PHASE PORTRAITS OF HOMOGENEOUS POLYNOMIAL HAMILTONIAN
SYSTEMS OF DEGREE 1, 2, 3, 4 AND 5 WITH FINITELY MANY EQUILIBRIA

REBIHA BENTERKI' AND JAUME LLIBRE?

ABSTRACT. In this paper we determine the phase portraits in the Poincaré disc of five classes of ho-
mogeneous Hamiltonian polynomial differential systems of degrees 1, 2, 3, 4, and 5 with finitely many
equilibria. 'We showed that these polynomial differential systems exhibit precisely 2, 2, 3, 3, and 4
topologically distinct phase portraits in the Poincaré disc.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The centers of the polynomial differential systems of the form

(1) i':_y+Pn(xay)a y:x+Qn(x,y)v

with P, and @, homogeneous polynomials of degree n have been studied for n = 2,3,4 and 5. Then
for n = 2 see [3, 7, 9, 10, 19, 18], for n = 3 see [13, 20], for n = 5 see [5], and for n = 5 see [6]. While
the centers of systems (1) of degrees 2 and 3 have been completely classified, this is not the case for
the centers of degree 4 and 5. Moreover for systems (1) having a center of degree 2 and 3 their phase
portraits in the Poincaré disc have been classified in [18, 19] and in [4], respectively.

In a similar way to the study done for the centers of systems (1) in this paper we classify the phase
portraits in the Poincaré disc of the homogeneous Hamiltonian systems of degree 1, 2, 3, 4, and 5, i.e. of

the systems
 OHy(z,y) . OHu(z,y)

r = ) y: )

oy Ox

where H,(z,y) is a homogeneous polyonomial of degree n for n € {2,3,4,5,6}.

Roughly speaking the Poincaré disc is the closed disc centered at the origin of coordinates of R? of
radius one where the interior of this disc has been identified with R? and its boundary, the circle S' with
the infinity of R2. In the plane we can go to infinity in as many directions as points has the circle S'.
Any polynomial differential system can be extended analytically to the Poincaré disc and in this way
we can study its dynamics in a neighborhood of the infinity. For more details on the Poincaré disc, see
chapter 5 of [8] or subsection 2.2.

In the following theorem we provide the phase portraits in the Poincaré disc of all the homogeneous
Hamiltonian differential systems of degree 1, 2, 3, 4 and 5.

Theorem 1. The phase portraits in the Poincaré disc of the homogeneous Hamiltonian systems with
finitely many equilibria of degree n are given in Figure n, for n =1,2,3,4,5.

Theorem 1 is proved in section 3, 4, 5, 6 and 7.

We note that the phase portraits in the Poincaré disc of other classes of Hamiltonian systems also

have studied for other authors, see for instance [2, 11, 14, 17].
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FIGURE 1. Phase portraits of the homogeneous Hamiltonian systems of degree 1.

(a) (0)

FIGURE 2. Phase portraits of the homogeneous Hamiltonian systems of degree 2.
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(©)

FIGURE 3. Phase portraits of the homogeneous Hamiltonian systems of degree 3.

(a) (0) (¢)

FIGURE 4. Phase portraits of the homogeneous Hamiltonian systems of degree 4.

2. PRELIMINARIES AND BASIC RESULTS

In this section we present some basic results and notations which are necessary for proving our results.
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FIGURE 5. Phase portraits of the homogeneous Hamiltonian systems of degree 5.

2.1. Poincaré compactification. In this subsection we give some basic results which are necessary for
studying the behavior of the trajectories of a planar polynomial differential system near infinity.

Let X(x,y) = (P(z,y), Q(x,y)) be a polynomial vector field of degree n, and we consider its analytic
extension p(X) to S2.

In order to study the extended vector field p(X') on the sphere S? = {y = (y1,v2,y3) € R® : y? +
Y3 +y3 = 1} we use the six local charts given by U, = {y € S : yr. > 0}, Vo = {y € S? : yp < 0}
for k = 1,2,3. The corresponding local maps ¢, : Uy — R? and 9 : V3, — R? are defined as ¢x(y) =
V(YY) = (Ym/Yk, Yn/yr) for m < n and m,n # k. We denote by z = (u,v) the value of ¢ (y) or i (y)
for any k, such that (u,v) will play different roles depending on the local chart we are considering.

