NILPOTENT BI-CENTERS IN CONTINUOUS PIECEWISE
Zo>-EQUIVARIANT CUBIC POLYNOMIAL HAMILTONIAN VECTOR
FIELD: CUSP-CUSP TYPE

TING CHEN! AND JAUME LLIBRE?

ABSTRACT. In this paper we study the global dynamics for a class of continuous piecewise
Zs-equivariant cubic Hamiltonian vector fields with nilpotent bi-centers at (+1,0). We
consider these polynomial vector fields with a challenging case where the bi-centers (£1,0)
come from the combination of two nilpotent cusps separated by y = 0. We call it a cusp-cusp
type. We use the Poincaré compactification, the blow-up theory, the index theory and the
theory of discriminant sequence for determining the number of distinct or negative real roots
of a polynomial, to classify the global phase portraits of these vector fields in the Poincaré
disc.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

From the works of Poincaré [34] and Dulac [17] the center-focus problem, i.e. the problem
of distinguishing between a focus and a center, has been one of the important problems in the
qualitative theory of planar differential vector fields. To overcome this classical problem, many
methods have been developed, such as Poincaré-Liapunov method, Melnikov function method,
Poincaré compactification method, and so on, see [3, 4, 5, 7, 18, 23, 33]. Thus, for instance, in
the articles [14, 15, 25, 38, 39, 40] these methods have been used for studying the center-focus
problem of the quadratic and cubic polynomial differential vector fields.

In recent years in order to model better some natural phenomena many authors started to
analyze the non-smooth vector fields see for instance [1, 2, 6, 19, 32]. In this paper we deal
with the following family of piecewise smooth vector fields

(7ya I)
1) @9 =9 0, 2) &+ (F(2,y).6(z,y) = (PF(2,9). Q" (z,y)) for £T(x,y) >0,
(0, 0)

where T' : R? — R is a C* function, F*(z,y) and G*(x,y) are real polynomials without
constant and linear terms. In fact, the vector field of (1) has two different regions I't =
{(z,y) € R? : T(z,y) > 0} and '~ = {(x,y) € R? : I'(z,y) < 0} separated by the line
S =T71(0). We say that an equilibrium point g of the piecewise smooth vector field (1) is a
center if there is a neighborhood U of this equilibrium point, such that U \ {q} is filled with
periodic orbits. When the origin of the piecewise smooth vector field (1) is a center, it is called
a linear type center, a nilpotent center, or a degenerate centerif in (1) we have (—y, z), (0,z), or
(0,0), respectively. It is well known that the center-focus problem of a piecewise smooth vector
field (1) becomes much more difficult than for smooth vector fields. The classical methods
have been developed for studying the center-focus problem of a differential vector field (1) with
the linear type, see [8, 16, 21, 22, 36]. But this problem for the piecewise smooth quadratic
polynomial differential vector fields still remains open.

As far as we know the center-focus problem for a non-elementary equilibrium point of a
polynomial vector field is much more challenging compared with the study for an elementary
equilibrium point. In order to overcome this type problem the authors of [20, 30, 31, 35] devel-
oped some computationally efficient methods for planar smooth vector fields with a nilpotent

2010 Mathematics Subject Classification. Primary: 34C07, 34CO08.
Key words and phrases. Nilpotent, Bi-centers, Hamiltonian, Phase portrait.

1



2 TING CHEN AND JAUME LLIBRE

equilibrium point. However, there are not many papers for studying piecewise smooth poly-
nomial vector fields with a nilpotent center. The possible local phase portraits of nilpotent
equilibrium points are more rich than the ones of elementary equilibrium points. So it is natu-
ral to ask how a nilpotent equilibrium point of piecewise smooth vector fields can be a center
or a focus? Recently Chen el at. [9, 13] developed the Poincaré-Lyapunov and Poincaré com-
pactification methods for studying piecewise smooth vector fields with a nilpotent equilibrium
point.

Planar Z,-equivariant smooth vector fields are important systems for studying the famous
Hilbert’s 16th problem. The phase portraits of these vector fields are unchanged by a rotation of
27 /n (n € ZT) radians around one point, see [10, 11, 24, 26, 27, 28, 29]. Although this symmetry
helps in order to find more limit cycles, the study of piecewise smooth vector fields with many
parameters is very difficult. The main goal of this paper is to study the global dynamics of
some piecewise Zy-equivariant polynomial vector fields, in particular with nilpotent centers,
for which there are almost no results in the qualitative theory of differential vector fields.

The general piecewise smooth vector field (1) is Zs-equivariant if and only if it satisfies
(P+(—(E, _y)a Q'f‘(_x, _y)) = (_P_(.’L', y)7 _Q_(xu y))7

where also I'(—z, —y) = —I'(x,y). Without loss of generality a piecewise Zz-equivariant cubic
polynomial vector field separated by the straight line y = 0 can be written as

ago + a10® + a1y + agr® + anxy + agey® + azez®
+ a21$2y + a12$y2 + a03y37
9 5 3 for y >0,
boo + b1ox + bory + b2gx” + b11xy + bo2y” + bsox
@) ( 7 ) B + b1 2%y + brazy® + bosy®,
y — ago + 107 + g1y — a2x> — @117y — a2y’ + azor’
+ a2y + a12y® + agsy®,
9 9 3 for y <0,
— b()() + b101‘ + bOly — bgol‘ — b1117y — b02y + b30$
+ b1 2%y + brazy® + bosy?,

where a;; and b;; are real parameters. Assume that system (2) is Hamiltonian with two isolated
nilpotent equilibrium points at (£1,0), this implies that
apr = —ag1, a2 = —3boz, bio = —bso, b1z = —aa,

(3)

agp = 19 = G20 = 11 = a30 = bog = bo1 = bag = b11 = bo2 = bay1 = 0.

0 O
2b30 0 )

After doing convenient rescalings in the time and the parameters in system (2) it transforms
the above Jacobian matrix into the canonical one given in (1), i.e. bgo = %

The Jacobian matrices at (£1,0) are

With conditions (3) and b3y = 1 the vector field (2) becomes the following continuous
Hamiltonian vector field

— ag1y + agey® + az 2y — 3bozzy® + apsy’,

1 1 for y >0
. — —x + =2® — an2y® + bozy®, 7
w () K
Yy — a2y — a2y’ + a1’y — 3bozry® + aosy’,

for y <0,

11
- 5ot §x3 — ag12y? + bosy®,

because

(P*(2,0),Q"(2,0)) = (P~ (2,0),Q" (,0)).



The Hamiltonian functions for system (4) are

1 1 1 1 1 1
H*(z,y) 2 - —at — —any? + say® + sanr?y? — boszy® + —aosy?,

1" T8 T2 3 2 4
for the Hamiltonian vector field in y > 0, and
1 1 1 1 1 1
H™ (z,y) 21952 - §$4 - 5(1212!2 - gaozy3 + 5(1213323/2 — boswy® + 1%33}4,

for the Hamiltonian vector field in y < 0.

Now we consider the case when the nilpotent equilibrium points (£1,0) of the vector field
(4) are bi-centers. By the transformation « — x + 1 the vector field (4) becomes

(5)

2a012y + a217%y + (a2 — 3bos)y” — 3boszy® + agsy® = P (x,y),
@ T+ 379262 + %3 —any® — anizy® + bosy® = + G (2,y), for y =0,

( v ) B 2a012y + a212°y — (ao2 + 3bos)y” — 3boszy® + aosy® = P~ (z,y),
T+ 37;2 + %3 —any® — anizy® + bosy® = + G (x,y), for y <0,

and so the equilibrium point (1,0) of the vector field (4) is moved to the origin of the vector
field (5). We assume that

z=fEy) =)
k=2

are the unique solutions of z + G*(x,y) = 0 in a neighborhood of the origin, respectively. For
studying the local phase portrait at the origin we write
oo
PE(f5(y)y) = DNk,

k=2

opP*  oG* _i .
(fFEW)y) k=1
where

)\g: = :l:aog - 3b03, )\::3|: = ap3 + 2(1%1.

Let m be the smallest k for which ux # 0, and let n be the smallest k for which \; # 0. It
follows from Theorem 3.5 of [18] that if all the py are zero and A,, # 0 this nilpotent equilibrium
point is a

center or focus if n =2+ 1 and A\, <0,

saddle if n =2l + 1 and A\, > 0,
cusp if n = 2.
If fi, # 0, Ay # 0, k = p2, + 4(m + 1)\, this nilpotent equilibrium point is a
cusp if n = 2[, I < m,
saddle-node if n = 21, [ > m,
saddle if n =20+ 1, \,, > 0,
center or focus if n =21+ 1, A\, <0, <m,orl=mand kK <0,
E-H point if misodd, n =2+ 1, A\, <0, >m,orl=mand K >0,
node if mis even,n =20+ 1, \,, <0, >m, or l=m and K > 0,

where the local phase portrait of an E-H equilibrium point is formed by one elliptic sector and
one hyperbolic sector.

Since the smallest subindex of a nilpotent monodromic equilibrium point (i.e. a center or a
focus) of a smooth differential vector field is an odd positive integer greater than one, in [12]
we study one class of vector fields (4) when the equilibrium point (1,0) of the first vector field
of (4) is a monodromic equilibrium point with subindex 3, that is A = 0 and A;‘ < 0.
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In this paper we study the case A # 0, i.e. agz2 # 3bp3 then the equilibrium point (1,0) in
the first smooth vector field of (4) is a cusp. If \; = 0 and A3 # 0, this case is included in [12].
Hence we assume that A\; # 0, then the equilibrium point (1,0) in the second smooth vector
field of (4) is also a cusp. Recall that the equilibrium points (£1,0) cannot be monodromic
equilibrium points when /\5r > 0 or A, <0, so we only study the class of continuous piecewise
Zs-equivariant cubic Hamiltonian vector fields (4) with A = ag2 — 3bp3 < 0 and \; = —aga —
3boz > 0, i.e.

ap2 < min{—3b03, 3b03}.
By the symmetry both nilpotent equilibrium points (£1,0) come from the combination of two
cusps. From Proposition 2.1 of [8] we have that the Hamiltonians of the first and second vector
fields of (4) satisfy H™(x,0) = H (x,0). Hence these two equilibrium points (£1,0) of the
vector field (4) are bi-centers.

We remark that the vector field (4) depends on four real parameters aga, a1, aps and bos,
therefore it is very hard to study the global dynamics of these piecewise smooth vector fields.
Thus the explicit expressions of the finite equilibrium points and infinite equilibrium points are
in general complicated, and it is not easy to obtain their existence and local phase portraits.
The tools used to overcome these difficulties also can be used to analyze more complicated
piecewise smooth differential vector fields. It should be noted that the vector field (4) is
invariant under the transformation

(%,y,t, a0z, 21, ao3, boz) = (—x,y, —t, a2, az1, ags, —bos),

hence the global dynamics of the vector field (4) with bps < 0 and bps > 0 are topologically
equivalent. But we will show all results with bps < 0 and bgs > 0.

Theorem 1.1. Assume that aga < min{—3bos, 3bos}. In the Poincaré disc the global phase
portraits of the piecewise Zo-equivariant cubic Hamiltonian vector field (4) with cusp-cusp type
and bi-centers at (£1,0) are topologically equivalent to one of the following 52 phase portraits
of Figures 1 and 2.

In section 2 we study the infinite equilibrium points of the piecewise smooth vector field (4).
In section 3 we analyze the finite equilibrium points and characterize the global phase portraits
of the vector field (4) in the Poincaré disc, that is we prove Theorem 1.1.

2. INFINITE EQUILIBRIUM POINTS OF THE VECTOR FIELD (4)

In this section first we summarize the results on the Poincaré compactification that we need
for presenting the phase portraits of the vector field (4) in the Poincaré disc, for more details
see Chapter 5 of [18]. In order to study the infinity of the piecewise polynomial differential
vector fields we present the Poincaré compactification of the piecewise differential vector fields.
This tool identifies the plane R? in R? defined with the point x = (s1, s2,53) = (21, 72,1). The
plane R? is identified with the interior of the closed unit disc D? centered at the origin of the
plane, and extends analytically the piecewise differential vector fields to the boundary of D?,
which is called the circle S' of the infinity for piecewise polynomial differential vector fields.
The sphere S? = {x € R? : s7 + s3 + s = 1} is called the Pointcaré sphere. The closed disc
D? is called the Poincaré disc. The equilibrium points in the interior of the disc D? are called
finite equilibrium points, and the ones on the boundary of D? are called infinite equilibrium
points. The dash line “ — — —” in the phase portrait of the Poincaré disc is the separated line
of piecewise differential vector fields.

