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ABSTRACT. We investigate the plane dynamical system given by the secant map applied to
a polynomial p having at least one multiple root of multiplicity d > 1. We prove that the
local dynamics around the fixed points associated to the roots of p depend on the parity of
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

The main goal of this paper is to investigate the dynamical system generated by the so
called secant map, or secant method when considering it as a root finding algorithm, applied
to the real monic polynomial of degree k > 2,

p(a:):akxk+ak_1a:k71—i—-~+a1x+a0, ar=1,a; €R, j=0,...k—1,

under the presence of real multiple roots. The secant map writes as

(o) = (o -0 52, 1)

We refer to [GJ19] for a detailed discussion of the dynamics generated by S when all real
roots of p are simple. As in [GJ19] we consider S: R? — R? (with poles), but of course there
is a natural extension of this problem by assuming p as a complex monic polynomial and thus
S : C? — C2. See [BF18] for a discussion on this context.

Let o be a root of p, and consider the set

Ala) = {(z,y) € R?| S"(z,y) — (a,a), as n — co}. (2)

Because S is a root finding algorithm it is natural to investigate the structure and distribution
of the sets A(«) for all roots of p; we notice that S(a, a) = (o, ). From the numerical point
of view points in A(«) define good initial conditions converging to c.

In the present work we assume that at least one real root of p, @ € R, has multiplicity
d>2 ie p¥(a)=0for0<j<d-1and p@(a)#0. This case is interesting itself but
it is also relevant when studding the bifurcation phenomena of several simple roots colliding
together.

Theorem A. Let p be a real, monic polynomial and let o be a real multiple root of p of
multiplicity d > 2. Let S be the secant map defined in (1). The following statements hold.
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(a) If d is an odd number then the point (o, a) belongs to A(a). Indeed there is an open
neighbourhood U of (o, &) such that U C A(w).

(b) Ifd is an even number then (o, «) belongs to the boundary of A(«). In fact, it belongs
to the common boundary of all the basins of attraction associated to simple real roots

of p, i.e.,
(a, ) € N DA(T).

TER, p(7)=0, p'(1)#0

Theorem A has several implications when we use the secant method as a root finding
algorithm applied to a polynomial p with multiple roots. If the multiplicity of the root a of
p is odd, it inherits the local dynamics as it was a simple root, i.e., all initial seeds in a small
neighbourhood converge to (o, a) (see Theorem A(a)). However if « is a multiple root of
even multiplicity the local dynamics is quite different. Although most of the initial seeds near
(o, ) converge to it, there are nearby initial conditions converging to all simple real roots
of p (see Theorem A(b)). It seems plausible, and numerical experiments support it, that in
fact (a, ) belongs to the boundary of all roots of p, not only the simple ones. As we said
before, Theorem A will be also useful for studding the bifurcation phenomena coming from
the collision of several roots.

In Figure 1 we illustrate Theorem A applied to pg(z) = (z + 2)z(z — 1), d = 2,3,4,5.
Colours red, blue and green, correspond to seeds converging to therootsx =1,z =0, z = —2,
respectively. According to Theorem A the dynamical plane of S, near the corresponding fixed
point (1,1) change drastically for different values of d. We notice that in Figures 1(b) and
1(d) there are green points near (1, 1) although it is difficult to see. White colour corresponds
to an unbounded critical cycle (for a discussion see [BF18, GJ19].

The paper is organized as follows. In Section 2 we introduce terminology and tools from a
series of papers on rational iteration. In Sections 3 and 4 we compute the Taylor’s polynomial
associated to the secant map at some points, which is the main tool to prove the Theorem A.
Finally Section 5 is devoted to prove Theorem A.

