LIMIT CYCLES OF 3-DIMENSIONAL DISCONTINUOUS
PIECEWISE DIFFERENTIAL SYSTEMS
FORMED BY LINEAR CENTERS
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ABSTRACT. In this paper we deal with 3-dimensional discontinuous piecewise
differential systems formed by linear centers and separated by one plane or
two parallel planes. We prove that these systems separated by one plane have
no limit cycles, besides the systems separated by two parallel planes have at
most one limit cycle, and that there are systems having such a limit cycle. So
we solve the extension of the 16th Hilbert problem to this class of differential
systems.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

One of the main goals in the qualitative theory is to study the number of limit
cycles of the differential systems. In part this problem was motivated by the 16-th
Hilbert problem (1900), see [8, 16] for more details. Limit cycles play a main role
for understanding the dynamics of many systems, see for instance [1, 2, 6, 9, 10].

On the other hand there are many problems that are modeled using discontinu-
ous piecewise differential systems. These systems appear in various situations like
mechanical systems and control theory, see for instance [3, 4]. In particular the
study of discontinuous piecewise linear differential systems in the plane separated
by straight lines is also an important class of differential systems which appear in
models of mechanics and electrical circuits among others, see for instance [5, 13, 15].

Following the Filippov’s convention [7] the discontinuous piecewise linear dif-
ferential systems can have sliding or crossing limit cycles. A sliding limit cycle
contains sliding segments on the line of discontinuity, whereas crossing limit cycles
contain only crossing points. In this paper we work with crossing limit cycles, or
simply limit cycles.

In [11] it was proved that discontinuous piecewise linear differential systems in
the plane separated by one straight line and formed by two linear centers have no
limit cycles, besides discontinuous piecewise linear differential systems in the plane
separated by two parallel straight lines and formed by three linear centers have at
most one limit cycle, and that there are systems having such a limit cycle.

The main goal of this paper is to extend these previous results to 3-dimensional
discontinuous piecewise differential systems in the space separated by one plane or
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two parallel planes and formed by linear centers. More precisely, we consider the
differential system

(1) t=-y, y=xz 2=0.

This differential system has the z—axis filled of singular points, and at every plane
z = zp, with zg a constant, there exists a linear center at (0,0, zg), i.e. all the orbits
in this plane are periodic formed by circles centered at (0,0, zg), of course with the
exception of the singular point (0,0, zo).

We shall pass from the coordinates (z,y, z) to (X, Y, Z) through the affine change
of coordinates

X = ag+aix+ay+asz,
Y = b+ bix+by+ b3z,
Z = co+cx+coy+csz,

assuming that the determinant of matrix of the change of coordinates
D = D(a, b, C) = —a1b283 + a1b302 + a2b103 - CLngCl — agblcg + a3b201 7é O7

where a = (a1,a2,a3), b = (b1,b2,b3), ¢ = (¢1,c2,¢3). In the new coordinates
(X,Y, Z) the differential system (1) writes

X = P +PX+PY+PZ,
(2) Y = Qo+ @QiX+ QY +QsZ,
7 = Ryo+RiX + RoY + RyZ,
where
Py = —D7(ai(—agbics + apbsci — asbocy + azbico)
+ag(—aobzcs + agbzca + azbocs — azbsco — azboca + azbaco)
+a3 (bocs — bsco)),
P, = D '(—aibics + arbsc; — agbacs + asbscs),
P, = D e (a% + a%) —as(arc1 + ascs)),
Py = —D7'(bs(a +a3) — az(arby + azb2)),
Qo = D7 (cs (ao (b? + b%) — a1bpb; — agbobg) + b3(—ag(bic1 + baca)
+arbico + azbacy) + as (bobicr + ba(boca — baco) — bico)),
Q1 = —D '(c3 (b7 +b3) — bs(bicy + baca)),
Q2 = D '(cs(arby + azby) — az(bicy + bacs)),
Q3 = —D Y(b3(arby + asbs) — as (b% + b%)),
Ry = —D7'(—agbicics — apbacacs + agbsci + agbscs + aici(bocs — bsco)
+agbgcacs — agbscoes + as (—bo (cf + c%) 4 bicger + bgco@)),
R = —D '(es(bicy + baca) — bs (cf + ¢3)),
Ry = —-D7(a3 (cf + c%) —c3(ajer + ages)),
Rs = D '(—a1bsc; — agbscy + asbicy + azbacy).

