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Abstract One of the classical and difficult problems
in the theory of planar differential systems is to classify
their centers.Herewe classify the global phase portraits
in the Poincaré disk of the class continuous piecewise
differential systems separated by one straight line and
formed by two cubic Hamiltonian systems with nilpo-
tent bi-center at (±1, 0). The main tools for proving
our results are the Poincaré compactification, the index
theory, and the theory of sign lists for determining the
exact number of real roots or negative real roots of a
real polynomial in one variable.
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1 Introduction and statement of the main results

The problem of distinguishing focus and center in the
qualitative theory of planar differential equations is

T. Chen (B) · S. Li
School of Statistics and Mathematics, Guangdong
University of Finance and Economics, Guangzhou 510320,
People’s Republic of China
e-mail: chenting0715@126.com

S. Li
e-mail: lism1983@126.com

J. Llibre
Departament de Matemàtiques, Universitat Autònoma de
Barcelona, 08193 Bellaterra , Barcelona, Catalonia, Spain
e-mail: jllibre@mat.uab.cat

known as the center-focus problem. This classical prob-
lem started investigation by Poincaré [43,44] in 1881
and Dulac [20] in 1908, and nowadays the center-focus
problem remains as one of main subjects in the quali-
tative theory of planar polynomial differential systems.

We say that a singular point p of a planar differential
system is a center if it has a neighborhood U filled
with periodic orbits with the unique exception of this
singular point.

If a planar polynomial differential system has a lin-
ear type center or a nilpotent center or a degenerate
center at the origin of coordinates, after making a time
rescaling and a linear change of variables, this differ-
ential system can be written as
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+ ( f (x, y), g(x, y)), (1)

respectively. Here the dot denotes derivative with
respect to time t , and f (x, y) and g(x, y) are real poly-
nomials without constant and linear terms.

The center-focus problem for quadratic polynomial
differential systems has been solved, see [6,7,20,29,
30,45,52]. There are partial results in the classification
of the centers for cubic polynomial differential systems,
see for instance [15,38,49,53–55], but the center-focus
problem for general cubic polynomial differential sys-
tems still remains open.

Recently Colak el at. [17,18] studied the phase por-
traits of some cubic Hamiltonian differential systems
with a linear type center or a nilpotent center at the
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