2. PLANE RATIONAL ITERATION

For our purposes we follow the notation, and use some results and ideas, introduced and
developed in the series of papers [BGM99, BGM03, BGMO05]. Consider the plane rational

map given by
T ( y ) ~ ( N o)/ Do) ) ’ ®)

where F'; N and D are differentiable functions. Set
or = {(z,y) € R?|D(z,y) =0} and Er=R?)\ U T7"(07).

n>0

Easily T' = (T1,T5) : Er — Er defines a smooth dynamical system given by the iterates of T
that is {x,, := T" (20) }n>0, with zg € T. Clearly T sends points of d7 to infinity unless N also
vanishes. At those points where T5 takes the form 0/0, the definition of T is uncertain in the
sense that the value might depend on the path we choose to approach the point. Although
those uncertain points are outside Fr7, they play a crucial role to understand the local and
global dynamics of T'.

We say that a point Q € d7 C R? is a focal point (of T') if T»(Q) takes the form 0/0 (i.e.
N(Q) = D(Q) = 0), and there exists a smooth simple arc v := v(t), t € (—¢,¢), with y(0) =
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(a) p(z) = (z +2)z(z —1)2. (b) Zoom of (a) near (1,1)

(¢) p(z) = (z + 2)z(z — 1)*. (d) Zoom of (c) near (1,1).

(e) p(a) = (z + Da(x — 1) (f) p(2) = (x + (e — 1),

FIGURE 1. Dynamical plane of the secant map applied to the family of polynomials
p(z) = (z + 2)z(z — 1)? for several values of d. We show in red (dark grey) the basin
of attraction of the multiple root of p corresponding to the fixed point of the secant
map located at (1,1), in green (light grey) the basin of attraction of (—2,—2) and in
blue (black) the basin of attraction of (0,0). The range of the pictures (a),(c),(e) and
(f) is [-3,3]x[-3,3].

@, such that lim¢ o Th(7) exists and it is finite. The line Lo = {(z,y) € R* | z = F(Q)} is
called the prefocal line (over Q).
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Let ~ passing through @, not tangent to dp, with slope m at t = 0. Then T () will be
a curve passing through some finite point (F(Q),y(m)) € Lg at t = 0 (see figure 2). More
precisely the value of y(m) is given by

 NG)
vem) = 8 Bt ) W

A focal point @ is defined by the intersection of two (algebraic) curves: N(z,y) = 0 and
D(z,y) = 0. If they intersect transversally (at Q) we say that @ is a simple focal point;
otherwise @ is called a non simple focal point. In other words @ is simple if VN(Q) =
(N2(Q), Ny(Q)) and VD(Q) = (D(Q), Dy(Q)) are linearly independent (i.e. N;(Q)D,(Q)—
Ny(Q)D(Q) # 0), while @ is non-simple if VN(Q) and VD(Q) are linearly dependent, i.e.
N (Q)Dy(Q) — Ny(Q) Do (Q) = 0.

In the series of papers [BGM99, BGM03, BGMO05] the authors prove, among other things,
many results to determine the sort of relationship between the slope m of the curve v(t) at
t = 0 and the corresponding point (F(Q),y(m)) € Lg depending on the type of focal point.
For instance if @) is simple (see [BGM99] for details) there is a one-to-one correspondence
between the slope m and points in the prefocal line Lo = {(z,y) € R? | z = F(Q)}. We
sketch the situation in Figure 2.

/ y(ma) )
/

FIGURE 2. Dynamics of T near a simple focal point Q.

If @ is a non simple focal point the situation is more delicate (see [BGMO05] for details).
The authors studied the possible value(s) of the limit (4) depending on the precise algebraic
conditions implying N, (Q)Dy(Q) — Ny(Q)D»(Q) = 0. The major argument they used is to
compute the Taylor’s series of the functions N(z,y) and D(x,y) at the focal point @. This is
also our main tool here, adapted to the case of the secant map. Indeed when « is a multiple
root of p then the point @ = (o, «) is a non simple focal point.

Remark 1. Focal points are also known as indeterminacy points in the general theory of
several complex variables.
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3. TAYLOR’S POLYNOMIALS OF THE SECANT MAP

In this section we will present useful expressions of the secant map at the point (¢, 5) where
both a and S are roots of the polynomial p. Set m > 1 and

m—1

Gm(z,y) =Y ™ m=1,. 0k

£=0
k
9(2,9) = amgm(,y).
m=1

Lemma 3.1 ([GJ19, Lemma 2.1 and 2.2]). The following statements hold.
(a) Form=1,...k we have

"=y = (= y)gm(z,y).
(b) The (symmetric) polynomial q(x,y) defined above satisfies
p(x) —ply) = (z — y)a(z,y).

