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Abstract

In this work we study the periodic orbits which bifurcate from all zero-Hopf bifurcations that an arbitrary
Kolmogorov system of degree 3 in R3 can exhibit. The main tool used is the averaging theory.
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1. Introduction and statement of the main results

Lotka-Volterra systems were initially proposed, independently, by Alfred J. Lotka in 1925 [I] and Vito
Volterra in 1926 [2], both in the context of competing species. These Lotka-Volterra systems are polynomial
differential systems of the form

i:xP(x,y), y:yQ(I7y)a

where P and () are polynomials of degree 1. Later on the Lotka-Volterra systems were generalized and
considered on arbitrary dimension n > 2, i.e.

.’bi = $iPi(.’£1, e 7l'n),

where P; are polynomials of degree 1. Finally in 1936 Andrei Kolmogorov [3] extended those systems to
arbitrary degree, i.e. the polynomials P; can have any degree. These last systems are now called Kolmogorov
systems.

The Lotka-Volterra and Kolmogorov systems have been used for modelling many natural phenomena,
such as the time evolution of conflicting species in biology [4], chemical reactions [5], plasma physics [6],
hydrodynamics [7], and many other phenomena as social science and economics [8]. Recently limit cycles for
differential systems in R? also are studied for discontinuous differential systems see for instance [9] and the
references quoted therein.

We want to study the limit cycles of the Kolmogorov systems of degree 3 in R® which bifurcate in the
zero-Hopf bifurcations of the singular points (a, b, ¢) which are not on the invariant planes = 0, y = 0 and
z = 0 of the Kolmogorov system

& =aP(z,y,2), y=9yQ(x,y,2), £Z==zR(xy,z2),

with P, @ and R polynomials of degree 2. Doing the scaling (z,y, 2) — (z/a,y/b, z/c) we can assume without
loss of generality that (a,b,c) = (1,1, 1). Therefore it is sufficient to study the limit cycles which can bifurcate
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from the singular point (1,1, 1) of the system

i=xz(a1(z—1)+ax(y—1)+as(z—1) +as(z — 1)? +as(z —1)(y — 1)

+ag(r —1)(z = 1) +ar(y — 1) +ag(y — 1) (2 = 1) +ag(z — 1)?) ,
g=y(bi(r—1)+baly — 1) +bs(z = 1) + ba(e — 1)* + bs(z — 1)(y — 1) (1)

+bg(z—1)(z = 1)+ br(y—1)2 +bs(y —1)(z — 1) + by(z — 1)2) , .
t=z(ci(x—1) 4oy —1)+cs(z = 1) + ca(w — D2 +ces(x—1)(y —1)

+egle—1)(z = 1) +er(y — 1) +esly = 1)(z = 1) +oo(z = 1)%)

when this singular point is a zero-Hopf equilibrium, i.e. when the eigenvalues of the linear part of the system
at (1,1,1) are of the form 0 and £5i with § > 0. Here the dot denotes derivative with respect to the time ¢.
In the next result we characterize when the singular point (1,1, 1) is zero-Hopf.

Proposition 1.1. The singular point (1,1,1) of system (1.1)) is zero-Hopf if and only if one of the following
sets of conditions hold.

(i) v = asbs(bs — a1) — azb3 + a3by # 0, c3 = —as — bo,

1
“a= ;(G%bs — aiazby — a1 (azbiby — bz (2a2by + 57)) — bi(ag(azby — babs) + a3 (8% +03))) and
1
¢ = —(afasbs + araa(bobs — ashy) + a3bibs — asba (8 +b3) + az (bs (8% + B3) — 2asbube) ).
b b bo)2 2
(it) asbs # 0, az = @, by = M7 c3 = —ay —bs and co = _(a1+ 2)? +asc + 8 .
bg (],3 b3
b2 2
(i) by £0, a1 =ay=a3=0, e =~ 2 and ey = by,
3
2 2
(iv) a3 #0, by =by=b3=0, c1 = _aljﬂ and c3 = —ay.
3
2 2
(v) by # 0, a2:_a1;—6 , a3 =bz =c3 =0 and by = —a;.
1

Proposition [I.1] is proved in section [2]

Using the averaging theory of first order in Theorem 3 of [10] are provided sufficient conditions in order
that the Kolmogorov systems under conditions (i) exhibit a zero-Hopf bifurcation from which two limit
cycles bifurcate, the kind of stability or inestability of these limit cycles is also provided. We include the
result here for completeness. The expressions of ¢, d, e, and f, are the ones given in [I0], and we denote
k= (2cf +dS2)? — 8cdf St , S2 = (ca1 +2¢3)/B and Sy = (dS2 + ¢f)/f.

Theorem 1.2. Ify # 0, ¢; = (atbz—aZazb;—a, (agblbg — b3 (2a2b1 + 52))7b1(a2(a3b17b2b3)+a3 (52 + b%)))/%
Coy = (a%agbg -+ CLlag(beg — agbl) + agblbg + a9 (b3 (ﬂQ -+ bg) — 2a3b1b2) — agbg(ﬂz —+ b%))/’y, C3 — —a1 — bQ,
agby —a1bs #0,¢#0,d#0,e #0, f #0, cs1+2c8 # 0 and ec(cz1d+cB(2d+ f)) < 0, then the Kolmogorov
system has two limit cycles bifurcating from the zero-Hopf equilibrium point (1,1,1). Moreover the following
statements hold.

(a) If S3S1 < 0, k > 0 and |—2cf — dSa| < Vk, then the two limit cycles are unstable and have a stable
manifold formed by two cylinders and an unstable manifold formed by two cylinders.

(b) If52<0, S1 <0 and

o cither k>0, d(—2cf — dSs + Vk) > 0 and d(—2cf — dSs — VE) > 0,
e ork <0 and d(—2cf —dSs) > 0;

or ’LfSQ >0, S1 >0 and



e cither k>0, d(—2cf — dSs +Vk) <0 and d(—2cf — dSs — Vk) <0,
e ork <0 and d(—2cf —dSs) < 0;

then one limit cycle is a local repeller, and the other is a local attractor.
(c) If So >0, 81 >0, k>0 and |—2cf — dSs| < Vk; or if S35 <0 and

e cither k >0, d(—2cf — dSs +Vk) > 0 and d(—2cf — dSs — Vk) > 0,

e ork <0 and d(—2cf — dS3) > 0; then both limit cycles are unstable. One limit cycle is a local
repeller, and the other has a stable manifold formed by two cylinders and an unstable manifold
formed by two cylinders.

(d) If S, < 0, S1 <0, k> 0 and |—2¢cf — dSs| < Vk; or if S51 < 0 and
e cither k >0, d(—2cf — dSs +Vk) < 0 and d(—2cf — dSs — Vk) < 0,
o ork <0 and d(—2cf —dS2) < 0;

then one limit cycle is a local attractor, and the other is unstable and has a stable manifold formed by
two cylinders and an unstable manifold formed by two cylinders.

(e) If S251 < 0 and k < 0 and —2cf = dSs, then one limit cycle is unstable and has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders and we cannot decide about
the stability of the other.

Here we provide examples showing that all the sets of conditions given in this theorem are non-empty,
see section [3] Such examples were not given in [10].