In the plane R? we consider the piecewise polynomial differential vector field separated by
x9 = 0, described by

(6) (£1,22) = (P*(z1,22), Q™ (w1, 22)), for £y >0,
where the degree of the real vector fields (P*(z1,x2), Q* (21, 72)) are d*, respectively.

For studying the neighborhood of the infinity of the piecewise polynomial differential vector
field (6) in R?, we use four local charts U; = {(z1,22) € D*: z; > 0} and V; = {(z1,72) €
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FIGURE 2. The 29th to 52th topological phase portraits of the vector field (4)
in the Poincaré disc.

D?: x; <0}, for i = 1,2 to do the calculations. The corresponding diffeomorphisms of these
charts are

(7) ®;: U; — R?, U, . V; = R?

defined by ®1(z1,22) = V1(z1,22) = (12, 9711) = (u,v) and @o(21, 22) = Wo(21,72) = (9712’ @) =
(u,v), so the coordinates (u,v) will play distinct roles in the different local charts.
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The expressions of the piecewise polynomial differential vector field (6) in the local chart U;
with © > 0 and u < 0 are
(u,v) = (vdi (Qli — uPli), fvdiHPli) , for +u>0,

where P = Pi(%7 ») and Qi = Q*(L,%). The expressions in V; are equal to the correspond-

+ . .
d"=1 The expressions in U and Vs are

(i, 0) = (u”” (Py —uQF), —vd++1Q§)

ing expressions in U; multiplied by (—1)

and
(i8) = (=) 0" (uQz — Py). (=) v @3 ).
respectively, where P2i = Pi(%, %) and Q%t = Qi(%, %)

We denote by A4;, B;, (i =1,2,--), O1 and Oy the infinite equilibrium points in Uy, Vi, Us
and Vs, respectively. Note that in the local charts U; and Vo we only study if the origins O
and Oy of these charts are infinite equilibrium points, because all the other infinite equilibrium
points already have been studied in the local charts U; and V;j. Since the phase portraits of
the piecewise Zs-equivariant cubic polynomial Hamiltonian vector field (4) is symmetry with
respect to the origin, we just need to analyze the infinite equilibrium points in U;|,—¢ and at
the origin of Us.

Now we recall two important theorems on the topological indices of the equilibrium points of
the differential vector fields, which are extremely useful tools for studying the phase portraits
of the equilibrium points, for more details about the following theorems see Chapter 6 of [18].

Theorem 2.1. We denote by q an isolated equilibrium point with the finite sectorial decom-
position property. Let h, e and p be the number of hyperbolic, elliptic and parabolic sectors in
a small neighborhood of the equilibrium point q, respectively. Then the topological index of q
equals 1+ (e — h)/2, which is called Poincaré Index Formula.

Corollary 2.2. The topological indices of a center, a node, a saddle and a cusp equal 1, 1, —1
and 0, respectively.

We can obtain a 2-dimensional Poincaré sphere S? when we identify points to points the
boundary S! of the Poincaré disc D?. Then the flow defined by the Poincaré compactification
on D? can be extended to the 2-dimensional Poincaré sphere S?, which has a copy of the initial
flow of the polynomial differential vector field in each one of the two components of S? \ St.

Theorem 2.3. Let ¢ be the extended flow of a Poincaré compactification on the Poincaré
sphere S? having finitely many equilibrium points, then the sum of the topological indices of all
equilibrium points is 2.

2.1. Chart U;. Let x = %, y = %, v >0, the first vector field of (4) becomes

1 2

i 25(1 — 4ag1u® — v* + 8bpzu® — 2ap3u* — 2ap2uPv + 2a01u%v?),

(8)

O =uv(—ag; + 3bozu — agzu® — agauv + ag v?).

We compute the linear part of system (8) on v = 0 and obtain

—4'LLM1 —a02u3
(9) ( 0 —uMy ’
where My = as1 — 3bosu + agzu?. The equilibrium points (u, 0) of system (8) must satisfy
(10) g(u) = 2i|y—o = 1 — 4ag u”® + 8bozu® — 2ap3u’ = 0.

We consider the following two cases ags = 0 and ags # 0.

Remark 2.4. Although the infinite equilibrium points of the first vector field of (4) in Uy with
u < 0 are virtual points, due to the symmetry of the vector field (4) there are the corresponding
infinite equilibrium points in Vi with v > 0. Hence we study all real solutions of g(u) =0, i.e.
we study the infinite equilibrium points in U;.
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Case 1: ap3 = 0. We define Ay = 4a3; — 27b3,.

Proposition 2.5. For system (8) with ags = 0 the following statements hold.

(i) If bos = 0 and as1 < 0 system (8) has no infinite equilibrium points.
(ii) Ifbos = 0 and a1 > 0 system (8) has two infinite equilibrium points Ay 2 = (£ ‘2/3, 0),
which are an attracting and repelling node, respectively.
(ili) Ifbos # 0 and A1 < 0 system (8) has one infinite equilibrium point A; = (u1,0), which
is a node.
(iv) If bos # 0 and Ay = 0 system (8) has two infinite equilibrium points A1 = (—

9b2
8aj

and As = (57 ‘“1 ,0), which are a node and an E-H equilibrium point, respectively.
(v) If bos # 0 and Ay > 0 system (8) has three infinite equilibrium points Ay 23 =
(W1,2,3,0), which are three nodes.

a2+ 0)

Here
_dag = VY1 = VY,

Y19 = —64a3; + 12bg3(72bo3 & 8v/3A1),

24bg3 ’
— as1 — 2a91 COS g - ao1 + CL21(COS g + \/gsin %)
U = ——————2>, Uy3z = ,
! 6bo3 28 6bo3
27b2, — 243
6 = arccos 0373%1
2a3,

Proof. Since statements (i) and (ii) are easy to prove we only analyze the case boz # 0.

If bgs # 0, by the discriminant of cubic polynomial equation, the equation 1 — 4agu? +
8bgsu® = 0 has one, two and three real roots when A; < 0, A; =0 and A; > 0, respectively.
Then we obtain the corresponding infinite equilibrium points of system (8).

Now we consider the local phase portraits of the equilibrium points of system (8). By

computing the Grébner basis of the two polynomials 1 — 4asqu? + 8bgzu® and My = ag1 — 3bgsu
we obtain the four polynomials

—64b03A1, —a21 + 3b03u, —9b03 + 4@%111,7 -3+ 4a21u2.

Hence system (8) has one nilpotent equilibrium point when A; = 0. From (9) we obtain that
the other elementary infinite equilibrium points are nodes.

Assume that A; = 0 (i.e. b33 = 5a3; # 0), then system (8) has two equilibrium points

A= (-5, 96(2’3 ,0) and Az = (5-,0) , where A is a node and Ay is a nilpotent equilibrium point

when M; = () We do the change u — U + 32, t = —%T, then system (8) becomes
8az1b 9b b 64
Uy B2bos o s by o 04050y e,
ap2 a9 ap2 27a92
(11) 80 gpyurty — 20210
3ag2 ap2
b
v =— a 053 U(a21 + 3b03U)(4aglU — 3agoa21v — 9agabosUv + 9a21b03112),
02¢%21

where {'} := d/dr. Since we obtain p; = —20a21bos £ () \g = 32%1 03 < 0and k = pu3+8\3 =

ao2

2 12
1442%%3 > 0, we can deduce that the origin of system (11) is an E—H equilibrium point. Hence

02
the nilpotent equilibrium point A5 is an E-H equilibrium point. ([l

Case 2: aps # 0. We analyze the nilpotent equilibrium points of U;. By computing the
Grobner basis for the polynomials g(u) and M; we obtain ten polynomials, the following four



polynomials

My = ap3 (a03 + 20/%1)2 - 360,030,21[)%3 — 8@%11)(2)3 + 54[)337
(12) M3 = —aog(aOS + 2&31) + 6(121()33 + 2b03(4a03a21 - 9bg3)u,
My = —(121((103 + 2a§1) + 9b(2)3 — b()3(3(l()3 - 2a§1)u7

— 2
M5 = a1 — 3b03u + apsu

are enough for our analyzing. Since the above four polynomials must be zero we obtain that
system (8) has at most two nilpotent equilibrium points. Then we consider the following two
subcases bygz = 0 and bg3 # 0.

Assume that bys = 0 we have ap3 = —2a3; # 0 from My 34 = 0. Since M5 = az; + agzu? =
0 system (8) has no nilpotent equilibrium points when as; < 0, and it has two nilpotent
i—v;;;?ll,()) when as; > 0. Now we analyze the local phase portraits of
these nilpotent equilibrium points. By doing the change v — U + V2am oy o _Zv2amady

2a21 ao2
system (8) becomes

equilibrium points (

T

8v/2a21a3 16a3 4a3
U’ =y — 2V 2921901 2 +3v2a9.Uv — 22921173 + 6as, U%0 — 2021 17,2
ap2 02 ao2

4v/2a21 03 2/2a1a3
_ 2V 2021991 174 + 2v/2az1 a2, U0 — Svaoman U%v?,

(13) ap2 ap2
44/2 2 12a3 2a2
o = — Y22 B, V2az0?% — 2282, + das Uv? — 29213
ao2 o2 o2

44/2 3 242 2
_ MU% + 2/ 2ag a0, U 02 — ﬂ(]v{

ap2 ap2

V2az21

and the equilibrium point ( T

,0) move to the origin of system (13). From

20+/2a21 a2 64a3 288a3
= -2 = -T2 <0, 8 = T2 S0,
ap2 o2 Ap2

we have that the origin of system (13) is an E-H equilibrium point. Due to the symmetry, these

two nilpotent equilibrium points (:tigi‘;?lﬂ 0) are both E-H equilibrium points.

Assume that bgz # 0. If the coefficient 4agzag; — 9b3; of first order term of Ms is zero,

then we have —8a3, + 27b3; = 0 and agp3 = 2a3; from M3 = 0. So we obtain My = 0
2
and My = W. Hence system (8) has only one nilpotent equilibrium point (g‘;i;,O)

Furthermore we have

8102,

_3b33 Ao — 15b25
4ad,

)

<0, pi+12x5=

M2 = >Oa

2
aqo 2&02

so this nilpotent equilibrium point is a node.