In other words, the factor (x —y) divides the expression p(x) — p(y) and the resultant
quotient is a (symmetric) polynomial of degree k — 1.
(¢) The secant map defined in (1) writes as

S(z.y) = (y ya(z,y) —)p(y)> :: (y N(w,y)) (©)

q(z,y D(x,y)

for all (z,y) € R?\ dg.

Next lemma gives precise Taylor’s polynomials of N(z,y) and D(x,y) and hence of the
rational map S(x,y) at a point («, «), where « is a root of p with multiplicity d > 2.

Lemma 3.2. Let p be a polynomial of degree k and let a be a root of p of multiplicity d with

2<d<k-—1. Then,
N N
S(xa y) <y7 (x’ y>> <Z/704 1(:6??/))

D(z,y) D(x,y)
where
k p(m m—1
xy)zz Zm—amle(y—a)e, (7)
m=d =0
k 1
N _ i <, Jm1L(y )L
(z,y) =(z —a)(y—a) Y " (z —a) (y— ) (8)
m=d E:l
Proof. First we prove (7). We claim that
m—1
Zp Z (x — 20)™ 1 (y — 20)", o €R.
m=1 =0

Assuming that the claim is true, then (7) follows immediately by substituting xg = a where
« satisfies pU) (o) =0 for 0 < j < d — 1 and p®(a) # 0.
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To see the claim observe that for any given zg € R we have

ko o(m)(y M) (z
r) = Z pm(! 0) (x —x0)™ and p(y) = Zopm(! ) (y — x0)™.

m=0

Then

— p\x i (m).’L‘ — 2™ — (x — 20)™
D@,y):q@,y):wzzpm<!o>{<y( o)™ — 0)]'

Using Lemma 3.1(a) we have that

£ pim 960 = p™ (@) = 1-¢ ¢
=) T am(e — @,y —wo) = Y Y (z—w0)" T (y — w0),
m=1 m=1 me =0
proving the claim. In particular we notice that
m oDp™ 1
(7 ) gy o = g™ @ ©)

Now we prove (8) by computing the Taylor’s polynomial expression of N (z,y) = yq(z,y) —
p(y) at the point (o, ). Of course we have

b 1 — m OmN
m—/ L
=y = g - —a)t. 10
N(z,y) lem,Z( ) gt () (@@= a) (10)
Since N(z,y) —yq(:c,y) p(y) we have that
N(a,y) = ya (z, y)+€a“(ﬂs y)—pO@), >0
a""/N %L y
I () 0

Now we want to evaluate the expressions above at the point (x,y) = (o, a). Since by definition
q(x,y) = D(x,y) we might use (7) to compute the desired derivates. Let m,¢ € N with
0<t<m.

0 form<d—1

amvc?:ilDayl (a7 « form=d-1
O™ N m m— m
Qrm— ga g(a a): a%y'?(ava)+m%ym1—?(a7a)_p( )(a) form>d—1,m—£:0 (11)
xr a7
a%xf(aa) form>d—1, £=0
m—1

Bmm [By[ (a,a) al'ran—iayD[—l (Oé,Oé) for m > di 17 E 2 1

From (7), (9) and (11) we can compute the partial derivatives of (10) depending on m and
{ to get N(z,y) = aD(z,y) + Ni(z,y).
O

Next two lemmas deal with the partial derivatives of the polynomials N(z,y) and D(z,y)
at points of the form (ai,as) where a; and a9 are different real roots of p of multiplicity
d1 > 1 and dy > 1, that is p(j)(ak) =0for0<j<dr—1and p(dk)(ozk) # 0, k =1,2. Notice
that D(z,y) = q(z,y) and N(z,y) = yq(z,y) — p(y)-
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Lemma 3.3. Let p a polynomial of degree k and let avy and as be two different real roots of
p with multiplicity di and ds, respectively. Let m,f € N with 0 < £ < m. Then

aMq 1 m omlg
Dgm (o, 2) = a1 — o <p( ) (a1) — Mg pm—1 (0417042)> )
8mq 1 " am—lq
8y7m (041,042) = _al . (p( ) ((XQ) + mW (Ctl, @2)) y
amq 1 amflq amflq
A = l —(m—t)———F= .
Gty nnan) =~ (0 an00) = = 0 (a0