In this paper we use the averaging theory of first order for studying the limit cycles bifurcating from the
zero-Hopf bifurcations of the Kolmogorov systems under conditions (ii) to (v).

Our main result concerning the Kolmogorov systems under the conditions (ii) is the following. The
expressions of A;, with i =0,...,4, K; and N are defined in Appendix [B}

Theorem 1.3. Ifasbs #0, N #0, ay = agbg/bg, by = albg/ag, c3=—ay1—by, co = —((a1 + b2)2 +ascy +
B%)/bs, A1 # 0, Ay # 0, Az # 0,and AgAs(A1As — AgA3) > 0, then the Kolmogorov system has two

limit cycles bifurcating from the zero-Hopf equilibrium point (1,1,1). Moreover the following statements hold.

(a) If K1 > 0, AsA3(AgAs — A1A2)N < 0 and |2A0A3 — A1 As| < VK7, then the two limit cycles have a
stable manifold formed by two cylinders and an unstable manifold formed by two cylinders.

(b) If b3 Ay N > 0, b3A3(AOA3 — AlAQ) >0 and

o either Ki > 0, bgAlN(QAoAg — A Ay — \/Kl) <0 and b3A1N(2AoA3 — A1Ay + \/Kl) <0,
e or K1 <0 and bsA1N(2A0A3 — A1As) < 0;

or if bgAaN < 0, bgA3(ApAs — A1A2) <0 and
o cither K1 >0, b3A1N(2A9A3 — A1 As — /K1) > 0 and b3 A1 N(240A3 — A1 Az + VK1) > 0,
e or K1 <0 and bsA1 N(2Ap0A3 — A1As) > 0;

then one limit cycle is local repeller, and the other is a local attractor.

(C) If b3A2N > 0, b3A3(AOA3 — AlAg) >0, K1 >0 and |2AOA3 —A1A2| < VKy; or Zf A2A3(AOA3 —
A1A2)N < 0 and

e cither Kl > 0, b3A1N(2AoA3 — A1A2 -V Kl) >0 and b3A1N(2AOA3 - A1A2 + Kl) > O,
e or K1 <0 and b3A; (2AOA3 — A1A2>N > 0;

then both limit cycles are unstable. One limit cycle is a local repeller, and the other has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders.



(d) ]f b3AsN < 0, bgAg(AoAg — AlAQ) <0, K1 >0 and |2AOA3 7A1A2| < VvKi; or ’Lf AQAg(AoAg —
A1A2)N <0 and
e either K1 >0, b3A1N(2A()A3 —A1Ay — Kl) <0 and bgAlN(QAQAg — A1As + v/ Kl) <0,
e or Ki <0 and b3A1(2A0A3 — A1A2)N < 0;

then one limit cycle is a local attractor, and the other is unstable and has a stable manifold formed by
two cylinders and an unstable manifold formed by two cylinders.

(e) If K1 <0, AyA3(AgAs — A1A3)N < 0 and 2A9As = A1 As; then one limit cycle is unstable and has
a stable manifold formed by two cylinders and an unstable manifold formed by two cylinders and we
cannot decide about the stability of the other.

The main result concerning the Kolmogorov systems (1.1]) under the conditions (iii) is the following. The
expressions of B; with ¢ =0,...,4, and K5 are given in Appendix

Theorem 1.4. If b3 75 0, a; = a2 = az = 0, Cy = —(b% +ﬁ2)/b3, C3 — —bg, Bl # 0, B2 # 0, B3 7£ 0
and ByBy(B1Bs — ByBs) > 0, then the Kolmogorov system (1.1) has two limit cycles bifurcating from the
zero-Hopf equilibrium point (1,1,1). Moreover the following statements hold.

(a) If K3 >0, BaB3(ByBs—B1B3) > 0 and |B1Bs — 2By B3| < v/Ka3; then the two limit cycles are unstable
and have a stable manifold formed by two cylinders and an unstable manifold formed by two cylinders.

(b) If Bo >0, Bg(BoBg, — BlBQ) <0 and
e cither Ko >0, By >0 and B1Bs — 2BgB3 < —/ K>,
e or K5 <0 and B1(B1B2 —2ByB3) < 0;
then the two limit cycles are local attractors.

(C) IfBQ <0, Bg(BoBg—BlBQ) >0, Ky >0 and |BlBQ — 2BOB3‘ < \/E,’ or ifBQBg(BoBg—BlBQ) >0,
Ky >0, By <0 and B1By — 2BgBs < —/K>; then both limit cycles are unstable. One limit cycle is
a local repeller, and the other has a stable manifold formed by two cylinders and an unstable manifold
formed by two cylinders.

(d) IfBQ <0, Bg(BoBg — BlBQ) >0 and
e cither Ko > 0, Bl(BlBQ —2ByB3 — \/KQ) <0 and Bl(BlBQ —2BgBs3 + \/KQ) <0,
e or Ko <0 and B; (BlBQ — 23033) < 0;

or if Bo > 0, B3(BgBs — B1B3) < 0, Ko > 0, By < 0 and B1By — 2ByBs < —VK>; then one limit
cycle is a local attractor and the other limit cycle is a local repeller.

(6) IfBQ >0, B3(BoB3 —BlBg) <0, K3 >0 and |BlBg — 2B()B3| <V Ks; or ifBQB3(BQB3 —BlBg) >0
and
e cither Ko >0, Bl(BlBQ —2BygB3 — \/KQ) < 0 and Bl(BlBg —2BgB3 + / KQ) <0,
o or Ko <0 and B; (BlBQ — 2B()Bg> <0,

then one limit cycle is a local attractor and the other limit cycle is unstable and has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders.

(f) BaBy < 0, K3 < 0 and B1Bs = 2ByBs; then one limit cycle is unstable and has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders and we cannot decide about
the stability of the other.



Theorems [I.3] and [T.4] are proved in section 2] Examples showing that the conditions provided by both
theorems are non-empty are given in section

Kolmogorov systems under conditions (iv) are the same as under conditions (iii) but interchanging
the variables x and y, so if we change the conditions b3 # 0, a; = az = az = 0, ¢ = —(b3 + %) /b3, c3 = —by
into az # 0, by = by = b3 = 0, ¢; = —(a? + B?) /a3, c3 = —ay, and redefine the constants B; for i =0, ...,4 as
it is indicated in Appendix [B] the same Theorem [T.4] holds.

At last our main result concerning the Kolmogorov systems under the conditions (v) is the following,
with the expressions of D;, for i =0, ...,4, and K4 given in Appendix

Theorem 1.5. If by # 0, a3 = b3 = c3 = 0, ag = —(a? + B2)/b1, by = —ay, D1 # 0, Dy # 0, D3 # 0
and DoDy4(D1Ds — DoDBs) > 0, then the Kolmogorov system (1.1)) has two limit cycles bifurcating from the
zero-Hopf equilibrium point (1,1,1). Moreover the following statements hold.

(a) If K4 > 0, DaDs(aic1 + bica)(DoDs — D1D32) > 0 and |D1Dy — 2DgD3| < /Ky; then the two limit
cycles are unstable and have a stable manifold formed by two cylinders and an unstable manifold formed
by two cylinders.