For simplicity we rename the variables X,Y and Z by z,y and z, respectively. Thus
system (2) writes
(‘i’ y’ 2)T = V + M : (x’ y? Z)T7
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where
P P, P
V(a,b,c) = (Py,Qo,Ro)" and M(a,b,c)=|Q1 Q2> Q3
Ry Rs Rs

Now we consider the 3-dimensional discontinuous piecewise differential system
separated by plane x =0

(j;7 y? Z‘ V(a'7 b7 C) + M(a7 b’ C) ! (ZE, y? Z)T7 in x > 07
(x.’ y? ’é)T = V(a7 B’ ,y) + M(a7 ﬁ? ,Y) : (x’ y? Z)T7 in x < 07

)T

(3)

and the one separated by the parallel planes t = —1 and z =1
(#,9,2)" = V(a,b,c) + M(a,b,c) - (z,y,2)", inz>1,
4) (i,9,2)T =V(A,B,C) + M(A,B,C) - (z,y,2)T, in|z| <1,
(i‘aywé)T = V(a7677) + M(CZ,B,’)/) : (xayaz)Ta in T < _1a
where we assume that D(a,b,c) # 0, D(a, 8,7) # 0 and D(A, B,C) # 0.

In what follows we state the main results of this paper.

Theorem 1. The discontinuous piecewise linear differential systems (3) have no
limit cycles.

Theorem 2. The discontinuous piecewise linear differential systems (4) have at
most one limit cycle. Moreover there are systems in this class having one limit
cycle.

Theorems 1 and 2 are proved in sections 2 and 3, respectively. The main tool
for proving these theorems is the use of the first integrals of the differential sys-
tems which form the discontinuous piecewise differential systems, this technique for
studying the limit cycles already was used in [12].

Proposition 1. The discontinuous piecewise linear differential system separated
by the two parallel planes © = —1 and x =1

T = po, Yy=y-z, Z = po, mx>1,

(5) z = P1, y = P2, z = D3, m ‘l’l < 13
T=—x+2y—2z, y=—-x+2y—2z2, z=-zx+2y—z, mzcr<-1

where
1 = z 132z 11y 21z )
=55ty nETpt g g T
5¢c y 3z 3 33x Ty 9z 7
pP2=—+=>—-——+7, P3=—F — .+

8 "4 4 '8 32 16 16 ' 32’

has one limit cycle, the one of Figure 1. Moreover this limit cycle is stable.

Proposition 1 is proved at the end of section 3.
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FIGURE 1. The limit cycle of discontinuous piecewise linear differential
system (5).

2. PROOF OF THEOREM 1

The differential system in « > 0 of the discontinuous linear piecewise differential
system (3) has the two independent first integrals

hi(xz,y,z) = (—asgbico+ a1bsco + asbper — agbser — arboes + apbics
+bscixz — bicsx — azc1y + arcsy + asbiz — a1b32)2
+(asbaco — azbzco — asbocy + apbzca + asbocs — apbacs
—b3cox + bacsx + azcoy — ascsy — azbaz + a2b32)2,
ha(x,y,2) = —agbico + a1bacy + asbpcr — agbacy — arboea + apbica
+(bzc1 — bica)x + (—azer + arca)y + (azby — a1by)z,
and the differential system in x < 0 has the two independent first integrals f; and

f2 obtained respectively from h; and hg, changing the parameters a;, b; and ¢; by
«;, B; and ~y; respectively, for i = 0,1, 2, 3.

A limit cycle for discontinuous piecewise differential system (3) must intersect
the plane x = 0 in two distinct points, denoted by (0,y1,21) and (0,ys, 22), and
such two points must satisfy the system of equations

er = hi(0,y2,22) — h1(0,y1,21) =0,
ex = ha(0,y2,22) — h2(0,y1,21) =0,
es = f1(0,y2,22) — f1(0,y1,21) =0,
es = f2(0,92,22) — f2(0,91,21) = 0.
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Taking the change of variables y; = y + y2 and 2z; = z + 22 we obtain

e2 = (azc1 —aic)y + (—agby + a1be)z,
ea = (com —a1ye)y + (—azf + a1b2)z.