If 4agzaz; — 9b3;3 # 0 and My = 0 system (8) has the nilpotent equilibrium point

(’LL 0) _ <a33 + 2&03&%1 — 60,21[7(2)3 0) '
’ 2[)03(4&03&21 — 9b(2J3) ’
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We do the change u — U + u,, t = —%2#7' and system (8) becomes
U, —— 8b83 (40,03@21 — 9bg3)M6 U2 + 6b03 (4&03&21 — 91)33)
ap2 (CL(Q)?) + 2@03@%1 — 60,21[)%3)3 0%3 + 2@03&%1 — 6@21()33

4b83 (40,03&21 - 9[)83)2(61,03&21 + 2&%1 — 9b(2)3) 2
aop2 (a(2)3 + 2(103@%1 — 6&21[)33)3
+ 16b%3 (4@03(121 - 9b%3)2(083 + 2&%3&%1 - 4a03a21b(2)3 + 18bg3)

U3
ag2 (a[2)3 + 2@03@%1 — 6(121[)%3)3
12()33 (40,03&21 - 96(2)3)2 2, 8(121()%3 (4(103(121 - 91%3)2 UU2
(a%3 + 2&03@%1 — 6(1211)(2)3)2 ap2 (0%3 + 2a03a§1 — 6@21()33)2
8&03[)83 (4(103(121 - 96%3)3 4 81)83(4@03&21 — 9b(2)3)3 3
ap2 ((1%3 + 2@03@%1 — 6(121[)(2)3)3 (a?)g) + 2(103(1%1 — 60,21[)(2)3)3
(14) o 8(1211)83 (4(103(121 - 9633)3 U21]2
ap2 (0%3 + 2a03a§1 — 6(121[)(2)3)3 ’
1}/ _ 4b83 (4&03&21 - gb%S)Mﬁ 2b03(4a03a21 - 9b%3) 2
ap2 (0%3 + 2@03@%1 — 6(121[)(2)3)3 0%3 + 204030,%1 — 6a21b83
i 12b(2)3 (4(103(121 — 91%3)2((183 + 2&33&%1 — 14&03&21b%3 + 18[)33) U2
ap2 (a%?) + 2a03a§1 — 6@21b(2)3)3
8b33 (4@03&21 — 9b(2)3)2 2 4(121()%3 (4(103&21 — 91%3)2 3
(ags + 2a03a3; — 6a21b3s) aoz(ags + 2a03a3; — 6az1b3)?
8(1031)83(4&03(121 — 9[)33)3 3 8683(4(103&21 — 9b%3)3 2 9
aoz(ags + 2a03a3; — 6an1bg3)* (ags + 2a03a3; — 6az1bis)®
. 8(1211)83 (4(103(121 — 9[)33)3 UU3
ap2 (a(2)3 + 2@03@%1 - 6@21b(2)3)3 ’
where

Mg = 88a2;a3, + 48ag3a3, + 27Tad;b2s — 594agza3, bis — 96a3, b5 + 810as1 b

By computing the resultant of My and Mg with respect to ags we have —4bgs(8a3, —27b35)° # 0,
hence Mg # 0. Then we obtain

_ 20()83(—4&03@21 + 9b(2)3)M6
ap2(—ads — 2ap3a3; + 6a21b3;)
32b83(—4a03a21 + 9b(2)3)2M62
 agy(—ay — 2a0303; + 6az1b3,)°
144[)83(—4@03(121 + 9b%3)2Mg

2
1% + 8)\3 =
! a%z(*aﬁg - 2‘103‘1%1 + 6a21b(2)3)6

H1 = 3750a

A3 = <0,

> 0.

Further we obtain that this infinite nilpotent equilibrium point is an E-H equilibrium point.

Now we shall determine the phase portrait of the elementary infinite equilibrium points of
the chart Uy with ag3 # 0. But it is not an easy work to calculate explicitly the coordinates
of these infinite equilibrium points, which are complicated in terms of the parameters as1, ags3
and boz. From (9) we see these infinite equilibrium points of system (8) must be nodes. Thus
we just need to find the number of distinct real solutions of g(u) = 0, where the polynomial
g(u) is not identically zero. Now in order to study the number of the distinct real roots of
the polynomial f(z) with symbolic coefficients we shall use the method of the discriminant
sequence associated to f(z), for more details see [37].

We associate to the polynomial

(15) f(2) = anz" +an_12""" 4+ a1z +ag
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the following (2n + 1) x (2n + 1) matrix in terms of its symbolic coefficients

Gp  Anp—-1 Ap—2 e ag
na, (n—1ap,—1 --- ay
Gnp Qp—1 T Gn—1 ag
Nnanp - 2a9 a1
D(f) =
Qp p—1 - ag
Nap, e a1
an ... al aO

This matrix is called the discriminant matrix of f(z). We denote by d; the determinant of the
submatrix of D(f) constructed with the first ¢ columns and rows of D(f) fori =1,...,2n+ 1.
Thus we have the principal minor sequence of f(z),

(16) {dl,dg,...,d2n+1},

which is an important tool in our study.

Consider the called sign list

(17) [sign(dy), sign(dz), - - , sign(dan1)],
of the principal minor sequence (16), where as usual the sign function is
-1 ifz<0,
(18) sign(z) = 0 ifz=0,
1 ifz>0.
For any sign list [£1,&2, - ,&,] we define the associated revised sign list [e1,€9, - ,€,] as
follows:

1. If & # 0 we let e = k.
2. If section [&;, &iv1, - -+, &it4] Of the given list satisfies with &;e,1; # 0 and &1 = &40 =
- = &1 = 0, we replace its subsection [§i41,&42, - ,&iyj—1] with
[_§i7 _Eia ghfiv _€i7 _§i7 §i7 E’ia _€i7 te ]

keeping its number of terms.

Then the revised sign list [e1, €2, - - - , £,] has no zeros between two nonzero elements. We denote
by RSL the revised sign list of a given sign list.

From Theorem 2.1 of [37] we obtain the following theorem.

Theorem 2.6. Consider the polynomial (15). If the number of nonzero elements of the RSL
[da,dy, ..., day] s equal to ¢, and the number of the sign changes of this RSL is equal to m,
then the number of the distinct real roots of (15) is £ — 2m.

Now we compute the sequence {da,d4,ds,ds} of g(u) from (10) to analyze the number of
distinct real roots of g(u) = 0, and we have

dg = 16@%3,

(19) d4 = —256@32((1030,21 — 3b(2)3),
dg = —2048a2, My,
dg = 78192@%3]\4’2,

where

2 3 2 2 12
M7 = apzaz1 + 2ap3a5; — 3apsbys — 4a3,b53.

From Theorem 2.6 we obtain that the polynomial g(u) has four distinct real roots if and
only if the RSL of (10) is [1,1,1,1] or [-1, -1, —1, —1], but the latter is impossible because we
have dy > 0. We denote by R[f(2), 7] the i-th real root of the polynomial f(z), and these roots
are ordered as follows R[f(z),i] < R[f(%),j] with i < j. Then we obtain the corresponding
condition of the RSL [1,1,1,1] as shown in Table 1. Here we denote by N a node. Therefore
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the polynomial g(u) has at most four distinct real roots. Since My # 0 the corresponding four
infinite equilibrium points A; 2 3 4 are nodes of U;.

TABLE 1. The conditions of the RSL in order that (10) has four or three
distinct real roots when ag3 # 0.

RSL infinite equilibria  Conditions
2,/6a3 2,/6a3
[1,1,1,1] 4N Liag; >0, — \/F < boz < 721, R[M2,2] < aos < R[M2, 3];
2,/6a3 2,/6a3
[1,1,1,0] 2N, 1E-H 1I: as; > 0, —% < boz < gazl,b()g;ﬁo, a03=R[M2,2]

or apz = R[Ma, 3].

As it is described in Table 1 the RSL of the associated discriminant sequence is [1,1,1,0]
when g(u) has three distinct real roots, correspondly, there are three infinite equilibrium points
in U;. We compute the resultant of Ms and the coefficient 4agzas; — 9b33 of the first order
term of Mj; with respect to aps and we obtain b25(8a3, — 27b3;)% # 0. From the previous
analysis we have that these three infinite equilibrium points are two nodes A; 3 and an E-H
point As = (uy,0).

Furthermore we obtain the possible RSL of the associated discriminant sequences as we
show in Table 2, when g(u) of (10) has two distinct real roots, one real root and no real roots,
respectively. Then system (8) has two, one and no equilibrium points in U;.

TABLE 2. The conditions of the possible RSL in order that (10) has distinct
real roots when ags # 0.

RSL infinite equilibria  Conditions

2,/6a3 2,/6a3

[1,1,1, —1] 2N II(a): as1 > 0, bog > 2 or bog < — V2L,

R[M7, 1] < apz < R[]\/I7, QT;

2,/6a3 2,/6a3

II(b): a1 > 0, — Y521 < bog < Y521, bos # 0,

R[M7, 1] < apz < R[I\/IQ, 2] or R[]\/fz,3] < apz < R[M7,2];

IV: az1 =0, boz # 0, ags > 0;

V:az1 <0, R[M7,2] < aps;
[,1,-1,-1] 2N VT az1 > 0, bos £ 0, R[Mz, 1] < aos < R[Mn, 1]

or R[M7,2] < aps < 3:%;

VII: a21 = 0, bos 76 0, R[]Wz7 1] < apz < 0

VIIL: a2 < 0, bos # 0, R[Mas, 1] < aps < R[M7,2];

ap2

[1,-1,-1,-1] 2N IX: az1 > 0, ags > i”;l‘d;

X: a21 =0, bopz =0, apz > 0;

2,/6a3
[1,1,0,0] 2N XI: ag1 > 0, bos = + V2L agy = Za2);
2 E-H XII: agy > 0, boz = 0, ags = —2a3;

[1, 1, 71,0] 1 E-H XIII: a21 € R, bos # 0, aps = R[]\/fg, 1];
1,1, —1,1] 0 XIV: az1 > 0, aos < R[Ma, 1];

XV: az1 =0, bos ;é 0, apz < R[M2v 1];

XVI: az1 < 0, bos # 0, ?:11;013 < apz < R[Ma2,1];

[1,—1,1,1] 0 XVII: az; < 0, bos Z 0, aos < R[M7, 1];
or bps = 0, apz < —2a§1;
[T, =1, —1,1] 0 XVIIL: az1 = 0, bos = 0, aos < 0;
XIX: az1 < 0, R[M7,1] < apz < 3:2(2)13;
[1,—1,0,0] 0 XX: az; < 0, boz = 0, ags = —2a3,.

In summary we have the following result.

Proposition 2.7. For system (8) with aps # 0 the following statements hold.

(1) If condition I holds system (8) has four infinite equilibrium points Ay 234, which are
four nodes.
(ii) If condition II holds system (8) has three infinite equilibrium points A; 23, where A 3
are two nodes and As = (ux,0) is an E-H equilibrium point.
(iii) If one of the conditions III-XI holds system (8) has two infinite equilibrium points A; 2,
which are two nodes.
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Yz ),

2a21

(iv) If condition XII holds system (8) has two infinite equilibrium points A; 2 = (£
which are two E-H equilibrium points.

(v) If condition XIIT holds system (8) has one infinite equilibrium point A; = (ux,0), which
1s an E-H point.

(vi) If one of the conditions XIV-XX holds system (8) has no infinite equilibrium points.

2.2. Chart Us. Let # =1, y =% v < 0 then the first vector field of (4) becomes

v

1
U :5(20,03 — 8bgzu + 2ap2v + 4a21u2 - 2@211]2 —ut + UQ’UQ),
(20) X
v =— 51}(21)03 — 2az1u + u® — ww?).
We only need to study when the origin O; of system (20) is an equilibrium point and we
have the following result.

Proposition 2.8. For system (20) the following statements hold.

(i) If aps # O the origin O1 is not an infinite equilibrium point.
(ii) If aps = 0 and bos > 0 the origin Oy is an infinite equilibrium point, which is an
attracting node.
(iii) If aps = 0 and bos = 0 the origin O is an infinite equilibrium point, which is an E-H
equilibrium point.
(iv) Ifags =0 and boz < 0 the origin Oy is an infinite equilibrium point, which is a repelling
node.

3. FINITE EQUILIBRIUM POINTS AND GLOBAL PHASE PORTRAITS OF THE VECTOR FIELD (4)

Now we consider the finite equilibrium points of the vector field (4). The equilibrium points
¢1,2 = (£1,0) are the bi-centers. And the origin g3 is also an equilibrium point, whose Jacobian
matrix is

(2” (5 )

From (21) we have that g3 is a saddle when as; > 0 (a nilpotent saddle when ag; = 0), or a
center when as; < 0. Now we need to study the remaining equilibrium points different from
these three equilibrium points.

Since the phase portrait of the vector field (4) is symmetric with respect to the origin, and it
has no equilibrium points different from ¢; 2 3 on the straight line y = 0, we just need to study
the extra equilibrium points of the first vector field of (4) for y > 0. The Jacobian matrix of
the first vector field of (4) at a finite equilibrium point (z,y) is

(22) y(2a212 — 3bosy) Msg
%(—1 + 322 — 2a01y%)  —y(2a217 — 3bozy) /)’

where
Mg = —a21 + 2ag2y + ag12* — 6bo3wy + 3agsy>.

As in the above section, we consider two cases ag3 = 0 and ag3 # 0 in the study the non-
elementary and elementary equilibrium points.

3.1. Case ag3 = 0. We analyze the non-elementary equilibrium points, which are different
from the known equilibrium points. We compute the Grébner basis for the polynomials z, ¥,
—1 + 322 — 2a,9? and 2a;x — 3bgzy and we obtain the following polynomials

bos, agy +2a3;, —as1 + a2y, aoz +2a3y, 1+ 2a1y°, .

