N-DIMENSIONAL ZERO-HOPF BIFURCATION OF POLYNOMIAL
DIFFERENTIAL SYSTEMS VIA AVERAGING THEORY OF SECOND ORDER
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ABSTRACT. Using the averaging theory of second order we study the limit cycles which bifurcate
from a zero-Hopf equilibrium point of polynomial vector fields with cubic nonlinearities in R™.
We prove that there are at least 372 limit cycles bifurcating from such zero-Hopf equilibrium
points. Moreover we provide an examples in dimension 6 showing that this number of limit cycles
is reached.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Our goal is to study the limit cycles that bifurcate from a zero-Hopf equilibrium of polynomial
differential systems in R™ with cubic nonlinearities by using the averaging theory.

In [5] the authors studied the Hopf bifurcation in dimension n > 2, by using the first order
averaging method. They proved that at least 273 limit cycles can bifurcate from one singularity
with eigenvalues +bi and n — 2 zeros, i.e. from a zero-Hopf equilibrium of R™. They proved for the
first time that the number of bifurcated limit cycles in a Hopf bifurcation can grow exponentially
with the dimension of the system. For a general information about Hopf bifurcations see [7].

In [2] the authors studied the occurrence of the limit cycles bifurcating from the origin of a
differential system with cubic homogeneous nonlinearities in R*. The authors proved that there are
at most 9 = 372 limit cycles.

In this paper we investigate the limit cycles bifurcating in a zero-Hopf bifurcation at the origin
of coordinates of the following cubic polynomial differential systems in R"™
2

& = (a1 +ae?)z — (b+b1€+b262)y+Z€j Z Wiy i T Y220 gl
J=0 i1t tin=3
2
(1) g = (b+bie+boe?)x+ (are + age?)ys + Zej Z bjoiy,in Tl yt22ie o g
J=0  d1e.tin=3
2
2 = (cgk)e + cék)sz)zk + Zej Z cg.i)hwina:“y”z? . sz",

=0 i1t 4in=3
where k = 3,... n.

Our main result is the following.

Theorem 1. Consider the differential systems (1) in R™ with n > 2. Applying to these systems
the averaging theory of second order they can exhibit at least 3"~2 limit cycles bifurcating from the
zero-Hopf equilibrium point localized at the origin of coordinates when € = 0.

In the next corollary we provide a differential system (1) in RS exhibiting the maximum number
of limit cycles stated in Theorem 1.
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Corollary 2. Consider the polynomial differential system

T = %52x—y— éx?’,

g= a4 3%+ 527y — ¢,

SR BT i X

= —e2u+ sud,

25 = %EQU — %v?’,

o= ze2w—wd+e(—v® + a3 +y3).

It has 81 limit cycles bifurcating from the zero—-Hopf equilibrium localized at the origin of coordinates
when € = 0.

2. THE AVERAGING THEORY OF FIRST AND SECOND ORDER

The aim of this section is to present the averaging theory of first and second order as it was
developed in [1, 3, 4]. The following result is Theorem 4.2 of [1].

Theorem 3. We consider the following differential system
(2) i(t) = eFy(t,x) + 2 Fy(t, x) + 2 R(t, x, €),

where F1,Fo :Rx D — R" R:R XD x (—¢f,e5) = R™ are continuous functions, T-periodic in
the first variable, and D is an open subset of R™. Assume that the following hypotheses (i) and (i7)
hold. We assume:

(i) Fi,Fe, R are locally Lipschitz with respect to =, Fi(t,.) € C1(D) for allt € R, and R is
differentiable with respect to €. We define f1, fo: D — R" as

T
filz) = %/0 Fi(s, z)ds,

fa(z) = ;/OT l:DzFl(S,Z) /OS Fy(t,2)dt + Fy(s, z)| ds.

(ii) For V.C D an open and bounded set and for each € € (—ef,e5) \ {0}, there exists a € V
such that fi(a) +efa(a) =0 and dp(f1 + ef2,V,a) #0.