In order that the system e = e4 = 0 has non-trivial solutions we need that the
following determinant be zero

A = 7&20&25161 + Otlagﬂgcl + 0,2052[)1")/1 — alagbzm + alagﬂlcg

—ai1Baca — aragbiye + a1 baye.

However now there are only three independent equations e; = es = e3 = 0 and four
unknowns variables y1, yo, 21 and z3. Thus always we have a continuum of periodic
solutions and no limit cycles. Therefore Theorem 1 is proved.

3. PROOF OF THEOREM 2

We note that the differential system in z > 1 of the discontinuous piecewise
differential system (4) has the same two independent first integrals h; and ho given
in the proof of Theorem 1. The differential system in |z| < 1 has the two inde-
pendent first integrals f; and fo obtained respectively from h; and hy replacing
the parameters a;, b; and ¢; by A;, B; and C;, respectively for ¢ = 0,1,2,3, and
the differential system in x < —1 has the two independent first integrals g; and g
obtained respectively from hy and ho, changing the parameters a;, b; and ¢; by «;,
B; and ~y; respectively for ¢ = 0,1,2, 3.

A limit cycle of the discontinuous piecewise differential system (4) must intersect
each plane x = 1 and =z = —1 in two distinct points, denoted by (1,y1,21) and
(1,92, 22), and (—1,ys,23) and (—1,y4, 24), respectively. Such four points must
satisfy the system of equations

(6)
El —hl(l Y2, 22) — ha(1,91,21) =0, Ea = ha(1,y2, 22) — ha(1,91,21) = 0,
Ji(Ly2, 22) = fi(—=1,u3,23) =0,  Es= fo(1,y2,22) — fa(—1,y3,23) =0,
Es = 91( 1,y3,23) — g1(—1,ya,24) = 0, E6 = g2(—1,y3,23) — g2(—1,y4,21) = 0,
fi(=1,ya,24) — f1(1,y1,21) =0, = fo(=1,y1,21) — fo(1,91,21) = 0.

Applying the change of parameters

Ko = bsci —bics, K1 = asc1 —aics, Ky = asbi —aibs,
K; = bsca — bacs, Ky = asc2 —azcs, Ks = asb2 — azbs,
Ks = a2c1 —aice, K7z = a2bi —aibs, Ks = B3Ci— Bi1Cjs,
Koy = A3C1—AC3, Kio = A3B1—A1B3, Kin = B3Cy— B(Cs,
K2 = A3C;—AC3, Kiz3 = A3By—A3B3, Kius = DBCi— BiCs,
Kis = AxCi—A1Cyy, Kis = AsBi—A1By, Kir = a3 —aif,
Kig = aszyi—oa1ys, K9 = oa3fe—oaf3, K = By — B,
Ky = Q37y2 — (273, Ko = ,32’73 - /33’72, Koz = azﬁ1 - 04152,

Koy = ooy — oy,
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the polynomials F; for ¢ = 1, ..., 8 write

Er = —((ao— 1)Ko+ Ki(y1 — bo) + Ka(co — 21))* + ((ao — 1)Ko
+K1(y2 — bo) + Ka(co — 22))* = ((ao — 1) K5 + K4(y1 — bo)
+K5(co — 21))* + ((ag — 1) K3 4+ Ky4(y2 — bo) + Ks(co — 22))?,

Ey = Kg(y1 —y2) — K7(21 — 22),

Es = ((Ao—1)Ks+ Ko(y2 — Bo) + K10(Co — 22))* — ((Ao + 1)K
+Ko(ys — Bo) + K10(Co — 23))* + ((Ag — 1) K11 + K12(y2 — Bo)
+K13(Co — 22))? — ((Ao + 1) K11 + K12(y3 — Bo) + K13(Co — 23))?,

Ey = 2Kiy— Ki5(y2 — y3) + Kie(22 — 23),

Es = (Ki7(z3 —0) + Kis(Bo — y3) + (a0 + 1)K20)* — (K17(24 — 70)
+K15(Bo — ya) + (ap + 1) Ka0)? + (K19(23 — 70) + K21(80 — y3)
+(ag + 1) Ka2)? — (K19(24 — 70) + K21 (B0 — ya) + (o + 1) K22)?,