After a scaling of the independent variable in the local chart (Uy, F}) the expression for p(X) is

1 1 1
T R ]
v v v v v v

in the local chart (Us, F3) the expression for p(X) is

e () 2] ool
v v v v v v

and for the local chart (Us, F3) the expression for p(X) is
4= Pu,v), 0=Q(u,v).

The singular or equilibrium points on the circle of infinity of the Poincaré disc are called the infinite
singular points. Of course, the singular points in the interior of the Poincaré disc are called the finite
singular points.

To study the singular points at infinity we have to study the infinite singular points of the chart U; and
the origin of the chart Us, because the singular points at infinity appear in pairs diametrically opposite.

For more details on the Poincaré compactification see Chapter 5 of [8].

2.2. Phase portraits on the Poincaré disc. In this subsection we are going to see how to characterize
the phase portraits in the Poincaré disc of all the homogeneous Hamiltonian systems of degree 1, 2, 3, 4,
and 5.

The separatriz of p(X) are all the orbits of the circle at the infinity, the singular or equilibrium points,
the limit cycles and the orbits which lie in the boundary of a hyperbolic sectors.

Neumann [15] proved that the set formed by all separatrices of p(X); denoted by S(p(&X)) is closed.

The open connected components of D? \ S(p(X)) are called canonical regions of p(X): We define a
separatriz configuration as the union of S(p(X)) plus one orbit chosen from each canonical region. Two
separatrices configurations S(p(X)) and S(p(Y)) are topologically equivalent if there is an orientation
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preserving or reversing homeomorphism which maps the trajectories of S(p(X)) into the trajectories of
S(p(Q))-
The following result is due to Markus [12], Neumann [15] and Peixoto [16].

Theorem 2. The phase portraits in the Poincaré disc of two compactified polynomial differential systems
p(X) and p(Y) with finitely many separatrices are topologically equivalent if and only if their separatriz
configurations S(p(X)) and S(p(Y)) are topologically equivalent.

2.3. Homogeneous polynomial Hamiltonian systems. It is well known that the flow of the Hamil-
tonian systems in the plane preserves the area (see for instance [1]). Also it is known that the local phase
portrait of any equilibrium point of an analytic planar differential system is either a focus, or a center, or
a finite union of hyperbolic, parabolic and elliptic sectors (see for instance [8]). So any equilibrium point
of a planar polynomial Hamiltonian system is either a center or a finite union of hyperbolic sectors.

In order to do the phase portrait in the Poincaré disc of a planar homogeneous polynomial Hamiltonian
system, first we must determine the real linear factors of the Hamiltonian of the system. These linear
factors provide invariant straight lines through the origin of coordinates, the endpoints of these straight
lines are the infinite singular points of the homogeneous polynomial Hamiltonian systems. Moreover,
these straight lines separate the Poincaré disc in sectors, with a vertex at the origin of coordinates, and
in each one of these sectors we have a hyperbolic sector. If the homogeneous Hamiltonian has no real
linear factors, then the origin of coordinates is a center.

3. PROOF OF THEOREM 1 FOR n =1

Without loss of generality we assume that all the homogeneous Hamiltonian systems that we consider
have their infinite singularities in the local chart Uy, if this is not the case doing a rotation we are in the
case.

We consider the linear homogeneous Hamiltonian system
(2) &= —br —2cy, y=2ax+ by,
where a, b, ¢ and d are real parameters. This system has the Hamiltonian function Hy(z,y) = ax?® +
bxy + cy?.
We know that the singular points at infinity for any polynomial differential system
&= P(z,y), §=0Q(y),

occur at the points (z,y,0) on the equator of the Poincaré sphere satisfying zQ,(z,y) — yPn(z,y) = 0,
see chapter 5 of [8]. In particular for the homogeneous Hamiltonian system (2) of degree 1 they occur at

z(2az + by) — y(—bx — 2cy) = 2Ha(x, y).