(b) ]f leg(alcl + blcQ) <0, leg(Dng — DlDQ) >0 and

o cither K4 > 0, lel(alcl + blcg)(Dng —2DgDy — v/ K4) < 0 and lel(alcl + blcg)(Dng —
2D Dy + VK3) < 0,

o or Ky, <0 and lel(CLlCl + blcz)(Dng — 2DOD3) <05

or if by Da(aic1 4+ bice) > 0, byD3(DoDs — D1Dy) < 0 and

e cither K4 > 0, b1D1(a161 + b162)(D1D2 — 2DgDy — \/K4) > 0 and lel(alcl + blcg)(Dng —
2DgDs + +/ K4) >0,

o or Ky <0 and lel(alcl + blcg)(Dng — 2D0D3) > 0;

then one limit cycle is a local repeller, and the other is a local attractor.

(C) If b1D2<a101 + b102> < 0, b1D3<D0D3 - Dng) >0, K4y > 0 and |D1D2—2D0D3| < VKy; orif
D2D3(a101 + blcg)(Dng — Dng) >0 and

e cither Ky > 0, b1D1(CL1€1 + blc2)(D1D2 — 2DgDy — \/K4) > 0 and b1 Dy (a1c1 + blcg)(Dng —
2DgDs + +/ K4) > O,
o or K4y <0 and lel(alcl + blcg)(Dng — 2D0D3) > 0;

then both limit cycles are unstable. One limit cycle is a local repeller, and the other has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders.

(Cl) If leg(alcl + b162) > 0, b1D3(D0D3 — D]_DQ) < 0Ky >0 and |D1D2 —2D0D3| < VKy; orif
D2D3(a101 + blcg)(Dng — Dng) >0 and

e cither Ky > 0, b1D1(a161 + blc2)(D1D2 — 2DgDy — \/K4) < 0 and lel(alcl + b1c2)(D1D2 —
2DgDs + +/ K4) < O,
o or Ky <0 and b1D1(a101 + blcg)(Dng — 2D0D3) < 0y

then one limit cycle is a local attractor, and the other is unstable and has a stable manifold formed by
two cylinders and an unstable manifold formed by two cylinders.

(e) If DaDs(ajci +bic2)(DoDa — D1 Ds) > 0, Ky < 0 and D1 Dy = 2DgDs3; then one limit cycle is unstable
and has a stable manifold formed by two cylinders and an unstable manifold formed by two cylinders
and we cannot decide about the stability of the other.

Theorem [I.5] is proved in section 2] In section [3] can be found examples showing that the conditions
provided by this theorem are non-empty.



2. Proof of results

Proof of Proposition 1.1l We want to characterize when the singular point (1,1, 1) of system (L.1)) is a zero-
Hopf equilibrium. At first, through the change of variables (z,y,2z) — (x+1,y+1,z+ 1), we translate the
point (1,1,1) to the origin of coordinates, obtaining the system:

&= (1+2)(a12 + agy + a3z + agx® + aszy + agrz + a7y’ + agyz + agz?),

U= (14+y)(brz + bay + b3z + bax?® + bsxy + bexz + bry? + bgyz + ngZ), (2.1)

= (1+2)(c1® + coy + 32 + caz® + 57y + cex2 + cry® + cgyz + coz?).

In order that the origin of system (2.1) can exhibit a zero-Hopf bifurcation we must require that the
eigenvalues of the linear part of the system at the origin be of the form 0 and +/3¢ with 5 > 0. We compute
the characteristic polynomial and require that it has the form A(\% + 32). Solving the resultant equation we
get the five solutions given in (i)—(v). O

Proof of Theorem[1.3] We consider system (L.1)) under conditions (ii) of Proposition and we proceed to
study the limit cycles bifurcating from the zero-Hopf equilibrium point, applying the averaging theory of first
order, summarized in Theorem of Appendix [A] To do so we perturb the parameters as, by, c2 and c3
which define the zero-Hopf equilibrium under the assumption (ii) as follows

azby arbs (a1 + b2)* + azey + B2

as = —— + €as1, by = — +e¢ebiy,co = —
b3 as b3

+eca1, c3=—ay — by +ecay,

where ¢ is a small parameter.

We write the lineal part of system at the origin in its real Jordan normal form, and the associated
system becames system (1) in file ss[[2]].

Now we want to write the system in such a way that conditions of Theorem [AT] are satisfied. For this we
write the system in cylindrical coordinates by means of the change of variables (X,Y, Z) — (rcosf,rsinf, Z)
obtaining system (2) of file ss[[2]].

In order to study the periodic solutions in a neigborhood of the origin, i.e. in a neigborhood of the
zero-Hopf equilibrium, we do the scaling (r, Z) — (eR,eZ), where € > 0 is the same parameter used before.
We obtain system (3) of file ss|[[2]].

We take the variable 6 as the new independent variable and so we obtain the system

R =cFy +0(e?), Z' =cFiy+0(?), (2.2)

with coefficients Fy; and Fjy given in the file ss[[2]].

Note that system ([2.2) is in the normal form , so we can apply the averaging theory with T = 27,
r=(R,Z),t=0and eR(0,x,e) = O(c?). The functions Fy1, Fi2 and R are C? in x and 27-periodic in 6.
Applying Theorem we compute the averaging function of first order f1 = (f11(R, Z), f12(R, Z)), and we
obtain
WR(AO + A1 Z)

a§b3,85 ’

_’R’(AQZ + A322 + A4R2)
a§b365N ’

fi1= fi2 =
and A;, for i =0,...,4, K1 and N are given in Appendix [B]

We look for the isolated solutions of the equation (f11(R, Z), f12(R,Z)) = (0,0), and we obtain, appart
from the origin, (Rl, Zl) = (0, —Ag/Ag) and (RQ7 ZQ) = (i\/Ao(AlAQ - AoAg)/(Al \/A4), _AO/Al) . We
consider always the positive expression of Rs, i.e. we consider the positive sign if A; > 0 and the negative
sign if A; < 0.

We compute the Jacobian matrix of fi, which is

7T(A0+A1Z) ’/TRAl
a§b2ﬂ5 a§b3ﬂ5
. 271'RA4 771'(142 + 2A3Z)
a§b365N a§b365N



and its determinant is m2(—2A41 A4 R% + (Ao + A12)(As + 2437))/(a3b3B°N). Evaluating the determinant
at the solution (Ry, Z;) we get that it is equal to 72 A3(AgAs — A1A2)/(a3b3A3B8°N), and at the solutions
(R2, Z3) we get that it is equal to 272 A0(A; Ay — AgA3z)/(a3b3A1510N).

From the hypothesis considered these determinants are nonzero, therefore it follows from Theorem[A 1] that
for € sufficiently small system has two 2m-periodic solutions (R1(0,¢), Z1(0,¢)) and (R2(0,¢), Z2(0,¢))
such that (R;(0,¢),Z;(8,¢)) — (R;, Z;) for j = 1,2 when ¢ — 0.