Es Ko3(23 — 24) — K24(y3 — ya),

E; —((Ag — 1)Ks + Ko(y1 — Bo) + K10(Co — 21))* + ((Ao + 1) K5
+Ko(ys — Bo) + K10(Co — 24))* — (Ao — 1) K11 + Ki12(y1 — Bo)
+K13(Co — 21))* + ((Ao + 1) K11 + K12(ya — Bo) + K13(Co — 24))?,

Ey = —2Ki4+ Ki5(y1 —ya) — Ki6(21 — 24).

Remark 1. If (y1, Y2, y3, Ya, 21, 22, 23, 24) i a solution of system (6), then (y2,y1,ya,
Y3, 22, 21, 24, 23) is also a solution.
In what follows we provide 14 lemmas.

Lemma 1. If Kg # 0, Koy # 0, K15 # 0 and K14K¢ — K15K7 # 0, then system
(4) has at most one limit cycle.

Proof. Since Kg # 0 and Koy # 0, we solve F5 = 0 in the variable y; and Fg = 0
in the variable y3, and we obtain

K
(7) Y1 = y2+FZ(21—z2),
K
(8) ys = ya+ ?%(23 — 24).
24

Replacing y; and ys in each equation F; = 0 for ¢ € {1,3,4,5,7,8}, in particular

we obtain that

K15Ko3
Koy

Since K15 # 0 we solve E4 = 0 in the variable yo and we substitute it in each

E;=0for i€ {1,3,5,7,8}. Thus Eg becomes

K7K15 K15K23
K Koy

Since K14Kg— K15K7 # 0 we solve Eg = 0 in the variable z; and we substitute it in

each equation E; = 0 for i € {1,3,5,7}. Now we have the following four polynomial

9) Ey =2K14 + Ki6(22 — 23) + K15(ya — y2) + (23 —2z4) = 0.

Eg = Klﬁ(le + 29 — zZ3 + 24) —+ (21 — 22) + (23 — Z4) =0.
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equations in the variables zs, 23, 24 and yy:

(K15K23 — K16K24)

FE = — T, =0
! K15K224(K16K6_K15K7)2(Z3 )T ’
1
By=——r Ty =0
3 K%5K24 2 )
1
E5 = —7(23 — Z4)T3 = 0,
K3,
1
B, = T, =0,

K K3 (Ki6Kg — K15K7)?

where 77 and T3 are polynomials of degree 1 and 75 and Ty are polynomials of
degree 2. We do not explicit them here due to their lengths. If z3 = 24 then from
(8) we get y3 = y4 and we have no limit cycles. Thus we must study the zeros of the
system 11 =T, = T3 =T, = 0. Taking E3 7 = E3 + E7 we get the new equation

1
E =
3 Ki5K3,(K16Ke — K15K7)?

(23 — Z4)T5 = O,
such that T% is a polynomial of degree 1. In short, we have four polynomials and
the product of their degrees is 2.

Thus if system (6) has finitely many solutions by Bezout Theorem (see for in-
stance [14]) it has at most 2 solutions. By Remark 1 these two solutions correspond
to the same limit cycle. So the discontinuous piecewise linear differential system
(4) has at most one limit cycle. O

Lemma 2. If K4 #0, Koy =0, Ky5 # 0 and K16K¢ — K15K7 # 0, then system
(4) has at most one limit cycle.

Proof. Since K¢ # 0 we solve E5 = 0 in the variable y; and we obtain (7). Taking
Koy = 0 and replacing y; given in (7) in each E; = 0, for i € {1, 3, .., 8}, in particular
we get Eg = Kos(2z3 — 24) = 0. So 23 = 24, otherwise Ko3 = 0 and we do not have
finitely many solutions and therefore we have no limit cycles. Then we have that

1
Eg = —2K14 + Ki624 + K15(y2 — ya) — A ((K16K6 — K15K7)z1 + K15K722>-
6

Solving Fs = 0 in the variable yo we obtain

n 2K 14K + Ki16Kez1 — Ki5K721 + Ki5 K720 — K16K624

Y2 = Y4
Ki5Kg

Substituting ys in each F; = 0 for i € {1,3,4,5,7}, in particular we have

Ey = Ki5(y3 — ya) KK — Ki5K7)(21 — 22) = 0.