Then to study the infinite equilibrium points of such differential system we have to compute the real
linear factors of the homogeneous Hamiltonian polynomial Hs(x,y), which has three different kind of
linear factors summarized in the following cases.

In the proof of Theorem 1 for all the degrees we shall assume that the values r; # 0, 8i # 0, r; # 75,
withi=1...,6,i%j, and k= 1,2,3.
I. If Hy(x,y) has two real linear factors (x —ri1y)(x —ray) with r1 < rg, so Ha(z,y) = a(x —r1y)(z—
roy) and system (2) becomes
(3) = = xz(ary + arg) — 2arir2y, Y= —ay(ry +re) + 2az,

it is clear that this system has a hyperbolic saddle at (0,0) with eigenvalues +a(r; — r2).
In the chart Uy system (3) becomes

= 2a(riu—1)(rqu — 1),0 = —a(ry + ro — 2ryrau)v.
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This system has a stable and an unstable hyperbolic node at (1/r1,0) and (1/rq,0), with eigen-
values 2a(rqy — 12), a(ry — ro) and 2a(re — 1), a(re — r1), respectively. Then its phase portrait is
given in Figure 1(a).

II. If Hy(x,y) has two linear complex factors 22 — 2axy + (a? + 82)y?, so H(x,y) = a(x?® — 2axy +
(a? + 3%)y?), and system (2) written as
(4) T = 2aax — ay (2a2 + 252) , ¥ =2ax — 2aqy.
This system has a center at (0,0) with eigenvalues +2a3i. In the chart Uy system (4) becomes
i =2a((®+ B*u® —20u+1),0 =2av (—a + (a® + f*)u) .
This system has no singularities, and its phase portrait is given in Figure 1(b).

1. If Hy(x,y) has a double real linear factor x — 71y, so H(x,y) = a(z — r1y)?. In this case system
(2) becomes

z=2r(z—ry), Y=2x—ry).
This system has the straight line x — ryy = 0 filled of singularities, so it is not the subject of
study of our paper.

This completes the proof of Theorem 1 for n = 1.

4. PROOF OF THEOREM 1 FOR n = 2

In this section we are interested in studying the quadratic homogeneous Hamiltonian systems with
finitely many equilibria that can be written as

(5) i = —bx® — 2cxy — 3dy?, ¥ = 3ax?® + 2bxy + cy?,

with a, b, ¢ and d real parameters. Its corresponding Hamiltonian function is Hs(z,y) = ax® + b’y +
2 3
cxy”® + dy°.

The infinite singularities of this system are determined by the real linear factors of zy — y& =
—3Hj3(x,y), which can have four different kinds of linear factors. Where we shall see that in the next
cases I and II the system has a finitely many equilibria, while in the last cases III and IV it has infinitely
many equilibria and we do not study them.

I. If Hs(x,y) has three simple real linear factors (z — r1y)(x — roy)(x — rsy) with r1 < ro < rs, so
Hs(z,y) = alx — r1y)(x — r2y)(z — r3y). In this case system (5) becomes

(6) @ = (ry + 1o +1r3)x2 +2(—r179 — 7173 — ror3)TY + 3r1773Y2,
y =322 —2(ry + 1o +1r3)xYy — (=112 — T3 — T973)Y>,

which has one finite singularity at the origin of coordinates. In the chart U; system (6) writes

4= =3(—1+mru)(—1+rou)(—1+ rsu),

V= —v (r1 + 1o+ 13— 2(rire + 2rirs + 2rorg)u + 3r1r27"3u2).
This system has three hyperbolic nodes at (1/r1,0), (1/72,0) and (1/r3,0) with alternative kind of
stability because their corresponding eigenvalues are 3(ro—r1)(r1—r3)/r1 and (ro—ry)(r1—r3)/r1,
3(r1—ra)(roa—r3)/re and (ro—r1)(re—rs)/r1, and 3(ry —r3)(rs —ra)/r3 and (rg—r1)(rs—r2)/r
respectively. Then the phase portrait is given in Figure 2(a).