Then for |e| > 0 sufficiently small there exists a T-periodic solution ¢(-,€) of the system (4) such
that ©(0,e) — a when ¢ — 0.

Where dg(f1+¢cf2,V,0) denotes the Brouwer degree of the function f; +¢€fs in the neighborhood
V of zero. It is known that if the function f; +&f is C* then it is sufficient to check that det(D(f; +
efa(ac))) # 0 in order to have that dp(f1 + £f2,V,0) # 0, for more details see [6].

For additional information on the averaging theory see the books [8, 10].
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3. PROOF OF THEOREM 1

We consider the polynomial differential system (1) with cubic nonlinearities in R™. By doing the
scaling (z,y,23...,2,) = (eX,eY,eZ5...,eZ,), system (1) becomes

(4) )
¥ 1 j 14+ 11y % T
X = (a1€ + G/QEQ)X — (b + b1€ + b2€2)Y + g ZE] Z QAjiy,...in€ Tt xhy 2Z33 - Zn"',

7=0 i1t Fin=3
) 1 A o .
Y = b 2 2 - J z1+ Fin iyl zis  gin
(b+ bre + b2e?) X + (a1€ + ase )YJrEZs | Z bjir,in XY 252 20
=0 d1+..+i,=3
Zr= (et ez + - ZEJ S ettt xiyhgis i,
_] =0 i1+...+i, =3
for k =3,...,n. Since we have iy + ...+ i, = 3, then ¢t T Tin = 23 We write system (4) as
2 .
X = (a16+a2€2)X— (b+b15+b2€2)Y+EZZ€J Z aj,ihm)inX“YlQZég ...Z;",
J=0 i1+ +in=3
2
(5) Y = (b + 618 + b2€2)X + (a1€ + (1262)Y + 62 Z€j Z bjﬂ'ly___’in)(ilSfi2 Zé?’ . ZZL",

j=0  di1+..4+i,=3
2

Zy= (c (k)e—i—cé )e2 )Zk—I—EZZEJ Z c;i-)l _____ iﬂX“Y“Z?...Zf;",
7=0 t1+...+i,=3

for k = 3,...,n. We pass now to the cylindric coordinates (X,Y, Z3, ..., Z,) = (pcos @, psinb,ns, ..., n),

system (5) becomes

2
p= aipe+ 62((7089 Zej Z @jir...in (pcos@)(psin@)iznip . pie
J=0 i1+ 4in=3

2
+sinf) e Y- bj,n,...,in(pcose)“(psin9)“n§3--~77$;”+a2P>’

j=0  d1+..+in=3
2

(6) 0= % (bp + by pe + &% cos O Z g’ Z bjir.. i, (pcos®)(psin@)izniz . pie
J=0 14 +in=3

2
- siHHZEj Z @iy, (pcosO)(psin@)2ni® . nin + bg)

j=0 z1+ A+in=3

Nk = 577k +e <Zaj Z 51)1) i, (pcosO)*(psin®)=ng® ...g + cg )TIk)
J=0  ii+..+in=3

for k =3,...,n. We take 0 as the new independent variable in the neighborhood of (p, 23, ..., 2,) =
(0,0,...,0), and system (6) writes

d €a g2 , o .
d—z = Tlp + " <cos 0 Z ag iy .....i, (pcos@) (psin@)2ns® ... ogr
i1+ +i, =3

. . a1by
+sin 6 Z boiy.. i, (pcos0) (psinB)2ni .. .ni + agp — b) +0(%),
it tin=3

dny, ect? g2 k i . Nio i i k C(k)bl :
= (D AR peost) (psind) gy + ¢ — = ) + 0P,
i14...+i,=3

where k =3,...,n
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By using the notation of Theorem 3, i.e.