1
_E(
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Solving E4 = 0 in the variable y3 and substituting it in each E; = 0 fori € {1, 3,5, 7}
we obtain the following four polynomial equations in the variables z1, 29, y4 and zy4

1

E, = —m(zz —21)Th =0,
E3 = —K,lgiK_GTg =0,
B, = K1125T4 —0,

where T and T3 are polynomials of degree 1 and 75 and T, are polynomials of
degree 2. If z; = z5 then from (7) we have y; = y2 and we have no limit cycles.
Thus we must study the number of the zeros of the system T} =T, = T3 =T, = 0.
Taking Fs 7 = E3 + FE7; we get the new equation

L3 7

, K125K6(Zl 2’2) 5 )

such that T5 is a polynomial of degree 1. In short we have four polynomials and
the product of their degrees is 2. Thus as in the proof of the previous lemma we
conclude that the discontinuous piecewise differential system (4) has at most one
limit cycle. (|

Lemma 3. If K¢ #0, Koy # 0, K15 = 0 and K16Kg — K15K7 # 0, then system
(4) has at most one limit cycle.

Proof. Consider K15 = 0. So K16 # 0. Since Kg # 0 and Koy # 0 we substituted
y1 and y3 given in (7) and (8) respectively, in each equation E; =0 for i =1, ...,8.
Thus E; and FEg become respectively

Ey=2K14+ Kigzo — K623, FEg = —2K14 — Ki621 + Ki62.
Solving F4, = 0 and Eg = 0 in the variables z5 and z; respectively, we obtain
21 = (—2K14 + Ki624) /K16, 22 = (—2K14 + Ki623)/K1-

Substituting them in each equation E; = 0 for ¢ € {1, 3,5, 7}, we obtain the follow-
ing four polynomial equations in the variables y2, y3, 23 and z4:

E, = KliKg(z;:, —24)Ty =0,
1

By =~ T =0,

Es = —%224(2'3 —24)T5 =0,

By = K1261K§T4 0,

where 77 and T3 are polynomials of degree 1 and T> and T, are polynomials of
degree 2. As in the proof of Lemma 1 we conclude that the discontinuous piecewise
differential system (4) has at most one limit cycle. O
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Lemma 4. If K =0, Koy # 0, Ky5 # 0 and K14Kg — K15K7 # 0, then system
(4) has at most one limit cycle.

Proof. Consider Kg = 0. So we have Fy = —K7(21 — 22) = 0. Since K7 # 0, we
have that z; = z5. Taking z; = z2 and solving Fg = 0 in the variable y3 we obtain
(8). Substituting it in each equation E; = 0 for ¢ € {1,3,4,5,7,8}, in particular we
obtain E; = 0 given in (9). Solving F4 = 0 in the variable yo and substituting it
in each equation E; =0 for i € {1,3,5,7,8}, Fs becomes

Es = —2Kq4 + Ki5(y1 — ya) + Ki6(24 — 22).

Solving Eg = 0 in the variable y; and substituting it in each equation E; = 0 for
i € {1,3,5,7}, we obtain the following four polynomial equations in the variables
Ya, 22, 23 and 24!

_ Ki5K93 — KigKo

E; K7, (23 — z4)T1 =0,
1

By = o T =0,

By = —%224(,23 —24)T5 =0,

B Kli,)T“ 0,

where 717 and T3 are polynomials of degree 1 and T5 and T, are polynomials of
degree 2. As in the proof of Lemma 1 we conclude that the discontinuous piecewise
differential system (4) has at most one limit cycle. O

Lemma 5. If K =0, Koy =0, Ky5 # 0 and K14Kg — K15K7 # 0, then system
(4) has at most one limit cycle.