It means that the first vector field of (4) has one possible nilpotent equilibrium point (0, %)
when the above polynomials are zero and as; < 0. Applying Theorem 3.5 of [18] this nilpotent
equilibrium point is a saddle.
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FIGURE 3. (a) A tri-heteroclinic loop; (b) A quadruple-heteroclinic loop.

Now we calculate the Grobner basis of the four polynomials &, ¢, 2a212 — 3bgsy and Mg, and
we obtain twenty-nine polynomials. We can find that one polynomial a3, must be zero when
the first vector field of (4) has a nilpotent equilibrium point. We assume ag; = 0 and again
compute the Grobner for the above four polynomials and obtain

b03yv a(2)2y7 (_1 + m)x(l + Jf)
It means that there is no nilpotent equilibrium points different from ¢; 2 3 when as; = 0.

Now we consider the elementary finite equilibrium points and the global phase portraits of
vector field (4). We separate the study in two subcases bgz = 0 and bpz # 0.

(i) Assume bz = 0 then the vector field (4) is also symmetry respect to the z-axis and the
y-axis.

(i.1) From Propositions 2.5 and 2.8 we obtain that if as; < 0 the vector field (4) has only
two infinite equilibrium points O; 2, which are two E-H equilibrium points. And we have
U|y=0,0=0 = % > 0 in the chart Uy, showing that the flow at the neighborhood of the origin of
U, is increasing in the direction u.

(i.1.1) If ag; = 0 the vector field (4) has no other finite equilibrium points different from
¢1,2,3, where g3 is a saddle. Since the finite equilibrium points of the Hamiltonian vector field
(4) are either centers or saddles, there must be at least one saddle on the boundary of the
period annulus of each center. Hence the saddle g3 must be on the boundary of the region
formed by the period annulus surrounding center g;. Taking into account the symmetries, g3
is on the boundary of period annulus of g2, creating an eight-figure loop.

From the previous analysis such infinite equilibrium points O 2 of (4) are both formed by
an elliptic sector and a hyperbolic sector, where the hyperbolic sector has its two separatrices
contained in the straight line of the infinity. The elliptic sector must be outside the Poincaré
disc, then the infinite and finite equilibrium points have total index 2 on Poincaré sphere.
Further we obtain that the global phase portrait of the vector field (4) in the Poincaré disc is
topologically equivalent to the phase portrait 1.1 of Figure 1.

(.1.2) If az; < 0 and ag,+2a3; > 0, by the symmetry the vector field (4) has two equilibrium
points q4,5 = (0, j:‘;—i;) different from g; 2 3, where g3 is a center and ¢4 5 are two saddles. Since
there are only two symmetric saddles, they must be on the boundary of the period annulus of
the centers ¢i 2 3, creating a tri-heteroclinic loop, see Figure 3 (a). The global phase portrait
of the vector field (4) in this subcase is topologically equivalent to the phase portrait 1.2 of
Figure 1.

(1.1.3) If ad, + 2a3; < 0 the vector field (4) has six equilibrium points g5 = (0, £%2L),

ap2
la2, + 2a3 ao2
— + 02 21 = (+2* y*
q6,7 ( 2(1%1 ) 20%1 ( r,y )

and gs 9 = (Fz*, —y*) different from ¢ 2,3, where g3 45 are three centers and gg 7,89 are four

4 6
saddles. Since H*(2,9)]gs, = H ™ (2,9)|gs0 = —%;67;821%, these four saddles are in the same
energy level. So one saddle at least be on the boundary of the period annulus of two centers.

We assume that the saddle g is on the boundary of the period annulus centers g; 4, by the
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FIGURE 4. The local phase portraits at all finite and infinite equilibrium points
of the vector field (4) when ag3 = bps = 0 and ag; > 0.

symmetry with respect to z-axis and the y-axis, and due to the existence of the center g3 we
obtain a quadruple-heteroclinic loop, see Figure 3 (b). The global phase portrait is topologically
equivalent to the phase portrait 1.3 of Figure 1.

(i.2) If ag; > O the vector field (4) has six infinite equilibrium points Ay 2, By 2 and O1 2,
where Ay 9, B2 are four nodes and O; 2 are two E-H equilibrium points. The vector field
(4) has four equilibrium points qu 567 = (£z*, y*) different from g1 23, where g3 4567 are
five saddles. The sum of the total indices of the infinite and finite equilibrium points except
for 01,2 is —2, so the elliptic sectors of the infinity equilibrium points O; 2 must be inside the
Poincaré disc and the hyperbolic ones are outside the Poincaré disc. By the symmetries we
obtain the local phase portraits of all equilibrium points, see Figure 4.

(i.2.1) Assume that the saddle g3 is on the boundary of the period annulus of the center gy,
by the symmetry it is also on the boundary of the period annulus of g3, creating one eight-figure
loop. Since HT (2,y)|g s = H™ (%, Y)|qq.,» the four saddles g4 567 are in the same energy level.
And since there are no other finite equilibrium points, these four saddles must connect to each
other one by one. The phase portrait is topologically equivalent to the phase portrait 1.4 of
Figure 1.

(i.2.2) Assume that the attracting and repelling separatrices of the saddle g3 connect the
infinite equilibrium points O; 2. Then the saddles g4 7 are on the boundary of the period
annulus of g, creating one heteroclinic loop. By the symmetry the saddles gs 6 are on the
boundary of the period annulus of ¢3. In this subcase the phase portrait is topologically
equivalent to the phase portrait 1.6 of Figure 1.

(i.2.3) From the phase portrait 1.4 realized when ag2 = —1 and ag; = 0.5 to the phase portrait
1.6 realized when ags = —1 and ag; = 1, it follows by the continuity of the phase portraits
with respect to the parameters the existence of the phase portrait 1.5 of Figure 1. In general
it is not an easy work to obtain the explicit values ag2 and as; for this phase portrait. But in
our case the Hamiltonians at these five saddles ¢3.4,56,7 are H(2,9)|g5.45 = H ™ (,Y)]gs., = 0,
i.e. agy — 12a$; = 0, so they are in the same energy level. Hence some of the separatrices of
Ga,5,6,7 connect with the ones of the saddle g¢s.

(ii) Assume that bog # 0, from the first vector field of (4) we compute the Grébner basis for
4 and ¢ and we obtain sixteen polynomials, where the following two polynomials

y? | @(ao2az1 + 2a3,y — 9g3y) — bos(3az1 — 3aozy + 2a3,y?)
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and
—y?| — az21(agy — 9b3s) + aoz(ag, — 4a3, — 9bgs)y

23
(23) + 2a3, (2a8y — 203, + 15b33)y” + dagzazi (a3 — 9b53)y° — 2033 A1y

=y f(y)
are enough for our analysis.

(ii.1) The coefficient of the quartic term of f(y) in (23) is zero, i.e. Ay = 4a3, —27b3; = 0. We
compute the resultant of ag; (a3; —9b%;) and A with respect to ag; and obtain —34012224b59 #
0. Thus the coefficient of y3 in f(y) is nonzero when A; = 0. Further we have the constant
term as (ady — 9b33) # 0.

We assume that a3; = 21b3; > 0 and f(y) reduces to
fy) = —a2i (agy — 9b33) + avz(agy — 36b3s)y + a3, (4ag, + 3b3s)y” — ao2asi byzy°.
Since ag2 < min{3bgz, —3bg3} we have
My = 4a$, + 108ad,b3; — 1026a2,b3; — 24305, < 0,
then the discriminant of the cubic equation f(y) =0 is

27
—Za21b33(4a32 + 9b33)2M9 > 0.

Hence f(y) = 0 has three distinct real roots. Since the coefficients of the cubic and quadratic
terms of f(y) are positive and the constant one is negative, we obtain that f(y) = 0 has only
one positive real root. By the symmetry the vector field (4) has two equilibrium points g4 5
different from ¢; 2 3 when A; = 0. From Propositions 2.5 and 2.8 the vector field (4) has four
nodes A;, By, O; 2 and two E-H points Ay, Bs, the known infinite and finite equilibrium points
except g4 5 have total index 6. Hence the total index of the elementary equilibrium points g4 5
must be —4, by the symmetry they are two saddles.

If the saddle g4 is on the boundary of the period annulus of the center ¢, then it creates
a center-loop. And by the symmetry the saddle g5 is on the boundary of the period annulus
of the center go. Then the separatrices of the saddle g3 connect with the nodes O, 2, A; and
By, we obtain the global phase portrait is topologically equivalent to the phase portrait 1.7 of
Figure 1.

If the saddle g3 is on the boundary of the period annulus of the center g1, by the symmetry
it is also on the boundary of the period annulus of ¢s, creating one eight-figure loop. Then the
saddles g4 5 are on the boundary of the period annulus of this eight-figure loop. In this subcase
the phase portrait is topologically equivalent to the phase portrait 1.9 of Figure 1.

From the phase portraits 1.7 to 1.9 it follows by the continuity of the phase portraits with
respect to the parameters that there must exist the phase portrait 1.8 of Figure 1 that the
saddles g3 4 are on the boundary of the period annulus of the center g, and the saddles ¢35
are on the boundary of the period annulus of the center ¢s.

(ii.2) The coefficient of the quartic term of f(y) in (23) is nonzero, i.e. Ay # 0. The explicit
expressions of the finite equilibrium points different from ¢ for £ = 1,2, 3, and their eigenvalues
in terms of parameters agsz, a1 and by are complicated. Since on the straight line y = 0 there
are no equilibrium points different from ¢; 2 3 we just need to study the equilibrium points of
the first vector field of (23) for y > 0. So we can determine the number of positive real roots of
f(y), and use the index theory to analyze the phase portrait of the remaining finite equilibrium
points, which also is not an easy work.

We know that finding the number of the positive roots of f(z) is equivalent to find the
number of the negative roots of —f(—z). Now we present one discriminant sequence to obtain
the number of the negative roots of the polynomial f(z) using the following theorem, for more
detail see [37].
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Theorem 3.1. For the polynomial (15) with f(0) # 0, if the number of nonzero elements of
the RSL [d1da,dads, -+ ,dopdag+1] is equal to 1, and the number of the sign changes of this
RSL is equal to m, then the number of the negative roots of f(z) isl/2 —m

(ii.2.1) If ag; = 0, i.e. the constant term of f(y) is zero, we obtain f(y) = ap2(ady — 9b35)y +
54b3,y*, which has only one positive real root y = — ¢ %ﬁ. Then the vector field (4)
has two equilibrium points g4 5 different from g; 2 3. From Propositions 2.5 and 2.8 the vector
field (4) has four infinite nodes Ay, By and O 2, where O; 2 are repelling. Then the known
infinite and finite equilibrium points have total index 6, the total index of remaining finite
equilibrium points g4 5 must be —4, i.e. they are two saddles. In a similar way to the phase
portraits 1.7-1.9 we obtain the phase portraits 1.10-1.12 of Figure 1.