II. If H3(z,y) has one simple real linear factor x — r1y and two complex linear factors 2 — 2azy +
y? (@ + B?), so Hs(z,y) = a(z — r1y)(z? — 2azy + y2 (o® + B?)), and system (5) becomes

i = 220+ 14) — 20y (0 + B + 20m1) + 392 (a + ) .
y=—2xy(2a+r1) +y* (0 + B2 + 2ar;) + 322,
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which has one singular point at the origin of coordinates that we can determine its local phase
portrait by determining the local phase portrait of the infinite singularities. In the chart U
system (7) written as

= —=3(=1+ru)(l - 2ua+ (a? + B?)u?),
V= —v(2a+3r1 (a2+ﬂ2)u2—2(a2+ﬁ2+2ar1)u+r1).
The only singularity of this system is (1/r;,0) which is a node with eigenvalues —3(a? + 8% +
r? — 2ary)/r1, and —(a? + 3% +rf — 2ar;)/r1. So its phase portrait in Figure 2(b).
ITI. If H3(x,y) has one double real linear factor  — r;y and one simple real linear factor x — roy with
r1 < re, then Hs(z,y) = a(z — r1y)?(z — ray), and system (5) can be written as
= (x—ry)((2r1 + ro)x — 3riray),
y=(x—r1y)Bz — (r1 + 2r2)y).
In this case the system has infinitely many singularities on the straight line x — ryy = 0.

IV. If Hs(z,y) has one triple real linear factor (z — r1y)?, so Hz(x,y) = a(x — r1y)3. In this case
system (5) can be written as

& =3r(z—ry)?, yg=3-ry?
As in the previous case this system has the straight line  —ryy = 0 filled with equilibrium points,

So we ignore it.

This completes the proof of Theorem 1 for n = 2.

5. PROOF OF THEOREM 1 FOR n = 3

In this section we are interested in studying the cubic homogeneous Hamiltonian systems with finitely
many equilibria given by

(8) i = =202y — 3cay? — da® — dey?, y = dax® + 2cxy® + by + 3dz?y,
where a, b, ¢, d and e are real parameters. Its corresponding Hamiltonian function is Hy(x,y) = az* +
bay® + ca?y? + day + ey

The infinite singularities of this system are the real linear factors of xy — y& = —4Hy(z,y), which can
have nine different kinds of linear factors.

L. If Hy(z,y) has four simple real linear factors (x — r1y)(z — roy)(x — r3y)(z — ray) with r1 < re <
rg < r4, 80 Hs(x,y) = a(x — my)(z — ray)(z — r3y)(xr — ray). In this case system (8) becomes

&= a3(r1 4712 +rs+ra) +202y(—rire — TiT3 — T4 — roT3 — roTy — T37T4)
() +3zy?(rirers + rirars + Tirsry + rarsry) — 4rirersryy®,
y= —3a?y(ri +re+rsg+rs) — 2y*(—rire — rirs — rirq — ror3 — ror4 — T3ry)

—y3(r1rars + rirers + T1r3rs + rorary) + 423,

this system has one finite singularity at the origin of coordinates. In the chart U; system (9)

written as
0= 4(=1+riu)(—1+rou)(—1 + rsu)(—1 + rqu),
V= 7’0(77‘1 — 79— 173 —7T4+ (27’17”‘2 + 27”‘1’)”3 + 27”‘27‘3 + 27’17’4 + 27‘27’4 + 27’37”‘4)11,

+(=3r17ror3 — 3r1mory — 3117374 — 3rorzry)u® + 4rirorsriud).

This system has four hyperbolic nodes (1/r1,0), (1/r2,0), (1/73,0) and (1/74,0) with eigenvalues
(4(ro—711)(r1—73)(r1—74))/r? and (ro—11)ry —r3ry —74) /72, (4(r1 —72) (2 —73)(ro —74)) /75 and
(r1—r2)(rg —73)(ra —74) /73, (A(r1 —73)(r3 —r2)(r3 —74)) /75 and ((r1 —r3)(rz —r2)(r3 —74)) /73,
and (4(rqy — rq)(ra — r2)(ra — 73)) /7% and (r1 — rq)ry — rory — r3)/73, respectively, and these
singularities have alternate kind of stability. The phase portrait is given of Figure 3 (a) .
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If Hy(x,y) has two simple real linear factors (z — riy)(x — ray) with 71 < ro and two complex
linear factors 2% — 2axy + y2 (a? + 2), so
Hy(z,y) = a(z — ry)(z — ray) (2% — 202y + y? (o + ?)), and system (8) takes the form