(12)

Proof. From Lemma 3.1(b) we know that (z — y)q(x,y) = p(z) — p(y). On the one hand we
can write this expression in the following form

(z —a1)q(z,y) — (v — a2)q(z,y) + (a1 — az)q(z,y) = p(x) — p(y), (13)

and on the other hand we have the Taylor’s polynomial of the relevant functions

m)!
(14)
b 1 i m 8mq ¢ ¢
g(z,y) = %Z ( , ) DLy (a1,a2) (x—a1)" " (y — a2)".
m=1 £=0

From (14) we can solve (13) term by term: (z — a1)™, (y — a2)™ and (z — a1)™ “(z — as)¥,
with m,¢ € N and 0 < ¢ < m. For instance from (14) the coefficient of (x — aq)™ in the left
hand side of (13) is

1 m—1Y) 0" 1q 1 (m\ 0™q
(m—l)'< 0 >W(a17a2)+(al_a2)m< 0 >8x7n(0(1,052)
while the coefficient of (z — )™ in the right hand side of (13) is
1
= pm)
This gives the first equality in (12). We left the other computations to the reader. O

Notice that D(z,y) = q(x,y), and so the previous lemma gives explicit recursive expressions
of the partial derivatives of D(z,y). Similarly we can prove explicit recursive expressions of
the partial derivatives of N(x,y)

Lemma 3.4. Let p a polynomial of degree k and let oy and ao be two different real roots of
p with multiplicity di and ds, respectively. Let m,¢ € N with 0 < £ < m. Then

OmN g

D (1, 0) = Q2 (o1, 2),

MmN am—l om

Dy (a1, 00) = mayim—i] (a1, 00) + 042@,3 (1, 2) = p™ (a2), (15)
MmN am—lq amq

m (Oél; 062) = EW (Oé]_,OéQ) + QQW (Oé]_,OéQ) .
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Proof. The proof follows the same strategy of the previous lemma noticing that

N(z,y) = yq(x,y) — p(y) = (y — a2)q(z,y) — az2q(z,y) — p(y)

and resolving term by term. O

4. LOCAL BEHAVIOUR OF THE SECANT MAP NEAR FOCAL POINTS AND MULTIPLE ROOTS

Our main goal in this section is to study, using the Taylor’s polynomials described in the
previous section, the local behaviour of the secant map at two different type of points: (o, «)
with a being a root of p of multiplicity d > 1, and (a1, ) with a; being a root of p with
multiplicity d;, j = 1,2.

Let Ty i ro(t) = (€(2), ttm k70 (t)) be a curve passing through (0,0) at ¢ = 0 with

_ 12 13 i4 5
) =t+ 587+ 7+ 5t + 0 (t°) %)

K 9 3 4 5
lmnro(t) =mt+ 242+ 23 1 T34 L 0 (),
mrro(t) =mt+ 3 6 24 (")

where m (the slope), k (the curvature), 7 (the torsion) and o are real parameters. If no
confusions arise we will not show the dependence of the curve on the parameters.

To simplify the exposition we introduce the following auxiliary map A;(t) = £(¢)u(t) and
the parameter \; = %p(k) ().

Lemma 4.1. Let I'(t) as in (16). Then,

SER) +a,u(t)+a)= <,u(t) +a,ggg +a> .

k m—1 m—1—4£ -1
=800 3 e (14 2o o) (e o)
m=d £=1
1

B(t) =11y Aput™ e (1 + %t +

(17)
4

1 2 g .3 4
- t+ﬁt+0(t)).