(ii.2.2) If a2; # 0 we consider the discriminant sequence
(24) {dvda, dods, dsdy, dyds, dsds, dsdy, drds, dsdo}
associated to —f(—y) of (23). And we have
dy = 20321, dy = 16b3, A3, ds = 16agas bl A3 (a3, — 96,
(25)  dy = 64a3,b4 A Mg, ds = —32a01 bl AZMyy,  dg = 64b, AT M,
d7 = 16a02b3s A2 My, ds = 1665, A2 My, do = 15a01(a2y — 9b3,)bOs A2 My,
where
Mg =3a3,a5, — 38ag,a3,b5; — 16a5, b3 + 135a3,b0s + 228a3, bas — 81065,
My =8agya9, — 8a2,a33 — 92ag,aS, b3 + 124a3,a9,b3; + 64asibds + 405a8,a3,bos
— 552a2,aS,bis — 139243, b5 — 729ag,b5, — 405a2,a3, bS5 + 1008045, b3,
+ 6561a3,b5; — 24300a3, b5,
Mg =8a$ya3? + 32a3,a%; + 32a2,a3T + 104ad,a9, b3, — 488ag,a53b3, — 1184a3,a35b2,
— 256033035 — 1584ad,a5, b5 + 328agea9; by + 14216a2,a53b5 + T488ad by
+ 5832a,a3, b3 + 19764ag,a5,b55 — 70512a2,a9, 055 — 86688a32b5, — 6561aS,b5,
— 90396ag,a3,b55 + 113076a2,a5, b5, + 496368a3, b, + 118098ai,b09
+ 166212a2,a3, b3 — 140551245, b33 — 531441a2,b43 4 157464043, b2,
— 19683ag,b5; — 51018336a3, b3,
M3 = — 64ad,a3) — 256ag,a55 — 256a2,a31 + 512a5,a9,bas — 352a0,a33b3,
+ 1952a8,a35b25 + T168a3,a35b25 4 2048a31b3, — 5184a5,aS, g5 — 4008ad,a3, by
+ 27728a0,a52b55 — 36768a2,a55b5; — 41472a33b5, + 17496a5,a3, b5,
+ 952560505, 055 — 240624a8,a9,b5; — 328752a2,a32b5, + 2073604355,
— 411156a5,a3,b5; + 128304ap,a5, bS5 + 3592728a2,a9, 055 + 10074240265,
+ 531441a5,b05 + 2519424ag,a3, b5 — 10118520a2,a5,b03 — 13328064a3,by3
— 4782969a4,bp2 4 354294003, a3, bya + 45244656a5, bh3 + 14348907a2,bha,
My =8ab,a3, + 48a5,a5, + 96a5,a9, + 64ad,as? — 2Tad,b2s — 288aS,a3, b2,
— 1424ag,aS, b33 — 1952a2,a9,b25 — 512037035 + 486ad,b55 + 4536a0,a5, b0,
+ 15728a25a5,bgs + 960003, by — 2187agybls — 37152a2,a3, b5, — 59904a5, b5,
+ 12441643, b

(i1.2.2.1) If A; < 0 and az; > 0 we have dAldAg <0, dAgdAg > 0 and dAgdAg < 0, then the number
of the sign changes of this RSL is at least two. By the symmetry the vector field (4) has at
most four elementary equilibrium points different from ¢; 2.3. On the other hand the vector
field (4) has four infinite nodes A;, By and O; 2. The known infinite and finite equilibrium
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FIGURE 5. The local phase portraits of the vector field (4) with the five centers
¢1,2,3,10,11 and the six saddles gs 56,780 when A; < 0 and ag; < 0.

&<

FIGURE 6. An eight-figure loop is inside a center-loop.

points have total index 6. Then total index of the remaining finite equilibrium points must be
—4, i.e. the remaining finite equilibrium points are two saddles g4 5. Similar to subcase (ii.2.1)
the phase portraits are topologically equivalent to the phase portraits 1.10-1.12 of Figure 1.

(ii.2.2.2) If Ay < 0 and ag; < 0 we have cﬂ(fg <0, d}d} < 0 and dAS(Z) < 0, the number of the
sign changes of this RSL is at least zero, then the vector field (4) has at most eight elementary
equilibrium points different from q; 2 3. From Propositions 2.5 and 2.8 the known equilibrium
points of the vector field (4) have total index 10. Hence the total index of the remaining finite
equilibrium points must be —8, i.e. they may be either six saddles and two centers, or four
saddles.

Assume that the vector field (4) has eight extra equilibrium points, which are six saddles
Ga,5,6,7,8,9 and two centers gip,11. The local phase portraits of the all equilibrium points in the
Poincaré disc can see Figure 5. The corresponding RSL of — f(—y) must be

[_17 _17 _17 _17 _17 _17 _17 _1]7

i.e. Mig12,13,14 > 0 and M;; < 0. With a computer algebra system such as Mathematica, by
solving these inequalities we obtain the condition as; < Root[Mq4, 1].

If the saddle ¢4 is on the boundary of the period annulus of the centers q; 10, creating an
eight-figure loop, then the saddle ¢g is on the boundary of the period annulus of this eight-
figure loop, see Figure 6. By the symmetry the saddle gg is on the boundary of the period
annulus of the centers gz 11, creating an eight-figure loop, the saddle g9 is on the boundary of
the period annulus of this eight-figure loop. Then the saddles g5 7 must be on the boundary
of the period annulus of the center g3, creating a heteroclinic loop. The global phase portrait
is topologically equivalent to the phase portrait 1.13 of Figure 1, which can be realized when
a1 = —1, b03 = —0.68 and apy = —2.1.

Or these two eight-figure loops are inside the tri-heteroclinic loop, which is created by the
saddles gs57 and the center gs. Then one attracting and one repelling separatrices of the saddle
qs connect the ones of the saddle gg. The global phase portrait is topologically equivalent to
the phase portrait 1.15 of Figure 1, which can be realized when as; = —1, bg3 = —0.67 and
ap2 = —2.1.
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From the phase portraits 1.13 to 1.15 it follows by the continuity of the phase portraits with
respect to the parameters that there must exist the phase portrait 1.14 of Figure 1, which can
be realized when as; = —1, bozs = —0.6765 and ap2 = —2.1. That is the saddles g5 7 g are on
the boundary of the period annulus of one eight-figure loop, and the saddles g5 7,9 are on the
boundary of the period annulus of an other eight-figure loop.

Assume that the vector field (4) has four extra saddles g4 56,7, from the above subcase we
obtain the condition ag; > Root[Mjy4, 1]. In this subcase the phase portraits are topologically
equivalent to the phase portraits 1.16-1.18 of Figure 1.

(i1.2.2.3) If A; > 0 the known infinite and finite equilibrium points have total index 10.
Hence the total index of the remaining finite equilibrium points must be —8, i.e. they are
either four saddles, or six saddles and two centers.

If the vector field (4) has eight extra equilibrium points, then — f(—y) need to have four nega-
tive roots. Since A; > 0 we have c?ldAg > 0 and the corresponding RSL must be [1,1,1,1,1,1,1, 1],
which cannot be obtained varying the parameters agz, a2; and bys by solving the inequalities
with a%l — 9b33 <0, Mip,12,14 > 0 and Mjiq 13 < 0. Thus this subcase is impossible.

If the vector field (4) has four extra saddles g4 5,67, similar to the above analysis of the phase
portraits 1.10-1.12 we can obtain the phase portraits 1.19-1.21 of Figure 1. On the other hand,
if the separatrices of the saddle g3 connect with the nodes O; 2, A3 and Bs. Then the saddle g4
is on the boundary of the period annulus of the center ¢;, and they create a center-loop. The
separatrices of the saddle g7 connect with the infinite equilibrium points A; 2 3 and O;. By the
symmetry the global phase portrait in the Poincaé disc is topologically equivalent to the phase
portrait 1.22 of Figure 1, which can be realized ags = —0.5, as; = 0.8 and by3 = —0.1.

In summary we have the following result.

Theorem 3.2. When ags = 0 the phase portraits of the continuous piecewise Zs-equivariant
cubic Hamiltonian vector field (4) are topologically equivalent to one of the 22 phase portraits
showed in Figure 1. The corresponding conditions realizing these phase portraits are given in
Table 3.

TABLE 3. The conditions for the phase portraits of the vector field (4) with

aps = 0.
Conditions Phase portraits
a21 =0 1.1
bo3 =0 | 45, <0 agy +2a3; >0 1.2
a(2)2 + 2(131 <0 1.3
T G
sy > 0 agy — 12a3, #0 1.4,1.6
ags — 1245, =0 1.5
A1 =0 1.7-1.9
bo3 # 0 a1 >0 1.10-1.12
A1 <0 7557 < Root[Mig, 1] 1.13-1.15
Root[Mi4,1] < a2; <0 | 1.16-1.18
A1 >0 1.19-1.22

3.2. Case ag3 # 0. We compute the Grobner basis for the polynomials &, ¢, —1+ 322 — 2ag,y?
and 2as1x — 3bg3y to analyze the non-elementary points, and obtain the following polynomials
bos, a(2)3 + 2a%2a21 + dagza3, + 4a§1, —ag3 — 2a3, + 2ap2a21y, 1+ 2a019%, x,

agy + aosaz1 + 2a3; + ap2a03y, o2 + aosy + 203y, —as1 + a2y + aozy’.
It means that the first vector field of (4) has one possible nilpotent equilibrium point (0, —7512;21)
when the above polynomials are zero and az; < 0. We obtain that this possible nilpotent e-
quilibrium point is a saddle.
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FIGURE 7. The local phase portraits at the origin of systems (26) and (27).

Then we calculate the Grobner basis for the four polynomials &, 1, 2as1x —3bg3y and Mg, and
obtain twenty-nine polynomials. We can find that one polynomial a2, (a3, + 4agzaz; — 9b33)
must be zero when the first vector field of (4) has a nilpotent equilibrium point. We take
a21 = 0 and again compute the Grobner basic for the above four polynomials and obtain

bosy, agey, Y(2a02 + 3aosy), azy®, (—1+z)x(l+ ).

It means that there is no nilpotent equilibrium points different from ¢; 23 when as; = 0.
Otherwise we take ag3 = ‘%Tglb‘” # 0 and compute the Grobner basic for the above four

polynomials, then we obtain the four polynomials

2a01x — 3b
b03(3032 —+ 8(131 — 27()33), —b03(6a02a21 + 8a§1y — 27bg3y), 720,21 —+ ap2y, 21@7032/
21

3b03 2a21

o, 22t different from g 2,3 when bos(3a3, +

Hence it has one nilpotent equilibrium point (
8a3; — 27b33) = 0 and ag; < 0, which is a cusp.

Next we analyze the degenerate equilibrium points of the first vector field of (4). We calculate
the Grébner basis for five polynomials i, ¢, —1 4+ 322 — 2a219?, y(2a217 — 3bozy) and Mg, and
we obtain the nine polynomials

4 3 2 2 2
bos, agy — 8agz, apg + 4agzazy, 2ags + agyasi,

— ags + 243, ag2 + 2a03y, —2a21 + a2y, 1+ 2any®, @

It means that it has one degenerate equilibrium point (0, —2“;023) when the above polynomials
are zero and as; < 0. For analyzing the local phase portrait of this degenerate equilibrium
point we need to do blow-ups. We do the change y — Y — “02 and agz — 2a3; and the vector

field (4) becomes

G = 202 2 02y + ag2?Y + 203, Y3,
40,21 2
(26) . a
V=" 4 22V — agaY?
2 2&21

Applying the directional blow-up (z,Y) — (z,w) with w = % and eliminating the common
factor = we have

a 1
i = 202 *CI,OQ.’EU/ + CI,21£E w + 2a21x2w3
40,21 2
(27)
u'):fqtﬂwfﬁz xw+ 202003 — 202 zw?.
4a21 2 2 21

For x = 0 system (27) has three saddles (0, 0) and (0, :tivgf;i”), see Figure 7 (a). Going back
through the change of variables to system (26) we obtain that the local phase portrait at the
origin has six hyperbolic sectors, as it is shown in Figure 7 (b).

Now we consider the elementary finite equilibrium points of the vector field (4). Similar to
the previous case we divide the study with two subcases bys = 0 and by3 # 0.
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FIGURE 8. The local phase portraits at all equilibrium points of the vector
field (4) with 72&%1 < apz <0, bpz = 0 and ag; > 0.

(i) Assume that boz = 0 we have Ms = agp3(aos + 2a3;)?>. Then the vector field (4) is also
symmetry respect to the z-axis and the y-axis.

(i.1) If apg = —2a3, # 0, then My = 0. When ag; > 0 the vector field (4) has no finite
equilibrium points different from ¢; » 3, the saddle g3 must be on the boundary of the period
annulus of the centers ¢ o, creating an eight-figure loop. From Proposition 2.7 we obtain that
only condition XII of Table 2 satisfies this subcase. And the vector field (4) has four E-H
equilibrium points A; and B; (i = 1,2), whose elliptic sectors are outside the Poincaré disc.
Then the infinite and finite equilibrium points have total index 2. By the symmetries in this
subcase the phase portrait is topologically equivalent to the phase portrait 1.23 of Figure 1.

