, for k odd. Hence, the unique possible configuration is
(2+> — =1y _) = (AJH R2m_3)'

The configuration (A, R?™~3) can be realized intersecting the hyperbola
22 — y? = 1 with the straight lines + = —1,1,2,...,m — 1.

Configuration (4;3;2m — 7). In this case it is clear that the configuration
(4;3;2m — 7) only can be realized being P(x,y) = 0 a hyperbola. Since all
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the singular points lie in a hyperbola and in the 0-level of A we must have
four points and in the first level we must have three points, it is clear that
three points are in one branch of the hyperbola and the other 2m — 3 points
in the other branch of the hyperbola. Denote by p1, po, p3 the points in one
branch of the hyperbola ordered in clockwise sense and by pu4, ..., pom the
remaining points which are in the other branch of the hyperbola and ordered
in counterclockwise sense. Applying the Euler-Jacobi formula to

m—3

C(z,y) = L3 H Litjom—j,

j=0
we get that ps and pp,+o have different indices. Now applying again the
Euler-Jacobi formula to

m—3 m—3
C(z,y) = Lomy2 || Lavjom—jand Cr(z,y) = Lomi2lis [[ Latjom-j
Jj=0 J=0,j#k
with £ = 0,...,m — 3 we get that p; and p3 have the same index and
P4tk and po,—r have the same indices for £ = 0,...,m — 3. Without loss

of generality we can assume that py = pj{ and so poy, = p;m. Moreover,
applying the Euler-Jacobi formula to

m—3

C(x,y) = Lami2L32m H Lyyjom—j,

j=1
we get that p; and py have opposite indices (because the number of straight
lines is m — 1 which is even). So p;1 = p; and p3 = p;. Now we apply
successively the Euler-Jacobi formula to

k—1 m—k—4
Cr(z,y) = L13Lom+3 H Latjom—; H Leyjtk2om—j—k
j=0 §=0

for k=0,...,m—4 and we get that p, = p, for k odd with k # m + 2, and
Pr = p: for k even with k£ # 2. Finally, applying the Euler-Jacobi formula

to
m—4

C(z,y) = LisLom+1 H Layjom—;,
§=0
we get that pmi2 = p,,.o and p2 = p; . In short the configuration is
(2+7 2_7 +) 2_7 +7 Ty 7+7 _) = (Fa A—v RQm_?)‘
The configuration (I'; A_, R*™~7) can be realized intersecting the hyper-
bola 22 — y? = 1 with the straight lines z = —2,—-1,1,2,...,m — 2.

Configuration (4;4;3;2m — 11). As before, in this case it is clear that the
configuration (4;4;3;2m — 11) only can be realized being P(z,y) = 0 a
hyperbola. Since all the singular points lie in a hyperbola and in the 0-level
and 1-st level of A we must have four points and in the 2nd level of A we
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must have three points, it is clear that five points are in one branch of the
hyperbola and the other 2m — 5 points in the other branch of the hyperbola.
Denote by p1, p2, p3, p4, p5 the points in one branch of the hyperbola ordered
in clockwise sense and by ps,...,p2m the remaining points which are in
the other branch of the hyperbola and ordered in counterclockwise sense.
Applying the Euler-Jacobi formula to

m—4

C(z,y) = LisLay H Lé+j2m—js
j=0

we get that ps and pp,+3 have different indices. Now applying again the
Euler-Jacobi formula to

m—4 m—4
C(x,y) = L3mi3L1s H Letjom—j, C(x,y) = L3mi3loy H Le+j,om—j
=0 j=0
and
m—4
Cr(x,y) = L3 mi3LlisLlog H Lé+j2m—j,
J=0,#k

with £ =0,...,m — 4 we get that ps and p4 have the same indices, p; and
ps have the same indices and pgyr and po,,—k have the same indices for
k=0,...,m — 4. Without loss of generality we can assume that pg = pg
and S0 poy, = p;m. Moreover, applying the Euler-Jacobi formula to

m—4
C(z,y) = Lam+3Ls2mLoa H Lé+jom—j,

j=1
we get that p; and pg have opposite indices (because the number of straight
lines is m — 3 which is even). So p; = p; and ps = p;. Now we apply the
Euler-Jacobi formula to