Moreover the Jacobian matrix evaluated at the solution (Ry, W) has eigenvalues equal to wAs/(aZbs3°N)
and 7(AgAs — A1 As)/(a3b3A33%). Since the eigenvalues of the Jacobian matrix evaluated at the solutions
provide the stability of the fixed point corresponding to the Poincaré map defined in a neighborhood of
the solution, if AsbsN > 0 and Azbz(AgAs — A1As) > 0, then the fixed point of the Poincaré map has an
unstable manifold of dimension two, and the corresponding periodic solution is unstable and has an unstable
manifold of dimension three, which is equivalent to say that is a repelling periodic orbit. If AsbsN < 0
and Asbs3(ApAs — A1 As) < 0, then the fixed point of the Poincaré map has a stable manifold of dimension
two, and the associated periodic solution is stable and has a stable manifold of dimension three, which is
equivalent to say that is a attracting periodic orbit. Finally, if As A3N(AgAs — A1As) < 0, then the fixed
point of the Poincaré application is a saddle point with a stable manifold of degree one and an unstable
manifold of degree one, and the corresponding periodic solution is unstable and has a stable manifold formed
by two cylinders and an unstable manifold formed by two cylinders.

On the other hand, the Jacobian matrix evaluated at (Rg, Z3) has eigenvalues equal to m(249 A3 — A1 As +
VK1)/(2a3b3A18°N), and so its stability is as follows. If K7 > 0, b3A1 N (24943 — A1 Ay + vK;7) > 0 and
bgAlN(2AOA3 — A1 Ay — \/[Tl) > 0 or if K7 < 0 and b3A1N(2AQA3 — A1A2) > 0, then the fixed point
of the Poincaré map has an unstable manifold of dimension two, and the periodic solution is unstable
and has an unstable manifold of dimension three. If K; > 0, b3A;N(240A3 — A1 A2 + VK1) < 0 and
b3A1N(2A9A3 — A1 A2/ K1) < 0 or if K1 < 0 and b3 A1 N(2A49A3 — A1 A2) < 0, then the fixed point of the
Poincaré map has an unstable manifold of dimension two, and the periodic solution is stable and has a stable
manifold of dimension three. If K7 > 0 and —/K; < 24943 — A1 A5 < v/K1, then the fixed point of the
Poincaré map is a saddle point with a stable manifold of degree one and an unstable manifold of degree one,
and the associated periodic solution is unstable and has a stable manifold formed by two cylinders and an
unstable manifold formed by two cylinders. If Ky < 0 and A; As = 24y A3, the fixed point of the Poincaré
map asociated with the periodic orbit is linearly stable, and we cannot decide about the stability of the
periodic orbit.

Combining the above information of the eigenvalues of the Jacobian matrix for both (R, Z1) and (Rz, Z2)
we get statements (a)—(e) in the theorem.

Now we shall go back through the changes of variables and we obtain two periodic solutions, for j =1, 2,
(x(t,e),y,(t,€),2j(t,e)) bifurcating from (1,1,1) with a period tending to 27 when ¢ — 0. Moreover,
(z;(t,e),y,(t,e),zi(t,e)) = (1,1,1) + O(e) for j = 1,2. This completes the proof of the theorem. O

Proof of Theorem[1.4. We consider system (1.1)) under conditions (iii) of Proposition In order to study
the zero-Hopf bifurcation we perturb the parameters aq, as, as, co and c3 which define the zero-Hopf equi-
librium under conditions (iii) as follows
b3 + p?
b3

a1 = €aiy, Gp =€Eaz, a3 =¢£as;, Cy= +eco1, c3= —by+ e,

where € is a parameter to be taken sufficiently small.

We write the lineal part of system at the origin in its real Jordan normal form, and the associated
system becomes system (1) of file ss[[3]]. Then we write the system in cylindrical coordinates obtaining
system (2) of file ss|[3]], and we do the scaling (r, Z) — (eR,eZ) obtaining system (3) in file ss|[3]].

As in the proof of Theorem in order to apply Theorem we take the variable 6 as the new
independent variable obtaining a system

R =cF1 +0(?), Z' =cFip+0(%) (2.3)

which coefficients Fj; and Fjp are given in the file ss[[3]]. The averaged function of first order f; =

(f11(R, 2), fr2(R, Z)) is
fi1 = w(B2Z + BsZ? + B4R?)
1=

’/TR(BO + B1Z) f12 _
b23° ’

BFE




with B;, for i =0,...,4, and K> given in Appendix Solving the equation (f11(R, Z), f12(R,Z)) = (0,0) we
obtain two solutions (Ry, Zy) = (0, —Bs/Bs) and (Rs, Zs) = (i\/BO(BlBg ~ BoB3)/(BivBy), —BO/Bl).
Again we consider always the positive expression of Rs.

We compute the Jacobian matrix of f; and we get

7T(Bo—|—BlZ) 7TRBl

035 B35
2rRB, 7(By + 2B37)

b2 35 b2 35

whose determinant is 72(—2B;B4R? + (B + B1Z)(Ba + 2B32))/(b331°). The determinant at the solution
(Rl, Zl) is ﬂ'QBQ(BlBQ —BQBg)/(b§33B10)7 and at the solutions (RQ, ZQ) is 27TQB()(B()B3 —BlBg)/(bgBlﬂlo).

From the hypothesis considered these determinants are nonzero, so it follows from Theorem [A7]] that
for e sufficiently small, system has two solutions (R1(0,¢),Z1(0,¢)) and (Rz(0,¢), Z2(0,¢)) such that
(R;(0,e),Z;(0,¢)) = (R, Z;) for j = 1,2 when € — 0.

The Jacobian matrix evaluated at the solution (Ri,W;) has eigenvalues equal to —mBy/(b33°) and
7(BoBs — B1B2)/(b3B3f3°). We study the stability of the associated periodic orbit which is provided by
these eigenvalues. If By < 0 and Bs(ByBs — B1B3) > 0, the associated periodic solution is unstable and has
an unstable manifold of dimension three. If By > 0 and Bs(ByBs — B1Bs) < 0, then the associated periodic
solution is stable and has a stable manifold of dimension three. Finally if BsBs(BoBs — B1B2) > 0, the
periodic solution is unstable and has a stable manifold formed by two cylinders and an unstable manifold
formed by two cylinders.

On the other hand, the Jacobian matrix evaluated at (Rg, Z2) has eigenvalues equal to m(By1 By — 2By B3+
\/E)/(?b%Blﬂs), and so if Ko > 0, Bl(BlBQ —2ByBs3 + \/K72) > 0 and Bl(BlBQ —2ByB3 — \/ITQ) > 0, or
if K5 <0 and B1(B1By —2ByBs) > 0, then the associated periodic solution is unstable and has an unstable
manifold of dimension three. If Ky > 0, By(B1 By —2ByBs + v/K3) < 0 and By(B1Bs —2ByBs — /K3) < 0,
or if Ky < 0 and By(B1Bs — 2BgB3) < 0, then the associated periodic solution is stable and has a stable
manifold of dimension three. If K5 > 0 and —/K3 < B1By — 2ByB3 < /K>, then the associated periodic
solution is unstable and has a stable manifold formed by two cylinders and an unstable manifold formed by
two cylinders. If Ko < 0 and ByBy — 2ByBs = 0, the fixed point of the Poincaré map associated with the
periodic orbit is linearly stable, and we cannot decide about the stability of the periodic orbit.