Proof. Consider Kg = 0, Koy = 0 and K15 # 0. So we have that K7; # 0. From
FEy; = 0 and Fg = 0 we obtain that z; = 29 and z3 = z4. Solving £4 = 0 and
Fs = 0 in the variables y» and y;, respectively and substituting them in each
E; =0 for i € {1,3,5,7} we get the following four polynomial equations in the
variables s, Y4, 22 and z4:

1
E, = wa(y?) —ya)T1 =0,
1
Ey=——T5=0,
Kis
Es = (ys —y3)T3 =0,
1
By = —T, =0,
Kis

where 717 and T3 are polynomials of degree 1 and T5 and T, are polynomials of
degree 2. Again as in the proof of Lemma 1 we conclude that the discontinuous
piecewise differential system (4) has at most one limit cycle. O

Lemma 6. If K6 7£ 0, K24 = 0, K15 =0 and KlﬁKﬁ - K15K7 }é O, then system
(4) has no limit cycles.
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P?”OOf. Take K24 =0 and K15 = 0. So we have that K16 7é 0, E6 = K23(23 — 2’4)
and Fg = —2Kq14 — K621 + Ki1624. As in the proof of Lemma 2 we have that
z3 = z4. Solving Fy = 0 in the variable y; we obtain (7). Solving Eg = 0 in the

variable z; and substituting it in Fy = 0 we get By = —Kig(21 —22) = 0. If 21 = 29
we have from (7) that y; = y2 and we have no limit cycles. Therefore system (4)
has no limit cycles. O

Lemma 7. If Kg # 0, Koy # 0, K15 # 0 and K14K¢ — K15K7 = 0, then system
(4) has no limit cycles.

P?”OOf. Consider Kﬁ 7& 0, K24 7é 0, K15 7& 0 and K16K6 — K15K7 = 0. Solving
FE>; = 0 and Eg = 0 in the variables y; and y3 respectively, we obtain y; and y;3
given in (7) and (8). Substituting y1, y3 and K16 = K15K7/Ks in By = 0 and
Es = 0 in particular we obtain

K15K7(z )+ Ki5Ko3
Ks 2 7T Ko

Solving F4 = 0 in the variable yo and substituting it in Fg = 0 we obtain
_ K5 (Kas K — KauK7) (23 — 24)
K24 K

If 23 = z4, then from (8) we get y3 = y4 and we have no limit cycles. If Ky3Kg —
K94 K7 = 0, then there are more unknown variables than equations in system (6)
and therefore there are no limit cycles. O

E; = 2Ky + Ki5(ys — o) + (23 —24) = 0.

By =0.

Lemma 8. If K # 0 and Koy # 0, K15 = 0 and K14Kg— K15K7 = 0, then system
(4) has no limit cycles.

Proof. Consider K¢ # 0 and Koq # 0. Taking K15 = 0 we have that K16 = 0. So
we obtain Fy = —Fg = 2K74. Therefore there are more unknown variables than
equations in system (6) and therefore there are no limit cycles. O

Lemma 9. If Kg # 0 and Koy =0, K15 =0 and K16K¢— K15K7 = 0, then system
(4) has no limit cycles.

Proof. The proof of this lemma is analogous to the one of the previous lemma. [J

Lemma 10. If K4 =0, Koy = 0 and K15 = 0, then system (4) has no limit cycles.

Proof. Considering Kg = 0, Koy = 0 and K15 = 0 we have Ey = —K7(z1 — 22)
and Eg = Ka3(23 — z4). So for having limit cycles it is necessary that z; = z9 and
z3 = z4. However in this case By = —Fg = 2K14 + K120 — K124 and therefore
there are no limit cycles. (I

Lemma 11. If Kg # 0, Koy =0, K15 # 0 and K16Kg — K15K7 = 0, then system

(4) has no limit cycles.

PTOOf. Consider K6 # 0, K24 = O, K15 # 0 and K16 = K15K7/K6. Thus we have
that Fg = Kas(z3 — z4) = 0. It is necessary that z3 = z4 for having limit cycles.
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Solving E5 = 0 in the variable y; we get y; given in (7). Substituting it in Ey = 0
and Fg = 0 we obtain

_ 2K14K¢ — Ki5Key2 + K15 Keys + K15 K729 — K15K724

Ey =0,
K
o 2K14Ke — K15K6y2 + K15 Keya + K15 K720 — Ki5K724 0
= — =0.
Kg

Solving Eg = 0 in the variable yo and substituting it in £y = 0 we have that
E;y = Ki5(y3s —ya) = 0. If y3 = y4 we have no limit cycles because z3 = 24. O

Lemma 12. If K =0, Koy =0, K15 # 0 and K16Kg — K15K7 = 0, then system
(4) has no limit cycles.