6

) 1 5 4 mflfé( K -
1+ 5t* + Ol )) mt ot

Moreover,

AW AT Mt R (L gt g O T st 5 OE) T
B(t) ok At d S (14 L4 L2 4 L 4 00)™ T (m+ St 4 T2 4 513+ O(t4))"

m=d

Proof. We focus on the second component of the secant map. From Lemma 3.2 we have

Ny (60) +onu®) +) _ EORO) (S ma A S € Ot ()] |
D (1) + o u(t) + 1) D ((t) + o u(t) + ) S A S e () (1)

Easy computations show that substituting the expressions of £(¢) and u(t) on the right
hand side of the above expression we get (17) and simplifying the factor t*~1 in A(t) and B(t)
we obtain (18). O

Lemma 4.2. Let d > 3 be an odd number and assume « is a multiple root of p of multiplicity
d. Then

lm S (() + a, u(t) + ) = (@, a).
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Proof. Using the above lemma it is enough to show that
A(t)

lim ——

150 B(t)
On the one hand the numerator of (18) tends to 0 as ¢ — 0. On the other hand the denomi-
nator writes as

A [1+m+...+md*1} + O(t). (19)

We claim that if d is an odd number then Ay (1 +m+... + md_l) is different from zero. The
claim follows from the fact that a is a root of p of multiplicity d (Aq # 0) and

d if m=1
Gag(m) :=14+m+...+mi 1= {1md herwi (20)
=, Otherwise.

0

Lemma 4.3. Let d > 2 be an even number and assume « is a multiple root of p of multiplicity
d. The following statements hold.

(a) If m # —1 then

hm S () + a, u(t) + ) = (@, q).

(b) If m = —1 then

lim S (g(t) + a, M—l,li,T,O'(t) + a) = (a, yn) ,
t—0

and the map Kk — Yy, is one-to-one. Moreover, fixing any value of Kk # —1 and
given any pair of values m,s € R there exists a unique pair 74,0, € R such that
S(T-1,k,7.0.) @5 a curve passing through the point (o, y,) with slope m and curvature
S.

Proof. The proof of statement (a), m # —1, follows similarly as in the previous lemma. The
equalities and expressions (17), (18), (19) and (20) are exactly the same. The polynomial G4

for d > 2 even has a unique real zero at m = —1. Hence for m # —1 the same arguments as
before imply statement (a).
We turn our attention to the case when m = —1. Set
dAg

From Lemma 4.1, some computations show that

A(t) = =Mt + %(n — 1)t2 + Ry(r, 7)t3 + O(tY),

B(t) = Ct+ <R2(/€) + %(1 + 7')> 2 + (Rg(l-i,T) + %(1 + a)) 3+ 0(th),

A(t) 1 1 d ., 1 d 9 3

— =M=+ = —-A5(1 t+ — —Aq(1 t t

B0 )‘dc + o2 (R4(/~£)—|— 1 a( +7’)> + R (R5(I€,T>—|— 51 da( +0)> + O(t°),
where R;(k,7), j =1,...,5 are polynomials whose coefficients depend on Ag, Ag11 and Ag 2.
Consequently,

i S (§() + @, 1o () + ) = <a, o+ lim 28) - <a, a— CA(Z)> .
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This proves that the map k — y, := o — \g/C(k) is one to one. Since the parameters T and
o appear linearly on the expression of A(t)/B(t) it is easy to see that for any x # —1, we
might arrange the values of 7 and ¢ to make sure that the slope and curvature of the curve
S(a+& a+ p—14r0(t)) meet any pair {m,s}. O

5. PROOF OF THEOREM A

We denote by D ((a,),e) the disc centered at (o, ) of radius ¢ > 0 and by dist the
Euclidian distance. The proof of Theorem A splits into two lemmas.

Lemma 5.1. Let p a polynomial of degree k and let a be a real root of p of multiplicity d > 1.
Set Q = {(x,y) € R? | > a and y > a}. Let ¢ > 0 small enough. The following statements
hold.

(a) If d is an odd number then D ((a, a),e) C A(a).

(b) If d is an even number then D ((a, ) ,e) N Q C A(wv). Moreover (a, ) € 0 A(«).