Combining the above information of the eigenvalues of the Jacobian matrix for both (R, Z1) and (Ra, Z2)
we get statements (a)—(f) of the theorem.

Now we shall go back through the changes of variables and we obtain two periodic solutions,for j = 1,2,
(x;(t,€),y;(t,€),2(t,e)) bifurcating from (1,1,1) with a period tending to 2r when ¢ — 0. Moreover,
(x(t,e),y,(t,€),2i(t,e)) = (1,1,1) + O(e) for j = 1,2. This completes the proof of the theorem. O

Proof of Theorem[L.5] We consider system (L.1)) under conditions (v) of Proposition[l.1} In order to study the
zero-Hopf bifurcation we perturb the parameters as, as, b, bs and ¢z which define the zero-Hopf equilibrium
point into the form

_ai+p
b

ag = +eas, asz=-¢caz, by=—ay+eby, bsy=cby1 c3=-¢cc3

where ¢ is a sufficiently small parameter.

We write the system with the linear part at the origin in its real Jordan normal form, then we write it in
cylindrical coordinates, and finally we do the scaling (r, Z) — (¢R,eZ). Thus we obtain respectively systems
(1), (2) and (3) of file ss[[5]]. Taking 8 as the new independent variable we obtain a system in the form

R =cFy +0(e%), Z' =ceFis+0(c?) (2.4)

with coefficients Fy; and Fjo given in the file ss[[5]]. As in previous proofs we are in conditions to apply
Theorem Now the averaged function of first order f1 = (f11(R, Z), f12(R, Z)) is

7T(D2Z + D3Z2 + D4R2)
bi(aicr + bice)fd ’

7TR(D() + D1Z)

fll = b1ﬁ5 )

fiz =




with D;, for i = 0,...,4, and K, given in Appendix [B] We look for the solutions of (f11(R, Z), fi2(R, Z)) =
(0,0), and we obtain (Ry, Z) = (0, —Ds/D3) and (Ra, Zs) = (i\/DO(DlDQ ~—DoD3)/(D1v/Dy), —DO/Dl),
considering the positive expression of Rs.

We compute the Jacobian matrix of f; and we get

7T(D0+D12) wRD4
b1 35 b13°
27TRD4 7T(D2 + 2D32)

b18%(a1c1 + bica)  b18%(arc1 + bica)

whose determinant is 72(—2D1D4R? + (Do + D1Z)(Ds + 2D32))/(b331%(a1c1 + bicz)). The determinant
at the solution (Ry,Z;) is m2Da(D1 Dy — DoD3)/(b3D33'° (aje; + bica)), and at the solution (Rg, Z2) is
2m2Do(DoD3 — D1D3)/(b3D13'(are1 + bica)), and both are nonzero by the hypotheses. By Theorem
for e sufficiently small system has two solutions (R1(6,¢),Z1(0,¢)) and (Rz2(0,¢), Z3(6,¢)) such that
(Rj(@,&),Zj(H,E)) — (Rj,Zj) fOI“j =1,2 when ¢ — 0.

The Jacobian matrix evaluated at the solution (R, W) has eigenvalues equal to —m D5 /(b1 3°(a1c1+bicz))
and 7(DoD3 — D1 D) /(b1 D33°%). We study the stability of the associated periodic orbit which is provided by
these eigenvalues. If by Da(ajc; 4+ bice) < 0 and by D3(DoDs — D1D2) > 0, the associated periodic solution is
unstable and has an unstable manifold of dimension three. If by Da(a1c1+b1c2) > 0 and by D3(DgDs—D1 D) <
0, then the associated periodic solution is stable and has a stable manifold of dimension three. Finally if
DsDs(aycr +bice)(DoDs — Dy Dsy) > 0, the associated periodic solution is unstable and has a stable manifold
formed by two cylinders and an unstable manifold formed by two cylinders.

On the other hand, the Jacobian matrix evaluated at (R, Z2) has eigenvalues equal to (D1 D —2DgDs+
\/74)/(2b1D155(a161+b102)). Then if K, > 0, b1D1(a101+b162)(D1D2—2D()D3+\/K74) > 0 and lel(a101+
bico)(D1Dy—2DgD3—+/Ky) > 0, or if K4 < 0 and by D1 (a1c1+b1c2)(D1D2—2DgD3) > 0, then the associated
periodic solution is unstable and has an unstable manifold of dimension three. If Ky > 0, byDi(ajc; +
bic2)(D1Dy — 2DgD3 4+ vKy) < 0 and by Dq(aic1 + bice)(D1Dy — 2DoDs — /Ky) < 0, or if K; < 0 and
biD1(arcr + biea)(D1 Do — 2DgD3) < 0, then the associated periodic solution is stable and has a stable
manifold of dimension three. If K, > 0 and —/K, < D1 Dy — 2DgD3 < v/K4, then the associated periodic
solution is unstable and has a stable manifold formed by two cylinders and an unstable manifold formed
by two cylinders. If K, < 0 and DDy = 2DgD3, the fixed point of the Poincaré map associated with the
periodic orbit is linearly stable, and we cannot decide about the stability of the periodic orbit.

Combining the above information we get statements (a)—(e) in the theorem, and going back through the
changes of variables we obtain two periodic solutions (z;(t,¢),y;(t, €), z;(t,€)) for j = 1,2 bifurcating from
(1,1,1) with a period tending to 27 when € — 0. Moreover, (z;(t,¢),y;(t,€),2;(t,€)) = (1,1,1) + O(e) for
j = 1,2. This completes the proof of the theorem. O

3. Examples

3.1. Ezxamples of Theorem
We give examples showing that the conditions provided by Theorem are non-empty. The system

11032749
65536

p=v (14561 -TPo-1-2).

. 1048639 9 94765 225 12865 279
z-z( 193 (x —1) 68 (y—1)+ (2 1)<16 +6>+(x 1)( Ir +325)>,

¢:x<1—2(az—1)+ (a:—1)2—6(y—1)—|—(x—1)(y—1)—z>,

has two limit cycles with the stability given in (a) of Theorem n The following systems verify, respec-
tively, the four sets of conditions of statement (b) of Theorem so all of them have two limit cycles with



the stability given in (b).

=z(1+2z-1>*-2z—-2y-D+2@-1)y -1 +2y—-1)*-2(z—1)+2(x—1)(z—1)
+y—-1(z-1)),
y=y(-2+2(x—-1)+y+2),

z=z(—181@:—1>+<y—1)2—<z—1)2—<y—1>e+<z—1>e),

1+2z—-1)+= 1)+(y—1)2—100(x—1)(z—1)—z),

= 1><§3?2+> ()

142z —1)+=(y—1)+2(y 1)2—100(x—1)(z—1)—z>,

e
(e
G
i- y( so-1 -2 —1)—2<z—1>)7
== (st
G
(

@1 - —1)—2<z—1>)7
s=x (G- 1+ -1 (G -2) + G- (-5 +2) ).