m—>5

C(x,y) = Ls amLaom—-1L3m+2 H L6t jom—j—2,
j=0

and we get that p; and ps have opposite indices. So py = p; and pg = pj{.
Now we apply the Euler-Jacobi formula to

k—1 m—k—>5
C(z,y) = Li15L24L3m+4 H Le+j2m—; H Lsijik2m—j—ks
j=0 j=0

and we get that p3 = p3, pr = p,, for k > 7 odd with k # m+4 and p;, = pz
for k£ > 6 even. Finally, applying the FEuler-Jacobi formula to

m—>5

C(x,y) = LisLoalzmyo H Lé+j2m—js
j=0
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we obtain that pp,44 and pp,13 have opposite indices, and s0 pry4 = P, 4-
In short the unique possible configuration is

(2+7 2_’ 2+7 2_7 2+) ) +7 Ty +) _) = (F)Fa A+7 R2m711)'

The configuration (I',T', A, R*™~!1) can be realized intersecting the hy-
perbola 22 — y? = 1 with the straight lines + = —3,-2,-1,1,2,...,m — 3.

3. PROOF OF THEOREM 3

3.1. Proof of statement (a) of Theorem 3. It was proved in [8] that in
the case of polynomial vector fields of degree (2, m) with m even it holds
that > c4ix(a) =0or |y ,c4ix(a)| = 2. This proves statement (a).

3.2. Proof of statements (b) and (c) of Theorem 3. Proceeding as in
the same manner as in the proof of Theorem 2 we have that the only possible
configurations are (2m), (49); 2m—4j—4), (3;2m—3) and (49); 3; 2m—4;j-3)
forj=1,...,(m—3)/2.

We will study each one of the configurations separately.

Configuration (2m): Proceeding exactly in the same way as in the proof of
Theorem 2 we get that the unique possible configuration is (+, —, ..., 4+, —) =
R?™. Again, the configuration R?>™ can be realized intersecting an ellipse
with m parallel straight lines each one having two points in the ellipse.

Configurations (49);2m — 4j) for j =1,...,(m — 3)/2. We will only prove
the cases j = 1 and j = 2 since the other cases are done in a similar manner.

Configuration (4;2m —4). We take the same notation as in the proof of the
configuration (4;2m — 4) in Theorem 2 and proceeding exactly as in that
proof we get that p; and py have different indices and p3; and pa,,—; have
also different indices for j = 0,...,m — 2. Without loss of generality we can
assume that p3 = P; and po,, = p,,,. Moreover, applying the Euler-Jacobi

formula to
m—2

C(z,y) = Laom H L3ijom—j,
j=1

we get that p; and ps have opposite index (because the number of straight
lines is m — 2 which is even) and so p; = p] and py = ]92+ . Now proceeding
as in the final part of the proof of Theorem 2 we get that p; = pj for j
odd and p; = p; for j even. Hence, the unique possible configuration is
(R4 +,—,...,+,—) = (RY, R?™™4).

Note that here .., i(a) = 0. The configuration (R*, R*"~*) can be

realized intersecting the hyperbola 22 — y?> = 1 by the m — 1 straight lines
r=-m,2,3,...,m.



12 J. LLIBRE AND C. VALLS

Configuration (4;4;2m — 8). We take the same notation as the proof of the
configuration (4;4;2m — 8) in Theorem 2. Proceeding as there we get that
p1 and py have different indices, p» and p3 have different indices and ps,;
and poy,—; have different indices. Without loss of generality we can assume
that ps = p; and pa,, = p,,,.- Applying the Euler-Jacobi formula to

m—3

C(z,y) = LagmLas [ [ Lstsom—s»

j=1
we get that p; and ps have opposite index (because the number of straight
lines is m — 2 which is even). In short p; = p] and ps = pi‘. Now applying
the Euler-Jacobi formula to

m—4

C(z,y) = LaomL3om—1 H Lsyjom—j—2,

=0
we get that p; and ps must have opposite indices and so ps = ]92+ and p3 = p5 .
Now proceeding as in the last part of the proof of this configuration in
Theorem 2 we get that p; = p;r for j odd and p; = p; for j even. Hence, the
unique possible configuration is (R*; R*; 4+, —, ..., +, —) = (R*; R*; R?™~8),

Note that here Y° . ,i(a) = 0. The configuration (R* R*; R*™~®) can
be realized intersecting the hyperbola 2% — 2 = 1 with the straight lines
r=-3,-2,2,3,....,m— 1L

This proves statement (b) of the Theorem.