r=z = (eapvn37"'7nn)7
t = 0,
Fl(tal') = (F11(9,P,773,-~-,77n),F12(9;P,7737~-~777n)»F13(9,P,773a~-~777n)a~~-,F1n(9>f7,773a~-~a77n))7
FQ(tvx) = (F21(9a,077737~-~,77n)aF22(9,P,7737---7777L)7F23(97py773a-~-a77n)7--~7F2n(9707773a-~-a77n))a
T 2T,
where
(3) (n)
ar ¢ c
o= — Py ——N3y ey, —— N
1 (bp7 b 13, ) b 77)
1 ) o )
P = ((cos@ Z a0iy.....in (pcos )t (psin@)2n ... nr
t14...+i,=3
. . _ b
+ sind Z bo,i,....in (pCOSE) 1 (psind)2ns® ...y + agp — albl>,
i1+ Fin=3
1 3 i . G0 3 3 C(B)bl
b( > 05,31,..,,in(p0059)1(ps1n9)2n33-~-777{‘+05)—1T
i14...+in=3
(n)
1 n i C ) in i i n) _Cibi
b( > Cé,i)l,...,z-n(pws@)1(p81n9)27733-~77n”+05)—1b)7
i1+ i, =3
where k = 3,... n.

We calculate the averaged function of the first order

1 2m
fl(P7773a-~-a77n):7 F1(97p7n37"'a77n)d9a
2
0
and we get
N4
(3)
5B
fl(P77737-~-a77n): ;

(n)
ClTnn

The unique solution of f1(p,n3,...,mm) = (0,0,...,0) with respect to p,n3,...,9n 18 (9,73, ..., n) =
(0,0,...,0). Then the averaging theory of the first order can not provide information about the
existence of the periodic solutions. To pass to the second order, we make the first averaged function

identically null, i.e. we take a; = cgk) =0fork=3,...,n.

We calculate the averaged function of the second order using the formula (3). We get

1

27
f2(p7773a~-~777n):27/ F2(9707773a~~~777n)d97
™ Jo
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because F1(0,p,m3,...,1,) = (0,0,...,0), where

1 27 . . . . .
forlpss- ) = (cos@ > a0, (peos) (psin )2 ni i

2
™ Jo i1t tin=3

+sinf Z boi, .4, (pcosB) (psin @) 2nk .. nin + a2p> de

i1+...+i,=3
1
-7
2mh
1 (k) : o i b (R
Jarlpona ) = 5 ( S ) (peos ) (psin )iz . uin + nk)dg

0 14 tin=3

1
-

2mh >

where k= 3,...,n, and
2
3 2002 4 4
I = / [p ((@0,1,2,0,...0 + bo,2,1.0,..,0) cos” 0sin” 6 + ag 30,..0cos” 0 + by 0.3,0...08in" )
0

2 s pin 02 gis i
i p( Z a0,1,0,i..i, COS~ 0N3> . + Z b0,0,1,i5..i, SIN° 005 .07 + ag)] do
It tin=2 o tin=2
1
3
= Zﬂ(ao,1,2,o,..,o +b0.2,1,0,...,0 + 3(a0,30,...,0 + b0,0,3,0,...0)) P

+7T<2a2+ PORCRREN N DY 50,07171'3..%77?--nff’)ﬂ,

Q14 i, =2 i1t tin =2
’r (k) (k)
2 2 i3 . in i3 in i 2
I :/ [p ( Z €0,2,0,i5..,in COS™ 03" 1,7 + Z C0.0.2.5....in 13 Ty SN 0>
0 dgttin=1 st tin=1
(k) i in (k)
+ Z €0.0.0,i5...i, 15 T + €3 "1k | dO
s +in=3
_ 2 (k) i3 in (k) i3 i
_W<p ( Z €0,2,0,i5..,in 13 =T + Z €0,0,2,i5,...i, 113 +TIn
ig+..Fip=1 igt+..+in=1