Proof. Consider Kg = 0, Koy = 0 and K5 # 0. Since K16Kg — K15K7 = 0 we
have K7 = 0. Thus we vanish F5 and system (6) has seven equations and eight
unknown variables y1, .., Y4, 21, ..., 24. S0 there are no limit cycles. ([l

Lemma 13. If K¢ =0, Koy # 0, K15 # 0 and K16K¢ — K15K7 = 0, then system
(4) has no limit cycles.

Proof. The proof of this lemma is analogous to the one of the previous lemma. [J

Lemma 14. If Kg =0, Koy # 0 and K15 = 0, then system (4) has no limit cycles.
Proof. Consider K¢ = 0, Ka4 # 0 and K15 = 0. We have that Ey = —K7 (21 —22) =
0. So for having limit cycles it is necessary that z; = zo. Thus we obtain

Eg = —2K14 — K1622 + K1624 = 0.

Note that if K16 = 0 we have no limit cycles. Solving Eg = 0 and Eg = 0 in the
variables y3 and zs, respectively and substituting them in £y = 0 and F5 = 0 in

particular we obtain Ey = —Kjg(23 — z4) = 0. Taking z3 = z4 we vanish E4 and
E5. So there are no limit cycles because system (6) has more unknown variables
than equations. (Il

Lemmas 1-14 show that if K14Ks— K15K7 = 0, then the discontinuous piecewise
differential system (4) has no limit cycles; and if K14Ks — K15K7 # 0, then it has
at most one limit cycle, except when Kg # 0, Koy = 0 and K15 = 0 (in this case
there are no limit cycles).

In short, we conclude that the discontinuous piecewise differential system (4)
has at most one limit cycle. In order to complete the proof of Theorem 2 we must
prove Proposition 1.

Proof of Proposition 1. We shall prove that discontinuous piecewise linear differen-
tial system (5) has one limit cycle.
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The first integrals fi, f2, g1, g2, h1 and hy for the discontinuous linear piecewise
differential system (5) are

f1
f2

g1
g2
hy
ha

2
5(5 + 62 + 5322 + 16y — 80zy + 52y* — 362 + 132x2 — 192yz + 18022),

1
6(_5 — 3z + 6y — 62),

(—z+2y —2)° + 2%,

—z+ty,

(=1 — 242y +2)* + (—2y + 22)%
—1—-z+z

So system (6) becomes

—8y? + 8y2 +4z1 — 527 + 4y (24 21) — 4zo + 522 — 4y (2 + 20),
—21 + 22,

8

5(3 + 13y3 — 13y3 + 2429 + 4523 — 16y (1 + 322) + 4223 — 4523,
+24y3(—1 + 223)),

—1+y2 —y3 — 22 + 23,

22+ (=1 —2y3 + 23)% — 22 — (=1 — 2ys + 24)?,

Y3 — Ya,

8
—§(3 +13y? — 13y3 + 2421 + 4522 — 16y1 (1 + 321) + 4224 — 4522,

+24y4(71 +224)),
1=y +ys+ 21 — 24

The unique isolated solution of the previous system satisfying (y1,21) # (y2, 22)
and (y3723) 7& (y47z4) is

(Y1, Y3, Y3, Y1, 21, %3, 23, 23) = (1,0,0,0,0,0,1,0).

The solution (x1(t), y1(t), z1(t)) of system (5) in « > 1 such that (z1(0), y1(0), 21(0)) =
(Lyi,27) is

x(t) = 2—cost+sint,
y(t) = 1+sint,
z(t) = 1—cost+sint.

The solution (x2(t), y2(t), 22(t)) of system (5) in || < 1 such that (22(0), y2(0), 22(0)) =
(1,y3,23) is

1
z(t) = 5(71+3cost—sint),
y(t) = —1+4cost+sint,

1
z(t) = —(—14cost+ 5sint).

4
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The solution (x3(t), y3(t), z3(t)) of system (5) in z < —1 such that (x3(0), y3(0), 23(0))
(—1,y5,23) is

z(t) = —2+4cost—sint,
y(t) = —1+cost—sint,
2(t) = cost.