= 23Q2a+r +ry)+22% (—a2 — 8% — 201 — 1Ty — 2047“2) + 3zy° (a2r1 + 5%ry
+2aryry + ary + ﬂ2r2) + 493 (a2(—r1)r2 — ﬂ27"17‘2) ,

y= —32%y(2a+ry +1ry) — 229> (7042 — 8% —2ar, —rire — 2ar2) — 3 (a2r1 + 5%
+2ar1rs + a?ry + B2ry) + 423,

This system has one finite singularity at the origin of coordinates. In the chart U; system (10)
writes

= 4(riu—1)(rou—1) (a®u?® + f2u? — 20u + 1),
0= v(—2a+ud (4a2r1r2 + 452r1r2) —u? (3a2r1 +3B%r; + 6ariry + 30y + 3627“2)
+u (2042 + 282 + dary + 2rirs + 4ar2) —T1 —7T2).

It is easy to show that this system has two nodes with alternate kind of stability at (1/r1,0) and
(1/rg,0) with eigenvalues (4(ro—r1) (a2 + B2 +ri— 2047“1))/7"% and ((ro—71) (a2 + B2 47?2 - 2047"1))/7‘%,
and (4(r1 —r2) (0? + 8% + 73 — 2ar3))/r3 and ((r1 —r2) (0 + % 4 r3 — 2ar2))/r3, respectively.

See its phase portrait in Figure 3(b).

If Hy(z,y) has four complex linear factors (22 — 201y + y* (0 + B1)) (22 — 2002y + y*(03 + 53)),

S0

Hy(w,y) = a (2* — 2002y + y* (o] + B7)) (2% — 2000y +1°(a3 + 7)) -

In this case system (8) becomes

= —a (2y (a% + 5%) — 2a1x) ((x —aoy)? + 5221,/2) —a ((f —a1y)? + 5%3/2)
(2y (a% + ,B%) — 2a2x) ,
g= 2a((z—asy) ((x —a1y)® + B3y?) + (x — ary) ((x — a2y)? + B34?)) .

This system has one finite singularity at the origin of coordinates. In the chart U; system (11)
has no singularities. Thus the phase portrait is given in Figure 3(c).

If Hy(z,y) has two double complex linear factors (x2 — 2azy + y*(a? +B2))2, so Hi(z,y) =
a(2? = 2azy + y?(a® + 62))2, and its corresponding Hamiltonian system also has the phase por-
trait given in Figure 3(c).

In the following cases V, VI, VII, VIII, and IX we will see that system (8) has infinitely many
singularities, which are not the subject of our work.

If Hy(z,y) has two double real linear factors (x — r1y)?(z — r2y)?, so the Hamiltonian has two
straight lines x — ryy = 0 and = — roy = 0 filled of singularities.

If Hy(z,y) has one double real linear factor (z —r1y)? and two simple linear factors (x —roy)(z —
r3y), then the Hamiltonian system has the line  — ryy = 0 filled of singularities.

If Hy(x,y) has one triple real linear factor (x — r1y)?® and one simple real factor (x — 72y), then
the Hamiltonian system has infinitely many singularities at x — ryy = 0.

If Hy(z,y) has one real linear factor of multiplicity four (z —ryy)*, then the Hamiltonian system
has the straight line  — r1y = 0 filled up with singularities.

If Hy(z,y) has one double linear factor (z — r1y)? and two complex linear factors z? — 2axy +
y? (o + 3?), then the Hamiltonian system has a straight line of singularities  — r1y = 0.

