
Discrete and Continuous Dynamical Systems - Series B

Vol. 27, No. 8, August 2022, pp. 4305–4316
doi:10.3934/dcdsb.2021228

MEROMORPHIC INTEGRABILITY OF THE HAMILTONIAN

SYSTEMS WITH HOMOGENEOUS POTENTIALS

OF DEGREE −4

Jaume Llibre
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Abstract. We characterize the meromorphic Liouville integrability of the

Hamiltonian systems with Hamiltonian H =
(
p21 + p22

)
/2 + 1/P (q1, q2), be-

ing P (q1, q2) a homogeneous polynomial of degree 4 of one of the follow-

ing forms ±q41 , 4q31q2, ±6q21q
2
2 , ±

(
q21 + q22

)2
, ±q22

(
6q21 − q22

)
, ±q22

(
6q21 + q22

)
,

q41 + 6µq21q
2
2 − q42 , −q41 + 6µq21q

2
2 + q42 with µ > −1/3 and µ 6= 1/3, and

q41 + 6µq21q
2
2 + q42 with µ 6= ±1/3. We note that any homogeneous polynomial

of degree 4 after a linear change of variables and a rescaling can be writ-
ten as one of the previous polynomials. We remark that for the polynomial

q41 + 6µq21q
2
2 + q42 when µ ∈ {−5/3,−2/3} we only can prove that it has no a

polynomial first integral.

1. Introduction and main results. Hamiltonian systems play an important role
in the theory of the dynamical systems due to the fact that these systems occur fre-
quently in mathematical physics, particularly in mechanics, engineering and other
fields. In order to describe global information on the Hamiltonian systems is good
to find sufficient number of functionally independent first integrals. The fact that
a Hamiltonian system has some additional first integral independent of its Hamil-
tonian is a rare phenomenon which lead to a difficult problem, how to determine
whether a given Hamiltonian system has additional independent first integrals.

In this work we consider the Hamiltonian systems of two degrees of freedom

q̇i = pi, ṗi = −∂V
∂qi

, i = 1, 2, (1)

with the Hamiltonian

H =
1

2

2∑
i=1

p2i + V (q) , (2)
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