k s k
+2 Z C((),o,o,ig,“,inn?“n:f + Cé )771@)7
i3+..+ip,=3

where k = 3,...,n. Then the averaged function of the second order is

P 2
for = 30 8as + (@0,1,2,0,...0 + b0,2,1,0,...,0 + 3(¢0,3,0,...0 + b0,0,3,0,...,0)) P
i in % in
+ E 001,005, 5T+ E b0,0,1,i5..i, 115 11y, ]
it tin=2 i tin=2
1 , _ o
_ 2 (k) is in (k) iz in
foe = AW E €0,2,0ig..,in M3 -+ Ty + E €0,0,2,i5,..,in 113
igtotin=1 igtotin=1

k W k
+2 Z C((),g,o,ig..,i,bng3~-77:z" + Cg )Wk)a
it tin=3

where k = 3,...,n.
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Now we solve the system of the averaged functions of the second order with respect to p,n3, ..., 7.
First we isolate the expression of p? from f3; = 0, and we obtain

i in z in
8az + Z 0,1,0,i5..in 13" Ty + Z b0,0,1,i5..inM3" -1
2 i tin=2 i1 i =2

a0.1,2,0,..,0 + b0,2,1,0,...0 + 3(@0,3,0,...0 + 00,0,3.0,...0)

After we substitute the expression of p? in for, = 0 for k = 3,...,n. By using the Bezout Theorem
(see [9]) we obtain that these functions admit at most 3"~2 real zeros (p*,n}) for k =1,...,3"72.
Since the coefficients of the system for, = 0 are independent, we can take these 372 real zeros with
the coordinate p positive. Therefore, going back through the changes of coordinates, these zeros
provide at least 3”2 periodic solutions bifurcating from the zero-Hopf equilibrium at the origin of
coordinates. Note that since the number of zeros are the maximum number provided by the Bezout
Theorem the determinants
(pynk)—(p*m?;)>

a(le) f2k:)
et ( 5(p.m0)

are non-zero for k =1,...,3" 72

This completes the proof of Theorem 1.

4. PROOF OF THE COROLLARY 2

We consider the cubic polynomial differential system (2). By doing the scaling, passing to the
cylindrical coordinates (pcos®, psin@,n3,n4,75,76) and taking 6 as the new independent variable,
we get that the functions Fy;(6, p, n3,m4,15,7m6) for j =1,...,5 are

F51(0,p,m3,m4,M5,m6) = —%p(pg(G cos @' — Tcos6? +2) — 1),
Fy2(0, p,m3,m4,m5,m6) = —%773(2773 -9),

Fo3(0, psm3,M455,M6) = %774(773 -3),

Fou(0,p,m3,m4,m5,m6) = —é%(?’lg -9),
Fo5(0,p,m3,m4,m5,m6) = —7g + 3776-

We integrate these last functions from 0 to 27, and we get the averaged functions of the second
order fa(p,m3,M4,75,M6) = fo; for j =0,...,5

fa = —ép(?mz —4),
J2 = —éﬁs(%g -9),
faz = %774(773 - 3),

Joa = —é%(%]g -9),
Jas = *3776(4773 = 1).

We solve the system of the averaged functions of the second order
(f21, fo2, fos, foa, fo5) = (0,0,0,0,0) with respect to p,ns,n4,75 and ns, we get 81 solutions z; =
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,8land j=3,...
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Vi
i
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Paall a1,21,2 | 1,21,2
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The determinants

/N
D
e
P
=
Il
-~
s
=
—~
S
S~
D~
|
r.J) Jn
Sl -
QL
N
S~—
NS
N
=
—
9e}
N———
-~
<)
e}

and 9. All of these determinants are non-zero.

9 _9 _9 _9

9

evaluated at the zeros are given by

87 2

9
87 4>
So there are 81 limit cycles bifurcating from the zero Hopf-equilibrium localized at the origin of

coordinates.
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5. CONCLUSION

Using the averaging theory of the second order we show that the number of the limit cycles
bifurcating from a zero-Hopf equilibrium point of a polynomial differential systems with cubic non-
linearities increases at least exponentially as 372 if n is the dimension of the differential system.
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