When as; < 0 we obtain that only condition XX of Proposition 2.7 satisfies this subcase.
Then the vector field (4) has no infinite equilibrium points and five finite equilibrium points,

Pl 3
agy—8as,

where ¢ 2,3 are three centers and q45 = (0, 4 202t ) are two saddles, and these five

4a2,
equilibrium points create a tri-heteroclinic loop. In this subcase the only possible phase portrait

is topologically equivalent to the phase portrait 1.24 of Figure 1.
(i.2) If ap3 + 2a3; # 0, then My # 0.

(i.2.1) We consider condition I, i.e. az; > 0, —2a%; < agz < 0, and the vector field (4) has
eight infinite equilibrium points A; and B; (i = 1,2, 3,4), which are nodes. From the previous
analysis the known infinite and finite equilibrium points have total index 10. Hence the total

index of the remaining finite equilibrium points must be —8. Then we obtain that the vector
field (4) has four saddles

B V25 + 2a2,a01 + 4agzad, + 4aj, ao2
Qa5 = | * )

K
ap3 + 2@%1 ap3 + 2@%1

P Vg3 + 2agya01 + dagza3, +4ay,  ae
6, agps + 2&%1 ’ aps + 2a§1 ’
different from ¢; 2.3. The local phase portraits at all equilibrium points in the Poincaré disc
are drawn in Figure 8.

Similar to the analysis of the phase portraits 1.4-1.6, we obtain the phase portraits 1.25-1.27
of Figure 1. In fact we can obtain the condition of the corresponding phase portrait 1.26. Since
the five saddles g3 4,567 are in the same energy level, we have the Hamiltonian

2ady — 3ad; — 18a3;a2, — 36apzas, — 24a$;

+ — - —
H |Q4,5 =H |qa,7 - 24(a03 +2a%1)3

(28)

. /3 2a2,)3
ie. agy=—y 7((103'2 an)’

_Ms
24(0,03 + 2@%1)3 ’
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FIGURE 9. The possible local phase portraits at all equilibrium points of the
2
vector field (4) with ag; < 0, bps = 0 and 0 < apg < — 722

40.21 :

(i.2.2) Since My # 0 we consider the subcase when the vector field (4) has four infinite nodes
A; and B; (i = 1,2), where one of the conditions V, IX and X satisfies this subcase.

(i.2.2.1) Assume that condition V (i.e. ag; < 0 and agz > 0) holds. From the previous

analysis, the known equilibrium points have total index 10. Hence the total index of the
remaining finite equilibrium points must be —8.
If ags > — 4‘23221 the extra finite equilibrium points are four saddles g45,6,7, which are in the
same energy level. Since there are no other finite equilibrium points, these four saddles gu 5 6,7
must connect to each other one by one. The only possible global phase portrait in the Poincaé
disc is topologically equivalent to the phase portrait 1.28 of Figure 1.

2
If ag3 = — 4";221 and ag, + 8a3; # 0 the extra finite equilibrium points are four saddles G4.5,6,7

and two cusps gz ¢ = (0, :I:Q;%) Similar to the above subcase we obtain that the phase portrait
is topologically equivalent to the phase portrait 1.29 of Figure 2.

2
If aps = 74’?;1 and ag, + 8a3; = 0 then the vector field (4) has two extra degenerate

equilibrium points g4 5 = (O,i%), whose phase portrait has six hyperbolic sectors. Then
these two equilibrium point must be on the boundary of the period annulus of the centers
¢1,2,3- In this subcase the global phase portrait is topologically equivalent to the phase portrait
1.30 of Figure 2.

2
If 0 <ags < —4(3)221 there are several subcases. First if a3; + 2a2,a21 + 4agza3; + 4a3; < 0,

i.e age < —\/—2a3; and 0 < ag3 < —2a3; + /—2a3,a21 then the vector field (4) has four extra
finite equilibrium points ¢g 9.10,11, Where

—ap2 +\/ady + 4a03a21>

2&03

a2 +\/ady + 4a03a21)

2(103

gs,9 = (07 +

q10,11 = (O,IF

which are four saddles. Then we have that the global phase portrait is topologically equivalent
to the phase portrait 1.18 of Figure 1.

If aZ; + 2a2,a01 + 4agza3; + 4a3; > 0 then the vector field (4) has eight extra equilibrium
points g; for i = 4,5,---,10,11. We compute the Jacobian matrices of the vector field (4) at
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o« K

F1GURE 10. A homo-heteroclinic loop.

g8,9,10,11 and obtain

2
0 —ag,—4agzaz+aozy/ad,+4apzas

J|q8 9 — 2 2 2 2 2003 )
) _ ag3tagea21+2a03a3, —a02a214/ a5y +4a03a21 0
(29) 243,
0 —a2,—4agpzazi +agz Va3, +4aosazt
J|IJ10 1 = 2 2 2 2 2005
) gz Fagaa21+2a03a3; +a02a214/ a5, F+4a03a21 0
2a2,

By the eigenvalues of J|g ,,,,, We obtain that gg g are two saddles and gi0,11 are two centers
when (a): Mg > 0, where

2 3 4 4 2 2 2 3 3
My = — ageap3 — 2005003021 — 4agza21 — 10agyap3a3; — 8agsas,

3 [ o 3 / 2
(30) + ag2ag3\/ 5o + 4agzasn + 2ap,a03a211/ age + 4agzas
2 2 [ o
—+ 6&02&030,21 (102 —+ 4(103@21.

And gg ¢ are two centers and ¢i9,11 are two saddles when (b): Mg < 0. Then we have the local
phase portraits at all equilibrium points of the vector field (4) in the Poincaré disc, see Figure
9 (a) and (b), respectively. Using the Hamiltonian quantifies we know that g4 567 are in the
same energy level. By the symmetries the separatrices of the saddles ¢4 56,7 connect with the
other one by one.

Subcase (a): That is either —2/—2a3; < agz < —y/—2a3; and —2a3; + 1/ —2a2,a91 < ap3 <

2 2
—462’221, or —\/—2a3; < agz < 0and 0 < apz < —4aa°221. If the saddles g4 7 are on the boundary of
the period annulus of the center ¢, they create a heteroclinic loop. Then the saddle gg is on the
boundary of the period annulus of the center g;g, creating a center-loop. By the symmetries
we obtain the global phase portrait 1.31 of Figure 2, which can be realized when agy = —1,

a1 = —1 and aps = 0.24.

If the centers g45 are also on the boundary of the period annulus of the center g, by the
symmetries they create a quadruple-heteroclinic loop with the saddles ¢4 567 and the centers
¢1,2,3,10,11- Then the one attracting and one repelling separatrices of the saddle gg connect with
the ones of the saddle q9. The global phase portrait is topologically equivalent to the phase
portrait 1.33 of Figure 2, which can be realized when ags = —1, as; = —1 and ag3 = 0.2.

From the phase portraits 1.31 and 1.33 it follows by the continuity of the phase portraits
with respect to the parameters the existence of the phase portrait 1.32 of Figure 2, which can
be realized when ags = —1, as; = —1 and agz =~ 0.228747. In this subcase the values of the
Hamiltonian at these six saddles qa4,56,7,8,9 are H(2,y)]qy 50 = H (2,9)|g5.7.05 1-€-

Mis  (—ao2 + v/ ady + dagzaz)*(—ady — 6agzas: + apz/ad, + dagzas:)

© 24(ags + 2a3,)% 96a3,

By solving the above equation we obtain —2y/—2a3, < ag2 < 0 and ag3 = R[Mi7, 1], where
M7 = — Sagya3, + 32a2,a%, + (—12ag,a3, + 32a2,a5, + 14443, ) a3

+ (—6ag, + 8a,ad, + 288aS,)ads + 216a3,aps + T2a3,ags + 9ags.
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FIGURE 11. With condition IX or X, one possible phase portrait of vector
field (4) when ag3 # 0 and bg3 = 0.

Subcase (b): That is age < —2v/—2a3; and —2a3; + \/—2a3,a21 < apz < —4‘15221. If the
saddles q45 are on the boundary of the period annulus of the center gg, then it creates a
heteroclinic loop. By the symmetry the saddles g 7 are on the boundary of the period annulus
of the center gg. Then the saddles gip,11 are on the boundary of the period annulus of the
centers ¢ 2 3, creating a tri-heteroclinic loop. Hence we have the global phase portrait 1.34 of

Figure 2, which can be realized when ags = —1, as; = —0.4 and ag3 = 0.6.

If the saddles g4,7 are on the boundary of the period annulus of the center ¢;, the saddles g5 ¢
are on the boundary of the period annulus of the center g5, then they create two heteroclinic
loops. By the symmetries the saddles gi0,11 must be on the boundary of the period annulus
of the center g3, then the saddles gi¢,11 are also on the boundary of the period annulus of the
centers ¢g 9, respectively. Thus they create a homo-heteroclinic loop, see Figure 10. The global
phase portrait is topologically equivalent to the phase portrait 1.36 of Figure 2, which can be
realized when age = —1, a1 = —0.4 and ag3 = 0.61.

From the phase portraits 1.34 and 1.36 it follows by the continuity of the phase portraits
with respect to the parameters the existence of the phase portrait 1.35 of Figure 2, which can
be realized when ags = —1, as; = —0.4 and agz ~ 0.606045. Similar to the phase portrait 1.32,
we obtain that the values of Hamiltonian at these six saddles q456,7,10,11 are equal. We obtain
the conditions ag2 < —24/—2a3; and ag3 = R[M7, 1].

(i.2.2.2) Assume that condition IX or X holds. From the previous analysis the known infinite
and finite equilibrium points have total index 6. Hence the total index of the remaining finite
equilibrium points must be —4. Since as; > 0 these remaining equilibrium points can not be
cusps. And we obtain that the extra equilibrium points are four saddles g4 5 6,7 and two centers
gg,9. If the saddles g4 5 are on the boundary of the period annulus of the center gg, they create
a heteroclinic loop. By the symmetries the saddles gg7 are on the boundary of the period
annulus of the center gg9. Then the saddle g3 is on the boundary of the period annulus of the
centers q; 2, and they create an eight-figure loop. Then we have the global phase portrait 1.37
of Figure 2, which can be realized when ags = —1, as; = —0.4 and ag3 = 0.6.

If the saddles g4 7 are on the boundary of the period annulus of the center ¢;, they create
a heteroclinic loop. By the symmetries the saddles g5 ¢ are on the boundary of the period
annulus of the center g;. Then the saddles gg 9 are on the boundary of the period annulus of
the center g3, they create an eight-figure loop. We obtain the phase portrait of Figure 11, but
this phase portrait is topologically equivalent to the phase portrait 1.37 of Figure 2.

From the phase portrait 1.37 to the phase portrait of Figure 11 it follows by the continuity
of the phase portraits with respect to the parameters the existence of the phase portrait 1.38
of Figure 2, which can be realized when ags ~ —1.10668, as; = 0 and agz = 1. In this subcase
the five saddles g3 4,56,7 are in the same energy level of the Hamiltonian (28) and we have

4 3(@03-‘1—2(12 )3
age = —\/ = 5 .
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(i.2.3) We consider the subcase when the vector field (4) has no infinite equilibrium points,
then one of the conditions XIV, XVII and XIX must be satisfied in this subcase.

(i.2.3.1) Assume that the condition XIV holds. Then the vector field (4) has no extra finite
equilibrium points different from q; 2 3, where g3 is a saddle. Then the global phase portrait is
topologically equivalent to the phase portrait 1.39 of Figure 2.

(i.2.3.2) Assume that one of the conditions XVII and XIX holds. Then the vector field (4)
has two extra finite equilibrium points gg 9, where g3 is a center and gg 9 are two saddles. The
global phase portrait in the Poincaré disc is topologically equivalent to the phase portrait 1.24
of Figure 1.

TABLE 4. The conditions for the phase portraits of the vector field (4) with
aops 75 0 and bog =0.