Configurations (49);3;2m — 45 — 3) for j = 0,1,...,(m — 3)/2. We will
only prove the cases j =0, 7 = 1 and j = 2 since the other cases are done
in a similar manner. So, we study the cases (3;2m — 3), (4;3;2m — 7) and
(4,4,3,2m — 11).

Configuration (3;2m — 3): We take the same notation as in the proof of the
configuration (3;2m — 3) in Theorem 2 and proceeding as in the first part
of that proof we get that p; and p,,41 have different index, and ps; and
P2m—j have the same index for j = 0,...,m — 2. Without loss of generality
we can assume that py = p; and so po,, = p;m. Moreover, applying the
Euler-Jacobi formula to

m—2

C(2,y) = Lint1,m+2 H Lot jom—j+1,

j=1
we get that p; and py have the same indices (because the number of straight
lines is m — 1 which is odd). So p; = pf and pm11 = p,, - Now proceeding
as in the last part of the proof of Theorem 2 we get that py,; = p;ﬂ- and
Pom—j = p;m_j for j even and poy; = Payj and pog,—; = Pom—; for j odd.
Hence, the unique possible configuration is (3+;+,2—,+,—,...,+,—) =
(3+;07™3).
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Note that here ), ., i(a) = 2, so when ) ,i(a) = —2 we would
have the configuration (3—; O¥"3) . The configuration (3+; 0*"™?) can
be realized intersecting the hyperbola 22 — 2 = 1 with the straight lines
r=-1,1,2,....m—1.

Configuration (4;3;2m — 7). We use the notation in the configuration
(4;3;2m —7) in the proof of Theorem 2. Proceeding as there we get that po
and py,+2 have different indices, p; and p3 have the same index and p4; and
D2m—j have the same index for j = 0,...,m — 2. Without loss of generality
we can assume that py = pj{ and so pa,, = p;m. Moreover, applying the
Fuler-Jacobi formula to

m—3

C(z,y) = Lam+2L32m H Liytjom—j,

j=1
we get that p; and py have the same indices (because the number of straight
lines is m — 1 which is odd). So p; = pf and p3 = p;{. Now proceeding as
in the last part of the proof of this configuration in Theorem 2 we get that
patj = piy; and pam—j = Py, for j even and pay; = pyy; and pon—j =
Py for j odd. In short the configuration is (44+;3—; 24+, — 4+, — ..., +,—) =
(44,3—,03m7).

Note that here . ,i(a) = 2, so when ) ,i(a) = —2 we would have
the configuration (4—,3+,0*™~"). The configuration (4—1—,3—,0_2!"_7) can
be realized intersecting the hyperbola 2> — y? = 1 with the straight lines
r=-2,—-1,1,2,...,m— 2.

Configuration (4;4;3;2m — 11). We use the notation in the configuration
(4;3;2m — 7) in the proof of Theorem 2. Proceeding as there we get that
ps and pp,43 have different indices, p; and ps have the same index, py and
p4 have the same index and pg;; and po,,—; have the same index for j =
0,...,m—2. Without loss of generality we can assume that pg = pg and so
Pom = p;m. Moreover, applying the Euler-Jacobi formula to

m—4

C(x,y) = L3 m+3LlsomLoa H L6t j2m—j,
j=1

we get that p; and pg have the same index (because the number of straight
lines is m — 2 which is even). So p; = pT and ps = p;r. Now, proceeding as
in the last part of the proof of configuration (4;4;3;2m — 11) in Theorem 2
we get that po = py, ps = Dy, Pet+j = pérﬂ- and pa,—; = p;m_j for j even
and pe+j = Pgy; and pam—j = Pap,_; for j odd, ps :;{ and ppm+3 = Py, 43 I
short the unique possible configuration is (4+;4—; 3+; 0?1,

Note that here ) .4 i(a) = 2, so when ) ,i(a) = —2 we would
have the configuration (4—;4+;3—; Oimfn). Moreover, the configuration
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(44;4—; 3+; Oimfn) can be realized intersecting the hyperbola 2% — 32 = 1
with the straight lines = -3, -2,—-1,1,2,...,m — 3.

This proves statement (c) of the theorem and concludes the proof of it.
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