Finally the solution (z4(t),ya(t),z4(t)) of system of (5) in |z| < 1 such that
(24(0),y4(0), 24(0)) = (=1, 93, 21) is

1

x(t) = g(—1—7cost+9sint),
1

y(t) = Z(5—E>Cost—sint),
13 .

z(t) = —E(—l—I—cost—i—smt).

The time that the solution (x1(t),y1(t), 21(t)) contained in > 1 needs to reach
the point (1,y5,25) is t1 = 3w/2. The time that the solution (z2(t), ya2(t), 22(t))
contained in —1 < z < 1 needs to reach the point (—1,y3,23) is to = 7/2. The
time that the solution (z3(t),ys(t), z3(¢)) contained in < —1 needs to reach the
point (—1,y}, z5) is t3 = 37/2. Lastly the time that the solution (z4(t), y4(t), z4(t))
contained in —1 < x < 1 needs to reach the point (1,7, 27) is t4 = /2. The limit
cycle of Figure 1 is obtained drawing the orbits (zx(t), yx(t), zx(t)), for ¢t € [0, tx]
and k = 1,2, 3, 4.

Now we shall prove that this limit cycle is stable. This limit cycle starts at the
point (1,0,0) of the plane = 1, cross the region |z| < 1 until the point (—1,0,1)
of the plane x = —1, after travels in the region = < 1 until the point (—1,0,0) of
the plane = —1, cross again the region |z| < 1 until the point (1,1, 0) of the plane
xz = 1, and finally it travels in the region = > 1 until the initial point (1,0, 0).

Let € and § be two small real numbers, then the point (1, ¢, d) is close to the point
(1,0,0) of the limit cycle. Using the first integrals f; and fo we compute where the
orbit through the point (1, ¢, §) intersect the plane x = —1 near the point (—1,0, 1),
this intersection takes place at the point (—1, ¥, 21) where

1
v =1 (\/44152 6604 — 7e) + 1212 — 184e + 144 — 216 + 21e — 12) ,

1
n = (\/44152 6604 — 7e) + 1212 — 184e + 144 — 116 + 11 — 2) .
Now with the first integrals g; and go we compute where the orbit through the
point (—1,y1, 21) travels in the region z < —1 until intersecting the plane x = —1

at the point (—1,ys, 22) near the point (—1,0,0), where

1
v = 1o (\/44152 T 660(4 —7¢) + e(121e — 184) + 144 — 215 + 21 — 12) :

1
%=1 (\/44152 +660(4 — 7¢) + (121 — 184) + 144 — 316 + 31e — 12) .

Using again the first integrals f; and fo we compute where the orbit through the
point (—1,ya, z2) travels in the region |z| < 1 until intersecting the plane z = 1 at
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the point (1, ys, 23) near the point (1, 1,0), where
1 1
=—(216—-T-21 1 =—(116—-T-11
Y3 10( €+ 7)7 z3 10( €+7)7
here

T = /220552 + 66(354 — 665¢) — 42R(25 — 2 + 1) + £(1885¢ — 2044) + 553,
R = /441862 + 666(4 — Te) + £(121e — 184) + 144.

Finally with the first integrals hy; and hy we compute where the orbit through the
point (1,ys, z3) travels in the region x > 1 until intersecting the plane x = 1 at the
point (1,y4, z4) near the point (1,0,0), where

1
Ya =316+ S +31le —17), zg=—(116 = S —11le + 7),

= 20 10
where § = /220502 + 60(354 — 6652) — 42R(20 — 2¢ + 1) + £(1885¢ — 2044) + 553.

In summary, the Poincaré map F near the point (1,0,0) and the limit cycle is
f(1,&,0) = (1, y4, 24). Therefore
11
14
25 |’
T

~1
Df(1,0,0) =
4

1
and their eigenvalues are z (—16 +V 235)7 both negative. Hence the limit cycles is
stable. This completes the proof of the proposition. O

Remark 2. We note that for the piecewise differential system of Proposition 1 we
have that K¢ = 0, K7 = 1, K15 = K15 = —2 and Koy = 1. So this piecewise
differential system only satisfies Lemma 4.
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