The following systems verify, respectively, the three sets of conditions in statement (c) of Theorem
so all of them have two limit cycles with the stability given in (c).

i=z(-2+(x—-1)°+z+2),
g=y(=3+@-1) +z+(@-Dy-1)+y+z),
i=z((z-Dy-D+(@x-1(-2+e)+(y—1)(-24¢)+ (2 = 1)(-2+¢)),

(%x—l P Ar+2e -y —1)+2y—1)% -y +2(z - 1) +2(x - 1)(z - 1) +2(y —1)(z - 1)),
y(-3+z+y+2),

s (D -1 == 1P+ (=) (L —2e) 4 (2= 1)(=2—9)),
5 5

i=z(-l+z+y-1°—-y+(z-1)°+2),

y=y(—2+z+y),
i=z2(-14+y+GZ-1D(-2-¢e)+(z—-1)(=3+¢)).

10



The following systems verify, respectively, the three sets of conditions in statement (d) of Theorem (1.2
so all of them have two limit cycles with the stability given in (d).

r(2-y—2z),
y(2+(@—-1)°+z+(@z-1y-1)+y),

1+i@_1mwm—nw—1%%Hﬂy—”<‘3‘%)’

T

<.
I

4

(
t=2 (@1~ 2l = @Dy~ D+ -1+ (= Det (o 1D(5+2),

i=x(-2+(x—-1)°+z+2),
g=y(-3+@-1’+a+@—-1H—1)+y+2z),
z=z(-2(y—1)—-2z-1)+(z—-1)(-2+4¢)).

Finally, the system
t=x(2—-—x—2),

y=y<2—69(95_1)2_;5_3,_231@_1)2)7

5 10
p=a(- f@ =122y - 1) - 2 - Dy 1) - oy - 1242 1) = (= 1)+ (- DA 9)),

has two limit cycles with the stability given in (e) of Theorem

3.2. Ezamples of Theorem
We give examples showing that the conditions provided by Theorem [I.3] are non-empty. The system

i::z<2+;(3:—1)2—a:—(m—l)(y—l)—z—(1+€)(y—1)),

y=yB-z—-y—2),
. 3 7
2=z §(m—1)+§(y—1)+2(z—1)+4(3:—1)(2—1) ,
has two limit cycles with the stability given in (a) of Theorem [1.3] The following systems verify, respectively,

the four sets of conditions in statement (b) of Theorem so all of them have two limit cycles with the
stability given in (b).

m':a:(2—;(x—l)Q—x—f—(m—l)(y—1)—z+(—1+€)(y—1)),

y=yB-r—-y—=2),
7 37

,éz<4(az1)+16(y1)+6(:171)(zl)+(2+5€)(zl)>,

11



:1':2:10(2—;(0”5—1)2—3:—}—(:1:—1)(y—1)—z—&-(—l—&-s)(y—l))7

y=yB-z—-y-2z),

z(§<x—1>+;<y—1)+5<x—1)<z—1)+<2+e><z_1>>,

Z

:'U—x<2—;@—1)2—x—(x—l)(y—l)—z+(1+5)(y—1)),

y=y(-l+z—-y+2),

2:2:(7(30—1)—37(y—1)+5(x—1)(2—1)—1—(2—55)(2’—1)),

4
y=y(-l+x—y+2)),
z2(=5(y—1)+(2-3¢e)(z - 1)),

j::a:<2+3(x—1)2—x+(x—1)(y—1)—z+(1+s)(y—1)),

2’;:

The following systems verify, respectively, the three sets of conditions in statement (c¢) of Theorem
so all of them have two limit cycles with the stability given in (c).

iz<2+;(9:I)ZI(xl)(yl)z+(€1)(y1)),
y=yB-z-y-2),

;(y—1)+4(m—1)(z—1)+(2+€)(z—1)>7

—r—(z—1)(y—1)+2z- <Z+a) (y—l)),

<.
I
<@

(y—1)+2(w—1)(z—1)+(31+5> (z—l)),

<x—1>2—w—(x—1><y—1)—3<z—1>—<3+e><y—1>),

()

Il
<@

3.
I
K

TN N RS
—
+

(96—1)—3/—2)7
2=2(142z-1)—y+2z-1(z-1)+2+2)(z-1)),

The following systems verify, respectively, the three sets of conditions in statement (d) of Theorem (1.3
so all of them have two limit cycles with the stability given in (d).

p=a(2- 5@ 1P o - D=1+ D).
y=y(-l+z—-y+2),

éz<2(w1);(y1)+287(171)(z1)+(25)(zl)),

12



=z i(z1)+393(y1)+33(z1)(zl)+<;+295> (zl))7

Finally, the system

P=r(2-z—z+(-1+e)(y—1)),
J=yB-z—y—(2-17%-2),

t=: (S04 -0+ T DE-D+@raE-1),

has two limit cycles with the stability given in (e) of Theorem

3.3. Ezxamples of Theorem|1.4
We give examples showing that the conditions provided by Theorem are non-empty.

The system
i=z(2z—-12—-(y—-1)>-2e(xz—1)+e(y—1)),
I=yB-z-y—2),
Z=z(-1+2y—1)+2),
has two limit cycles with the stability given in (a) of Theorem
The system
P (-2 12+ (- ) ey~ 1),
=yB-z-y—2),
Z=z(-1+2y—1)+2),
verfies the first set of conditions in statement (b) of Theorem and the system

i=z4(z-1)°-2@-)@y-1)-(y—-1)°-cly—-1),
y=yB-r—-y—2),
Z=z(-14+2(y—-1)+2),

verifies the second set of conditions. In both of them there exist two limit cycles with the stability given in
(b). The system

13



verfies the first set of conditions in statement (c) of Theorem and the system

i=x(-3z-1>%+(@y—1)>—2(x—1)+ey—1)),
Z=z(-1-2y—-1)+2),
verifies the second set of conditions. In both of them there exist two limit cycles with the stability given in
(c). The following systems verify, respectively, the three sets of conditions in statement (d) of Theorem [1.4
so all of them have two limit cycles with the stability given in (d).
=z (-2x-1%+@Yy-1°—(z-1)(z—1) —de(z— 1) +e(z — 1)),
y =Y (2 — &= Z) )
z=z@W-1),

d=z (=2 -1)2+ -1 -ey-1),
y=yB-r-y—2),
F=z(—14+2(y—1)+2),

=z(2z-12+@y-1)>—(z-1)(z—1)+4e(z —1) —e(z — 1)),
y:y(Q—x—z),
Z=z(@y—-1).

