
Physica D 413 (2020) 132673

Contents lists available at ScienceDirect

Physica D

journal homepage: www.elsevier.com/locate/physd

Periodic orbits of a Hamiltonian system relatedwith the
Friedmann–Robertson–Walker system in rotating coordinates
Claudio Buzzi a, Jaume Llibre b, Paulo Santana a,∗

a IBILCE–UNESP, CEP 15054–000, S. J. Rio Preto, São Paulo, Brazil
b Universitat Autònoma de Barcelona, 08193 Bellaterra, Barcelona, Spain

a r t i c l e i n f o

Article history:
Received 13 June 2020
Received in revised form 18 July 2020
Accepted 31 July 2020
Available online 11 August 2020
Communicated by V.M. Perez-Garcia

Keywords:
Families of periodic orbits
Hamiltonian systems
Generalized Friedmann–Robertson–Walker
Hamiltonian
Averaging theory

a b s t r a c t

We provide sufficient conditions on the four parameters of a Hamiltonian system, related with the
Friedmann–Robertson–Walker Hamiltonian system in a rotating reference frame, which guarantee the
existence of 12 continuous families of periodic orbits, parameterized by the values of the Hamiltonian,
which born at the equilibrium point localized at the origin of coordinates. The main tool for finding
analytically these families of periodic orbits is the averaging theory for computing periodic orbits
adapted to the Hamiltonian systems. The technique here used can be applied to arbitrary Hamiltonian
systems.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction and statement of the main results

In astrophysics the study of the dynamics of the universe is an area where the application of the techniques of the dynamical systems
provide good results, mainly in galactic dynamics, see the articles [1–5] and the references cited therein.

Recently chaotic motion has been detected in the following simplified version of the Friedmann–Robertson–Walker Hamiltonian

H =
1
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b
2
X2Y 2, (1)

introduced by Calzeta and Hasi in [6]. In fact this model is too simplified in order to be considered realistic, but it is interesting due to
its simplicity and for showing the existence of chaos in cosmology, look for more details in [6]. Hawking [7] and Page [8] used analogous
models to analyze the relation between the thermodynamic arrow of time and the cosmology.

A large number of potentials in galactic dynamics are of the form V (x2, y2), see the article [9] and the previous mentioned articles
on galactic dynamics. These potentials show a reflection symmetry with respect to both axes. Then in [10] was studied the following
generalized version of the Calzeta–Hasi’s model
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Y 4. (2)

Following the classical restricted circular three-body problem in which its dynamics is better understand in a rotating frame that
in a sideral frame of coordinates, our objective is to study the dynamics of the generalized version of the Calzeta–Hasi’s model (2) in
rotating coordinates. More precisely, we consider the following generalized version of the Calzeta–Hasi’s model in rotating coordinates
that itself is a simplified version of the Friedmann–Robertson–Walker Hamiltonian

H =
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)
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(
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)
, (3)
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