Conditions Phase portraits
1.2
a0 = 72(131 a1 >0 3
ag1 <0 1.24
2 \3
—2a2, < ags < 0, agz # — {‘/M 1.25,1.27
4/3 +2a2,)3
as; >0 720,%1 < ap3 <0, ap2 = 7\/% 1.26
2 3
ap3 > 0, age # — {1/73@0322&21) 1.37
. 2 \3
ap3 > 0, age = — f/w 1.38
ap3 < —2(1%1 1.39
3
aoz >0, ap2 # — VL‘;% 1.37
az1 =0 303,
ao3 + 203, #0 ag3 > 0, agz = — {‘/% 1.38
ap3 <0 1.24
aoz > —z22 1.28
ap3 = _4(111%’ a2, +8a3; #0 1.29
aps — 74(1&0221 s 0%2 + 80,%1 = 0 130
ags < —\/~2a3;, 1.18
a21 <0 | g« ag3 < —2a%1 + ‘/—2a32a21
—2\/-204, < a0z < —y/~24},, 1.31,1.33
—2a3; +1/—2a2,a21 < aps < —4(210221;
2
a,
_\/_20’%1 <ap2 <0,0<ap3 < —4a0221
—2\/—2ag1 < ap2 <0, ags = R[My7,1] | 1.32
apz < —2\/—21131, aop3 # R[MU, 1], 1.34,1.36
2
—2a%1 + ‘/—2(182(121 < ap3z < —4?221
ags < —2y/—2a3,, ags = R[Ma7, 1] 1.35
ap3 < 0 1.24

In summary we have the following result.

Theorem 3.3. When ags # 0 and bgs = 0 the phase portraits of the continuous piecewise
Zs-equivariant cubic Hamiltonian vector field (4) are topologically equivalent to one of the 18
phase portraits showed in Figures 1 and 2. The corresponding conditions realizing these phase
portraits are given in Table 4.

(ii) We assume that bgz # 0. The explicit expressions of the finite equilibrium points different
from gi, for kK = 1,2, 3, and their eigenvalues in terms of the four parameters agz, ags, as; and
b3 are more complicated. From the first vector field of (4) we compute the Grobner basis for
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2 and ¢ and we obtain sixteen polynomials, the following two polynomials

y? |:1'(a02a21 + agzany + 243,y — 9bg5y)

— bo3(3az1 — 3aozy — 3aosy® + 2a3,y%)
and
-y [ — azi(agy — 9bgs) + aoz(agy — 2a03az1 — daz; — 9b33)y
(31) + (3afaa03 — afzas + 4adyas; — 4agzad, — 4as; — Yaesbyy + 30a5,b5;)y?
+ agaMisy® + szﬂ =y’ f(y),

are enough for our analysis, where
Mg = (ags + 2a3, ) (3aos + 2a3,) — 36a21b53.

Thus to find the number of finite equilibrium points of the first vector field of (4) for y > 0 is
equivalent to find the number of positive real roots of f(y).

Subcase (ii.1): Assume that My = 0, i.e. the coeflicient of the quartic term of f(y) in (31) is
zero.

(ii.1.1) If Mg = 0, then f(y) has at most two positive real roots. Correspondingly the
vector field (4) has at most four finite elementary equilibrium points for y > 0. By solving
My = My = 0, from ag3 # 0 we have 8a3; —27b2; = 0 and ap3 = %a%l. Hence only condition XI
of Proposition 2.7 satisfies this subcase. Then the vector field (4) has four infinite equilibrium
points A; and B; (i = 1,2), which are nodes. The origin g3 is a saddle. The total index of
the known infinite and finite equilibrium points is 6. Hence the total index of the remaining
finite equilibrium points must be —4. Since the vector field (4) has no cusps for y > 0 when
as1 > 0, these remaining equilibrium points are two saddles. By the symmetry in this subcase
the phase portraits are topologically equivalent to the phase portraits 1.10-1.12 of Figure 1.

(ii.1.2) Otherwise Mg # 0, then the coefficient of the cubic term of f(y) in (31) is nonzero.
From M; = 0 we find that only condition II or XIII of Proposition 2.7 satisfies this subcase.

(ii.1.2.1) When condition IT holds the vector field (4) has six infinite equilibrium points A; 2 3
and B 2 3, where A; » and By 2 are four nodes, A3 and Bs are two E-H points. If the hyperbolic
sectors of A3 and B3 are outside the Poincaré disc, then they do not appear in the phase portrait
of our piecewise differential vector field. The known infinite and finite equilibrium points have
total index 10. Hence the total index of the remaining finite equilibrium points must be —8,
i.e. they are four saddles. In fact from agz = R[M>, 3] we have that the cubic polynomial f(y)
has two positive real roots, and its constant term is positive and the coefficient of the cubic
term is also positive. In this subcase the phase portraits are topologically equivalent to the
phase portraits 1.40-1.41 of Figure 2.

If the elliptic sectors of A3z and Bz are outside the Poincaré disc, then the known infinite
and finite equilibrium points have total index 6. Hence the total index of the remaining finite
equilibrium point must be —4. Similarly from ag3 = R[M3, 2] the remaining equilibrium points
are two saddles. By the symmetry the phase portraits are topologically equivalent to the phase
portraits 1.7-1.9 of Figure 1.

(ii.1.2.2) When condition XIIT holds the vector field (4) has two infinite equilibrium points
Ay and By, which are two E-H equilibrium points.

(ii.1.2.2.1) We assume that ag; > 0 the vector field (4) has no extra equilibrium points, where
the origin ¢3 is a saddle. In this subcase the phase portrait is topologically equivalent to the
phase portrait 1.1 of Figure 1.

(ii.1.2.2.2) We assume that as; < 0. There is no parameters agz, a21, ag3 and bgs by solving
M7 > 0, My = 0 and Mig < 0, we obtain Mig > 0. Further the coefficient of the cubic term
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of f(y) in (31) is negative and the constant one is positive, then the polynomial f(y) cannot
have two positive real roots.

If the elliptic sectors of A; and B; are inside the Poincaré disc, the known infinite and
finite equilibrium points have total index 10. Hence the total index of the remaining finite

equilibrium points must be —8, i.e. they are four saddles and two cusps. From the previous
2 2

i _ ago—9b34

analysis we have ag3 = B T

cusp, then we obtain

when one finite equilibrium point of the vector field (4) is a

My =——+— ( a02 + 8&02&21 9a02b03 + 8a21b03 27(102[)(2)3 - 27()(3)3)

1
64a3,
x (a3, — 8agaas, — 9ad,bos + 8a3,bos + 2Tagabg — 27b3,).

But there is no values of the parameters ags, as; and bg3z such that My < 0, so we obtain that

ap3 # %2 9b°3 when My < 0, then the vector field (4) has no cusps when My < 0. Thus this
subcase cannot hold.

If the hyperbolic sectors of A; and B; are inside the Poincaré disc, the known infinite and
finite equilibrium points have total index 6. Hence the total index of the remaining finite
equilibrium points must be —4, i.e. they are either two saddles, or four saddles and two
centers.

When the remaining equilibrium points are two saddles g4 5, then they create a tri-heteroclinic
loop with the centers g1 2.3. We obtain that the phase portrait is topologically equivalent to
the phase portrait 1.2 of Figure 1.

Otherwise the vector field (4) has four centers ¢i 28,9 and five saddles g3 4,5,6.7. Since the
number of saddles is more than the number of centers, there is at least one saddle on the
boundary of the period annulus of two centers. Assume that the saddle g4 is on the boundary
of the period annulus of the centers g; g, by the symmetry, the saddle g is on the boundary of
the period annulus of the centers g2 9. Then they create two eight-figure loops, which are inside
one tri-heteroclinic loop creating by the center g3 and the saddles g5 7. Then we obtain the
phase portrait 1.42 of Figure 2, which can be realized when ags = —1, a1 = —1, apz =~ —0.01995
and bog = —0.1.

TABLE 5. The conditions for the phase portraits of the vector field (4) with
aogbog 7é 0 and M2 =0.

Conditions Phase portraits
8a3; — 27b33 =0, aps = 343, 1.10-1.12
ao3 = R[M2,2] | 1.7-1.9
aos = R[Ma, 3] | 1.40-1.41
a21 >0 | aps = R[Mo,1] | 1.1
a21 <0 | ap3 = R[M2,1] | 1.2,1.42

8a3, — 27b%; >0 | az21 >0

8a3; — 27b%; # 0

In summary we have the following result.

Theorem 3.4. When agsbos # 0 and Mz = 0 the phase portraits of the continuous piecewise
Zs-equivariant cubic Hamiltonian vector field (4) are topologically equivalent to one of the 11
phase portraits showed in Figures 1 and 2. The corresponding conditions realizing these phase
portraits are given in Table 5.

Subcase (ii.2): Assume that My # 0, i.e. the coefficient of the quartic term of f(y) in (31) is
nonzero.

(ii.2.1) Assume that az; = 0. Then the polynomial f(y) = yf(y), where

f(y) = ao2(agy — 9b3s) + 3aos(ady — 3b33)y + 3a2agsy”® + (ajs + 54bjs)y*
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Now we compute the number of negative real roots of — f(—y) in order to analyze the positive
real roots of f(y). So we consider the discriminant sequence
(32) {didz, dady, d3da, dads, dsds, dedr }
associated to —f(—y), and we have
dy = a3, + 5463, = Mo,  dp = 3Ms,  d3 = —3agza2, Mo,
(33) dy = 5dagsb2 Mol 1o, ds = —5daZeb2 MMy,  dg = 2916685050 1o,
dr = —2916a02b%5 (a2, — 9624 MM 1,

M10 —0,03 ].8(102b03 + 54b03,
My = — adyaps + 27ag,b3s + 6ad;bas — 135a2,bgs + 32455,
M1y =aS; — 27ad,ba; — 54al,ad;b2, 4+ 486ap,bs + 54adsbys — 2187a,bS,.

Since the coefficient of the cubic term of f(y) is nonzero, f(y) has at most three positive real
roots. Hence the vector field (4) has at most six finite equilibrium points different from ¢ 2 3.

(ii.2.1.1) We consider condition IV or VII, i.e. ags > 3bg3+/2b03, where the vector field (4)
has four infinite nodes A; 2 and Bj . Since the origin g3 is a saddle the total index of the
known infinite and finite equilibrium points is 6. Hence the total index of the remaining finite
equilibrium points must be —4, i.e. they are either two saddles, or two saddles and two cusp,
or four saddles and two centers. But the vector field (4) has no cusps for y > 0 when as; > 0.

When the remaining finite equilibrium points are two saddles g4 5, we obtain that the global
phase portraits in the Poincaré disc are topologically equivalent to the phase portraits 1.10-1.12
of Figure 1.

When the remaining finite equilibrium points are four saddles g4 56,7 and two centers gz o,
we assume that the saddles g4, are on the boundary of the period annulus of the centers ¢; »,
respectively. If the saddles ps 7 are on the boundary of the period annulus of the centers gz o,
respectively. Then the vector field (4) has four center-loops. The global phase portrait in the
Poincaré disc is topologically equivalent to the phase portrait 1.43 of Figure 2, which can be
realized when ag3 = 1, bg3 = —0.1 and age = —1.

If the saddle g3 is on the boundary of the period annulus of the centers gg 9, creating one
eight-figure loop. Then in this case the phase portrait is topologically equivalent to the phase
portrait 1.45 of Figure 2, which can be realized when ag3 = 1, bgs3 = —0.1 and ag2 = —0.8.

From the phase portraits 1.43 and 1.45 it follows by the continuity of the phase portraits
with respect to the parameters the existence of the phase portrait 1.44 of Figure 2, which can
be realized when ag3 = 1, bgg = —0.1 and age =~ —0.83.

(ii.2.1.2) We consider that the condition XV holds, i.e. aps < 3bosv/2bos, where the vector
field (4) has no infinite equilibrium points and Mo < 0. Further we have dydy < 0, dads > 0,
dsdy > 0, dyds < 0 and dgd; > 0 so the number of the sign changes is at least three, i.e. —f(—y)
has no negative real roots. Hence the vector field (4) has no finite equilibrium points different
from ¢12.3. We obtain that the global phase portrait in the Poincaré disc is topologically
equivalent to the phase portrait 1.39 of Figure 2.