The following systems verify, respectively, the three sets of conditions in statement (e) of Theorem
so all of them have two limit cycles with the stability given in (e).
: 1 2 2
b= (=17~ (-2 1) —ely— 1)),

y=yB-z—-y—2),
t=z2(-14+2y—1)+2),

y=y(l-—z-y—2z),
i=z(-1-2(y—1)+2),

i=z((y—-1°+(@-1)(z—1)—2e(x—1) —e(z — 1)),

t=z@y—1).
Finally, the system
y:y(Q_x_Z)a
Zzz(—l—l—y—(z—l)Q),

has two limit cycles with the stability given in (f) of Theorem [1.4]

14



8.4. Ezamples of Theorem
We give examples showing that the conditions provided by Theorem [I.5] are non-empty. The system

i=z(1+2z-1°—-z+2@y—1)—(z—1)*+¢e(z—1)),
=y -2+ (1+2e)(y 1)),
2=z(1—-xa),

has two limit cycles with the stability given in (a) of Theorem The following systems verify, respectively,
the four sets of conditions in statement (b) of Theorem so all of them have two limit cycles with the
stability given in (b).

i=z(1-2x-1°-z+2(y—-1)+3@x—-1)(z-1)+(z—1)* —e(z - 1)),

yy(lz+(l§>(yl>),

2=z(1-2a),

i=z(1-2z-1°-z+20y—-1)-5x—-1)(z—1)+ (= 1)* +e(z - 1)),
y=y(-z+y),
Z=z(x-1),

i=z(1+2xz-1)°-z-20y—1)+3@x—-1)(z—1)— (¢ — 1) —e(z - 1)),
y=y(=2+z+y),

Z=z(x—-1),

i=z(1+2x-1)°-z-20y—1)+5x—1)(z—1)— (¢ — 1) —e(z — 1)),
y=y(=2+z+y),
t=z(x—-1),

The following systems verify, respectively, the three sets of conditions in statement (c) of Theorem
so all of them have two limit cycles with the stability given in (c).

i=z(1+3@-1)%-z+20y—1) —(z—1)(z—1)+e(z— 1)),
y=y(—z+y),
t=z(-14+z+2(z—-1)%),

i=z(l-z-2y-1)—-(z-1D(k-1)+(=-1>-c(z-1)),

y:y(—1+x+<l+§7(y—m>,

Z=z(x—-1),

i=z(l+(x-1°-z2-20y—-1)—(z—-1)(2—1)—e(z— 1)),
g=y(=1+az+(1-4e)(y 1)),

z=z<1—x—;u—1f>.

The following systems verify, respectively, the three sets of conditions in statement (d) of Theorem [L.5

15



so all of them have two limit cycles with the stability given in (d).

i=r(1-3@x-1>%-z-20y—-1+@-1)(z2-1)—e(z—1)),
y=y(2+z+y),
i=z2(-1+z-2(z—-1)),

i=z(1-3x-1>-z+20y—-1+@@—-1)(z2—1)+e(z—1)),
y=y(l-z+(1+2)(y—1)),
i=z(1-z+2(z—1)%,

i=z(1-(z—-1°—z+20y—-1)+(@—-1)(z—1)+e(z—1)),
y=yQ—z+(1+4e)(y—1)),

1
Finally, the system

;t:gc(l—;E+2(y—1)—(a?—1)(z—1)+;a(z—U)7
y=y(-z+y),
Z:Z(—1+x+;(z—1)2)7

has two limit cycles with the stability given in (e) of Theorem

A. Averaging theory

We summarize the averaging theory of first order, which provides sufficient conditions for the existence of
periodic orbits for a periodic differential system depending on small parameters. For additional details and
the proof of the result stated in this appendix, see [I1} 12} 13] and |14} Theorems 11.5, 11.6].

Theorem A.1. We consider the following differential system
o' (t) = eFy(t,x) + 2 R(t, x, €), (A1)

where F1 : Rx D — R", R:Rx D x(—¢ef,e¢) = R™ are continuous functions, T-periodic in the first variable
and D is an open subset of R™. We define f1 : D — R" as

T
fl(z)z/o Fi(s, z)ds, (A.2)

and assume that:
1. Fy and R are locally Lipschitz with respect to x;

2. for a € D with fi(a) = 0, there exists a neighboirhood V of a such that fi(z) # 0 for all z € V\(a) and
dp(f1,V,0) # 0, where dg(f1,V,0) is the Brouwer degree.

Then for |e| > 0 sufficiently small, there exists a T-periodic solution (-, €) of system (A.1) such that p(-,&) —
a as € — 0. The kind of stability of the limit cycle is given by the eigenvalues of the Jacobian matrix at the
point a.

Note that a sufficient condition for showing that the Brouwer degree of a function f at a point a is nonzero,
is that the Jacobian of the function f at a, when it is defined, is nonzero, see [I5].

16



B. Notation

Ay =
Ay =

Ay =

azB® ((a3br1 — b3as1)(ai(ar + b2) + azer) + azB(asbiy + bsest))

a$ (—2agbs + 2azbg) + 2a7 (bs (asbs — 4aghs) — a3bs + as (abs — bsbs + 4baby))
+ a3 (2 (—bs (agh3 + bs(arbs — agbs)) + a3bs — a3 (asbs — bsbs + babe)

+ asbs (agbs — asbs + byby — babs) + aszb3by) ¢f + ¢ (4a3bs — 2a3babs + azbs
(3bs — 2a4 + cg) + bz (agbs + b3 + bs(2by — a5 + cs) + ba(bs — bs — 2¢9))) B2

+ (2asbs + b3(bs + 06))ﬁ4) +ajas (—Qagcl (bger — 2baby) + a (2¢; (—2by

(asbs — bsbs + babg) + (agbs — bsbs + 2babg)cr) + (4babs + (bs — 4bg)c1)3?)

as (2c1 (2b2b3(a6b2 — asbs + b3by — babg) + 2b3bg + b3(agbs — 2a9b2)cl)

+ (—2asbobs — 2b3bs + 4babgcy + babs(3bs + 2¢1 + ¢6) + bzcr (3ag — 3bs — 2¢o))
B2+ (bs — 2b6) B*) + by (4babs(agbs — arbs)cr + (agh3 + b3 + 2agbzct + babs
(2b7 — a5 + ¢s) + b3(bs — bs — 2¢9)) B% + (ag + ba — bs — 2¢9)B* — dagbacy (b3
+ B%))) + af (2a3bs + 2a3 (3acbabs — asb? + bibr — 3babsbs + 6b3bg — 2agbscr)
+ a3 (2b3bs — 2a4bs — 6bybg + 4bgcy) + az(bs + 4bg)B* — 203 (bs (azbs — 3agbs)
+ 2a9(3b3 + B2))) + a? (4aibact + 2a3 (b3bs — 4bsbscr + 1(2bsbs — 2a4bs + bycy)
+ 2b43%) + a3 (2b3b3(agbs — asbs + bsby — babs) + 2b3bg — 4bs (3agh3 + bs (arbs
— 2asbs)) c1 + (dagbabs + b3(3bs + 4bg) + bs (—dagey + bs(2b7 — as + cs))

+ babs(bs — 4(bs + ¢9))) B2 + (b3 + 2b9)B*) + a3 (—2b3bg + 8babz(as — bs)cr

— 2bzcy (2asbs — 2bsby + agey) + 2b3(bsbs + 6bgey) + (ba(bs — 6bg) + 4bgey

+ b3(3bs + c1 + c6)) B2 — 2aabs (b3 + 7)) — 2bs (ag(b3 + B*)* — babs (—azbabs
+ as(b3 4+ B7)))) + af (2as (b2bs (3agbs — 2asbs + 2bsby — 3babs) + 4b3bg + 2b3cy
(agbs — 3agby)) + 4a3(byby — bgey) + as (3agbs + 3babs — 3bsbg + 8babg — 2bzcg)
B% + a3 (—4asbabs — 6b3bg + 4bs(ag — bs)er + 4ba(bsbs + 3bger) + (bs — 4bg) 52)
+ 2b3 (—4dagba (b3 + 5%) + bs (—2azbabs + as(3b3 + 5°)))) ,