Proof. If d =1 this follows from [GJ19, Theorem A(a)].

So we first assume d > 1 is an odd number. From Lemma 4.2 we might extend continuously
the map S at the point (a, ) by defining S(a, ) = (a,a). We claim that for sufficiently
small values of £, u € R we have

dist (S (e + & a4 u), (o, @) < dist (o, @), (@ + & a + 1)) . (21)

To see the claim we use Lemma 3.2 to show that

Nl (CV—I—&,OC—F/.L))
Sla+é&a+p)=a+p o+ 22
(@t &atp) = (atpasprioth )
where
P(m) m—1—¢ e 1 P(d) (a) — d—1—£ £—1 d+1
Ni(a+&a+p) Euz — Zs =&ty Z& pT O+ 1D
m—1 d 1 (23)
D(a+€at )= me, S et = st”uuommn
£=0
On the one hand observe that
S(a,a+p)=(a+p,a) and S(a+&a)=(a,a),
and so (21) is satisfied on those lines with equality. On the other hand if {u # 0
= gd 1 ZIUJZ 1
Sla+éatp)~ | atpatpt=Eh : (24)
d—1—£,,0
=0 & K
Hence (21) is satisfied if and only if
d=1 ¢d—1—£, -1
p= & (25)

d—1 ¢d—1—
Ee:o fd 1-¢ MZ
Since d is odd we have from (20) that the denominator of (24) is bounded away from zero
and always positive. So a sufficient condition to satisfy the above inequality is

d—1 d—1

d—1—-¢ ¢ d—1-¢ ¢
> ¢ pt < ¢ o8
=1 (=0

which is an immediate exercise.
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Second suppose d > 1 is an even number. All inequalities above works as well and the
denominator of (24) is bounded away from zero and it is always positive as long as £ and p are
positive numbers. So the same conclusion as before is obtained for points in D ((a, a) ,€) N Q.

Notice, however, that Lemma 4.3 implies that there are curves (all with slope m = —1)
passing through («, «) whose images by S are curves passing through any point of the form
(o, y), y € R. Hence we conclude that (o, a) € 0A(«). O

Statement (a) of the lemma above implies statement (a) of Theorem A. Moreover from
statement (b) of the lemma above, to finish the proof of Theorem A all we need to do is to
show that (a, ) € OA(S), for all 5 # a a simple root of p.

Lemma 5.2. Let a a root of p of even multiplicity d,, and let 8 # o any simple real root of
p. Then (a,a) € 0A(S).

Proof. We claim that there exist curves passing through (o, a) whose second image by S
correspond to curves passing through points (8,y) for almost every y € R. Since points in
this vertical line (except a finite number) belong to A (5) the lemma follows. We see the
claim into two steps.

First, observe that Lemma 4.3(b) implies that, choosing parameters for a curve f(t) passing
through (a, «), its image S (f(t)) is a curve through the point (a, ) with arbitrary slope
and curvature.

Second, let us consider an arbitrary curve I'(t) passing through the point (o, 8) with slope
m = 0 and curvature k € R. Our goal is to show that varying x € R the image curve S (I'(¢))
is a curve passing through (5, yx), yx € R, as desired.

To simplify the computations consider the curve in (16) of the form Iy, oo ignoring the
higher order terms; that is,

1 K
£(t) = t+ 5752» 10,5,0,0(t) = 5152 : (26)

Then

lim S (€(t) + o, pu(t) + B) = (57%13% N (&(

t—0

O

The Taylor’s polynomial of N and D at a point (a,3) (see Lemmas 3.3 and 3.4 for the
expressions of the partial derivatives) we get

1, K 9 _ 1
N(t+2t —|—0¢,§t +B> —72@_5)
_
2(a—pB)

(50" () — 2! (5) ) £ + O
D(t+ 5 +atien) - (0 () ¥ (5) ) € + O,

Thus

%i_r%S (E(t) + a,u(t)+ B) = <57 Bi: EZ; :;é?(’ﬁ()ﬁin) )

and since p'(8) # 0 the result follows.
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