(ii.2.2) Assume that ag; # 0. We consider the discriminant sequence
(34) {d1ds, dyds, d3ds, dads, dsds, dedr, drds, dsdo}
associated to
— f(=y) = a21(agy — 9b33) + avz(agy — 2a03a21 — 4a3; — gs)y
— (3a2,a03 — adzas1 + 4ad,a3, — 4apzad; — 4ay, — agsbis + 30a3,b3,)y>

+ apa Misy® — Moy,
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from (31), and we have
dy =My,  dy=4M3,  d3=apM:M;,  di=M3iMy,
(35) ds = M22M117 dg = 2M22]\7127 d7 = *2002M22M137 dg = 4b33M22M14,
d~9 = 4a21(a(2)2 - 9bg3)b83M§M14,
where
Mm :3a32a33 + 8a83a21 + 16a%2a(3)3a31 + 64(133@31 + 40(1(2)2a(2)3a‘211 + 192(133@52’1 + 64a%2a03agl
+ 256a35a5, + 48a3,a5, + 128ag3ay; + T2a53ba5 + 216a3,a25a01b35 — 240a3,a3,b35
— 384a2,a03a5, b5 — 1888a2,a5, b2 — 608a2,a5,b2; — 2368ag3a5,bas — 25645, b2,
— 1296a2,a03by3 — 2160a35a01b55 + 2160a2,a3, b5 + 792a03a5, bas + 3648a5,bys
+ 3888a03b5; — 1296043, bS5,
My, =3a8ya03a21 + dafza3; + 16agyagza3; — 8agyadsas, + 48adzas, + 12adyag;a3,
— 48(132(133@?1 + 240a33a§1 — 64a(2)2a83a;1 — 96a32a03a§1 + 640a§3a§1 — 112a(2)2a(2)3a21
— 64ag,a) + 960a3,a30 + 768035032 4 64a2,al3 + 256a03ait — 54ad,ad,b3,
— 216ag,a03021b53 + 72003021053 + 54agya55a5,bgs + 216a55a53a3, bs + 92ag3a3, b,
+ 1368a2,a5,a5, b2 + 1152a0,a03a5,ba — 1376ag;a5, b3 + 2848a2,a25a5, b2,
+ 73605505, b25 — T168a35a5,b25 4 1024a2,a03a5,b25 — 11904a2,a9,b35 — 992a2,a30b2,
— T168ap3a31bas — 51203303, + 1458a05a2,b0s + 324a5,b5s + 162002055021 b5
— 3888ag,a03a3,bis — 3240ag;a3,bys — 18144a2,a2,a3, b5 — 3240a5,a5, b,
— 4320a3,a3,b35 — 15984a2,a03a5,bgs + 3475202505, b3, + 4416a2,a3, b5,
+ 61248ag3a5,by5 + 11136a30b8, — 7290a3,a2,b0; + 5832a0,a21b5; — T776a3,a01b5,
+ 69984a2,a03a3, bS5 + T7760a2,a3,05; + 3240a2,a3,b5; — 148608ag3a3,bS;
— 80640a5,b3; + 17496a2,b5, — 52488a2,a21 b5 — 116640ag3a3,b5; + 19440043, by,
My =aya0303) + 40500303, + 4ag3a3; + 4agyagzas, + 32agyad3a3, + 64agyagzal,
+ 64agzal; + 32afyaizad; + 304agyafzad, + 368agyagzad, + -
Mys =agyap3a3; + 4agyagzaz; + 4agyay, + 4agyagzad; + 34agyagzas; + T2agyagzas,
+ T2a03a8, + 40afyagzad, + 368agyagzad; + 496agyagzas; + - -
My =agyay + 6agyagsa01 + 4afzaz + 128508303, + 3603505503, + 8afyad, + 96ad,a8sa8,
+ 48aS,a3, + 80ad,a03a3, + 252a3a55a3, + -+ .
Since the sequence associated to —f(—y) is very completed, it is not easy to analyze all

RSL. We consider the following two subcases as; > 0 and ag; < 0 in order to study the phase
portraits of vector field (4).

(ii.2.2.1) Assume that ag; > 0. From the previous analysis we know that the vector field (4)
has no cusps.

(ii.2.2.1.1) We consider the vector field (4) has eight infinite nodes A; and B; (i = 1,2,3,4),
i.e. the vector field (4) satisfies condition I. Since M> < 0 we obtain that the polynomial
—f(—y) has four distinct negative real roots if and only if the RSL of (32) is [1,1,1,1,1,1,1,1],
which cannot be obtained varying the parameters agz, as1, aps and boz by solving the inequality
didiy1 > 0, i.e. M7 < 0and Mig11,12,13,14 > 0. And the polynomial — f(—y) has three distinct
negative real roots if and only if the RSL of (32) is [1,1,1,1,1,1,0,0], which also cannot be
obtained. Therefore the polynomial —f(—y) has at most two negative real roots. By the
symmetry the vector field (4) has at most four additional finite equilibrium points different
from g1 2,3.
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FIGURE 12. (a) A center-heteroclinic loop; (b) A chain-heteroclinic loop.

From the previous analysis we obtain that the known infinite and finite equilibrium points
have total index 10. Hence the total index of the remaining finite equilibrium points must be
—8, i.e. they are four saddles g4 5,6,7. Then we obtain that the global phase portraits in the
Poincaré disc are topologically equivalent to the phase portraits 1.19-1.21 of Figure 1.

(ii.2.2.1.2) We consider the vector field (4) has four infinite nodes, i.e. the vector field (4)
satisfies one of the conditions III, VI and IX. Since My > 0 we have C,lvld; < 0 and (786[9 > 0,
so the RSL of (32) can not be [-1,—1,—1,—1,—1, -1, —1, —1]. Hence the polynomial —f(—y)
has at most three negative real roots. By the symmetry the vector field (4) has at most six
finite equilibrium points different from ¢; 2 3.

From the previous analysis the known infinite and finite equilibrium points have total index
6. Hence the total index of the remaining finite equilibrium points must be —4, i.e. they
are either two saddles, or four saddles and two centers. Similar to the subcase (ii.2.1.1) the
global phase portraits in the Poincaré disc are topologically equivalent to the phase portraits
1.10-1.12 of Figure 1 and 1.43-1.45 of Figure 2.

(i1.2.2.1.3) We consider the vector field (4) has no infinite equilibrium points, i.e. it satisfies
condition XIV. We find that —f(—y) has no negative real roots, by the symmetry the global
phase portrait in the Poincaré disc is topologically equivalent to the phase portrait 1.39 of
Figure 2.

(ii.2.2.2) Assume that agq < 0.

(ii.2.2.2.1) We consider the vector field (4) has four infinite nodes, i.e. it satisfies condition
V or VIIIL. The polynomial —f(—y) has at most four negative real roots, then the vector field
(4) has at most eight finite equilibrium points different from ¢y 2 3. From the previous analysis
the known infinite and finite equilibrium points have total index 10. Hence the total index of
the remaining finite equilibrium points must be —8, i.e. they are either four saddles, or four
saddles and two cusps, or six saddles and two centers.

When the remaining finite equilibrium points are four saddles q4 5,67 we can obtain the phase
portraits 1.16-1.18 of Figure 1.

When the remaining finite equilibrium points are four saddles g456,7 and two cusps gg g9 =

(‘?00237 2;)221 ), the global phase portraits in the Poincaé disc are topologically equivalent to the

phase portraits 1.46 of Figure 2, which can be realized when az; = —1, ags = 2/3, bps = —1
and age ~ —3.415651.

When the remaining finite equilibrium points are six saddles g4 56,789 and two centers
¢10,11, the local phase portraits at all equilibrium points of the vector field (4) are topologically
equivalent to the one of Figure 9(a). We can obtain the global phase portraits 1.13-1.15 of
Figure 1.

On the other hand, if the saddles gs4,6,8,9 are on the boundary of the period annulus of the
centers qi 210,11, respectively, creating four center-loops. Then the saddles g5 7 must be on the
boundary of the period annulus of the center g3, creating a heteroclinic loop. The global phase
portrait is topologically equivalent to 1.47 of Figure 2.

From the phase portrait 1.13, which can be realized when as; = —1, agz = 2/3, bpz = —1
and agy = —3.43, to the phase portrait 1.47, which can be realized when agy = —1, ags = 2/3,
bos = —1 and age = —3.42, it follows by the continuity of the phase portraits with respect to
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the parameters the existence of the phase portrait 1.48 of Figure 2, which can be realized when
az1 = —1, ags = 1, bps = —0.1 and age = —3.4217. In fact the saddle g4 is on the boundary
of the period annulus of the center ¢;, and the saddles g4 g are on the boundary of the period
annulus of the center ¢y, they create a center-heteroclinic loop, see Figure 12 (a).

If the saddles g46.89 are on the boundary of the period annulus of the centers i 210,11,
respectively, they create four center-loops. Then the saddles g5 7 must be on the boundary
of the period annulus of the center g3, and they create a heterclinic loop. The global phase
portrait is topologically equivalent to the phase portrait 1.49 of Figure 2, which can be realized
when a1 = —0.4, aps = 061, bog = —0.01 and ap2 — —1.

If the saddles g4, are on the boundary of the period annulus of the centers ¢ 2, respectively,
they create two center-loops. The saddles g5 7 can be on the boundary of the period annulus of
the centers ¢3,10,11, they create a homo-heteroclinic loop. Then one attracting and one repelling
separatrices of the saddle gg connect with the ones of the saddle gg. This global phase portrait
is topologically equivalent to the phase portrait 1.51 of Figure 2, which can be realized when
as1 = —0.417 aps = 061, bog = —0.01 and ap2 = —1.

From the phase portraits 1.49 and 1.51 it follows by the continuity of the phase portraits
with respect to the parameters the existence of the phase portrait 1.50 of Figure 2, which can
be realized when as; ~ —0.406, ags = 0.61, bp3 = —0.01 and age = —1. In fact the saddles
gs,7 are on the boundary of the period annulus of the center g3, simultaneously, the saddles
¢s,8 are on the boundary of the period annulus of the center gi9, and the saddles g7 9 are on
the boundary of the period annulus of the center ¢11, they create a chain-heteroclinic loop, see
Figure 12 (b).

(ii.2.2.2.2) We consider vector field (4) has no infinite equilibrium points, i.e. it satisfies
one o~f£he conditions XVI, XVII and XIX. Since My < 0 and as; < 0 we have glc,l; >0
and dgdg < 0, the number of the sign changes of this RSL is at least one. Then —f(—y) has
at most three negative real roots. By the symmetry the vector field (4) has at most six finite
equilibrium points different from g; 2 3. Similar to the subcase (ii.1.2.2.3), the total index of the
known infinite and finite equilibrium points is 6, we have that the remaining finite equilibrium
points are either two saddles, or four saddles and two centers.

When the remaining finite equilibrium points are two saddles g4 5 the global phase portrait
in the Poincaé disc is topologically equivalent to 1.24 of Figure 1.

When the remaining finite equilibrium points are four saddles g45,6,7 and two centers gg 9
the global phase portrait in the Poincaré disc is topologically equivalent to the phase portrait
1.52 of Figure 2.

TABLE 6. The conditions for the phase portraits of the vector field (4) with
ao3boz Mz # 0.

Conditions Phase portraits

2,/6a3 2,/6a3
1 <oy < Vo2t R[M,2] < aps < R[M3,3] | 1.19-1.21

2./6a3 2,/6a3
LT 2L or bog < — Y2 ags > R[Mr, 1]; 1.10-1.12, 1.43-1.45
a1

2./6a3 2./6a3
2L <oy < V2L R[M7, 1] < ags < R[Ms, 2]

or aps > R[Ma2, 3];
R[MQ, 1] < ap3z < R[]\477 1]

ao3 < R[M>, 1] 1.39

aos > 3bos ¥/2bos 1.10-1.12, 1.43-1.45
a21 =0 [740272 3bos /2603 1.39

R[M2,1] < ao3 1.13-1.18, 1.47-1.51
az1 <0 792 ;

aps = — 2032005 302, 4 8a3, — 27b3; = 0 1.46

ao3 < R[Ma,1] 1.24,1.52
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In summary we have the following result.

Theorem 3.5. When agsbpsMs # 0 the phase portraits of the continuous piecewise Zo-
equivariant cubic Hamiltonian vector field (4) are topologically equivalent to one of the 24
phase portraits showed in Figures 1 and 2. The corresponding conditions realizing these phase
portraits are given in Table 6.
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