— 2a38° ((a§b11 - b§a21) (a1(ay + b2) + ascy) + a?g.buﬁQ) ((al(al +b2) + a301)2
+ (Qa? + 2a1by + b3 + 2a3c1) B + 54) )

-9 ((al(al + b))+ a301)2 + (Qa% + 2a1by + b3 + 2@301) 82 + ﬁ4) (a? (aszbg

— agbs) + aj (bs (agbs — daghs) — a3bg + az (agbs — bsbs + 4baby))

+ a3 ((—bs (agh3 + bs(arbs — asbs)) + ajbs — a3 (asbs — bsbs + babs) + asbs
(agba — asbs + byby — babs) + azb3by) cf + (bs (agbs — asbs) + 2a3bs

+ ag (bsbs — 2asbs — babg)) c18% + (azbs — asbz)B*) + araz (ajc1 (2babs — becr)
+ a3 (c1 (—2b3 (asbs — bsbs + babg) + (agbs — bsbs + 2babg) ¢1) + 28 (babs
bec1)) + as (c1 (2b2bs3 (agba — asbs + bzbr — babs) + 2b3bg + bzcr (asbs

— 2a9bs)) + (babsbs — 2asbabs — b3bg + 2asbscr — bsbser + 2babger) B — bgBY)
+ bg (2babzcr (agba — azbs) + (agh3 — asbabs + asbscr) B° + agB* — 2agbacy (b3
+ B2))) +af (a3bs + a3 (bsbs — asbs — 3babg + 2bgcy) + as (3asbads — asb3

+ b3b7 — 3babsbs + 6b3by — 2agbscy + 2b93%) — by (bs (azbs — 3asbs) + 2ag (3b3
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8%))) + a} (2a3 (b2bs — bgcr) + a3 (2b2bs (bs — as) — 36366 + 2abbscy

— 2bgbscy + 6baboct — 20687 + as (36303 (ag — bs) — 2b2b3 (b — as) + 4b3bg

— Gagbobscr + 2agbjer + (2agbs — bsbs + 4babg) B2) + by (—4agbs (b3 + 5°)

+ by (3agb3 — 2a7babs + asB?))) + af (2azbacy + a3 (b3bs — 4babger + c1 (2b3bs

— 2a4bs + bycr) + 2b48°) — a3 (b3bg + 4babscy (bs — ag) + bacr (2a5bs — 2b3br

ager) — b3 (babs + 6bgct) + (3babs — bsbs — 2bge1) 52 + asbs (b3 + 267))

as (b§b§b7 — bgbgbg + bgbg - 6a9b§b3c1 + 4a8b2b§cl - 2a7b§’)cl + B2 (—bab3bs

2b3bg — 2agbzcy) + bo Bt — asb3(b3 + ) + agbabs (b3 + 35%)) + bz (—ay (b3

ﬂ2)2 + bobs (—arbabs + as (b3 + 52))») ;

Ay =— ((a1 + b2) (a1(a1 + ba) + ager) B+ a152)2 (agb4 — a% (agbs — b3bs + bg(ar + bs))
— by (afag + 2a1agbs + aghj — ajagbs — agbabs + azb3 + agB?) + as (agbabs
— asbj + b3by — babsbs + afby + b3bg + a1 (agbs — bzbs + 2babg) + byB?)) ,

Ky = ATA} — 440A1 A (A3 + 2A; ((a1(ay + b2) + aser)® + 8% (247 + 2a1ba + b3 + 2a3c1)
+ B*)) +4A%A;3 (As + 241 (B2 (24 + 2a1b2 + 2azc1 + b3) + (a1(ar + ba)
+ aza)’+6')),

N = (a1(a1 + bo) + azer)? + (2a3 + 2a1by + b3 + 2a3c1)3? + B* # 0.

+

+
N
+
+

Under conditions (iii) of Proposition the expressions of B; with i = 0,...,4 and K> are the following.

By = %bs ((b1b + bscy)(asiba — asibs) + B*(asiby + bsest))

By = b (b1ba + bser)(2(agbs — azbs)(biba + bser) + B%(2agby + agbe + b3 + bs(—as
+ 2b7 + cs) +ba(bs — bs — 2¢9))) + Brb3 (b3 (bs + c) + b1 (ag + b — bs — 2¢9))
— 2ag(babscr + b1 (b3 + 7)),

By = 25352((5152 + b3C1)(a21b3 - G3lb2) + 52(G11b3 - a31b1))7

B = 2(bs((arbs — agbs)(b1bs + bsc1)?) — (asby + agbz — asbs)(biba + bzey ) B2
+ (asbs — agb1)B*) + ag(babscr + by (b3 + 5%))?),

By = B*(bs(arbs — agbs) + ag(b3 + 5?)),

Ko = B}By(8By + By) — 4By B (2B, + B2)Bs + 4B2B3.

On the other hand, under conditions (iv) of Proposition we redefine the expressions of B; with
1=0,...,4 as follows:

By = B%az(aras + azea)(bsrar — biias) + Blag(bsiaz + asest),

By =as(aras + asca) (2(bgar — baaz)(aras + azez) + B*(2azbs + arbs + af + as(—bs
+ 2a4 + cg) +ai(az — ag — 2¢9))) + Bras (az(as + cg) + az(bs + a1 — ag
—2¢9)) — 2bg(arascy + az(a? + 5%))?,

By =2a35°((a1az + ascz)(bi1as — bs1ar) + B°(baras — bs1az)),

Bs = 2(a3((asby — a1bg)(aras + azco)?) — (bsaz + arbs — asbs)(ajas + asco)f
+ (asby — azbg)BY) + b (arazcy + az(a? + 5%))?),

By = B*(az(asbs — arbg) + bg(a? + 5?)),

2

The expression of K3 is the same as under conditions (i4).
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Do = (a1bs1 — bras1)(aicy 4 b1c2) 8% + (bibar + c1bs1) B,

Dy = (arc1 + biea)(2(arby — aghy)(arcr + bicz) + (bi(ag + b8) + 2bgc1) B2),

Dy =2(are; + bica) B2 ((az1by — arbzr)(arer + bica) + (bicar — baicr)B?)

D3 =2(ajc; + bica)?((aghy — aibg)(aicy + bica) 4 (bico — byci)B?),

Dy = (agby — a1bg)(arcy + b1c2)3 — (a1 + bica) (a?b4 + a%bl(b5 —a4)+ay (—a5b%
+b7b7 + bibscr + 2bgct — bibgea — bicicg) — by (arbi + asbicy + agc?
—agbica — bgcyca + bicacy)) B2+ (7{)96? + a%(blc4 —2bgc1) + arby (agcq
—bscy — byco + bics) + by + b3 (—c1by + agen — cace + cicg) + bicy (—bgey
+bgco 4 c1¢9)) B + (brca — bacy)BC,

Ky = (D1Ds — 2Dy D3)? + 8arc1 Do Dy (D1 Dy — DoDs) + 8bicaDoDy (D1 Dy — DoDs).
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