This completes the proof of Theorem 1 for n = 3.
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6. PROOF OF THEOREM 1 FOR n = 4

In this section we are interested in studying the quartic homogeneous Hamiltonian systems with finitely
many equilibria given by

i = —bx* — 2ca®y — 3dx?y?® — dexy® — 5fy?,
(12) S 4 3 2,2 3 4

Uy = baz* + 4bx°y + 3cx*y” + 2dxy” + ey”,
where a, b, ¢, d, e and f are real parameters. Its corresponding Hamiltonian function is
Hs(z,y) = ax® + bty + cx®y? + dz’y® + exy* + f1°.

The infinite singularities of this system (12) are determined by the real linear factors of xy — yi =
—5H5(x,y) that can have twelve different kinds of linear factors. Where we shall see that only the three
cases [, IT, IIT and IV of system (12) have finitely many equilibria, and the remaining cases have infinitely
many singular points.

I. If H5(z,y) has five simple real linear factors (z — r1y)(x — roy)(z — r3y)(x — ray)(x — r5y), with
r1 <ry <rz<ry<rs,s0 Hy(x,y) = a(z — riy)(z — r2y)(x — r3y)(x — ray)(z — r5y), and system
(12) becomes

&= ri+re+r3+ry+rs)rt+203y(—rire — i3 — T4 — 7175 — ToT3 — ToTy — ToTs
—7r31ry — 1375 — T475) + 3x2Yy?(rirars + rirary + r1Tors + 1T3rs + 1173 + 71747
+1ror3ry + Tor3rs + roraTs + r37"47'5) + 4xy3(—7"17'2r37"4 — r1rer3rs — T11rTals — 11137475
—7ror3rars) + 5rirarsrarsy?,

13) .
(13) = —4x3y(ry + 1o+ 13+ 714 +75) + 32%Y%(r1re + 11r3 + r1ra + 105 + ror3 + rory + T2rs
—r37y + 7375 + Tars5) — 22> (11793 + T1rars + r1TaTs + T1TsTy + T1r3Ts + T1TaTs + TaTsTy
+rorars + rorars + r3rars) — Yt (—rirarsry — riraTsrs — rireTars — rirsrarTs
—ror3rars) + 5a?,
This system has one finite singularity at the origin of coordinates. In the chart U; system (13)
writes
= =5(ru—1)(rou—1)(rgu — 1)(rqu — 1)(rsu — 1),
0= —(ri+re+rs+re+rs)v+ (2rire + 2rirs + 2rars + 20174 + 27974 + 27374 + 21175
+2rors + 21375 4 2r4r5)uv + (—3rirors — 3rirery — 3rirsry — 3rarsry — 3rirers
—3r17375 — 3raT3rs — 3r1raTs — 3rarars — 3r3rars)ulv + (4r1rersry + 4r17Tors3Ts
471 79TaTs + AT173TaTs + Arorsrars ) uBv — Sryrersryrsutv.
It is easy to check that this system has five hyperbolic nodes at (1/r1,0), (1/r2,0), (1/r3,0),
(1/r4,0) and (1/r5,0) with alternative kind of stability. See its phase portrait in Figure 4(a).
II. If H5(z,y) has three simple linear factors (x —r1y)(x — roy)(x — ray), with 71 < r9 < rg and two
complex linear factors (22 — 2aBzy + (a? + $%)y?), so
Hj(z,y) = a(z — ry)(z — ray) (@ — r3y)(z° — 2afzy + (o® + 52)y?).
System (12) becomes
= 2*Qa+r +ra+13)+ 2x3y( —a? — B2 =21 — rire — 1173 — 2007 — Tory — 2047"3)
+32%y? (a2r1 + B%r1 + 20179 + rirars + 20173 + 021y + B2ry + 2arars + olrs + 527"3)
T (oz27"17’2 + B%ri7ro + 20 o734+ aPrirs 4+ B2rirs + arors + ﬂ2T27’3)
(14) +5y* (@®rirors + Prirars)

Yy = —4m3y(2a +7r+re+r3)+ 39023/2 (a2 + B2+ 2ar) + rirg + rirs + 200 + o135 + 2047"3)
—2zy° (a2r1 + B%r1 + 2oy + rirers + 2ar1rs3 + o2ry + B2ry + 2arers + o’rs + 527‘3)
—y* (042(71"1)7’2 — B%rirg — 200 oy — @2riry — B2rirs — alrors — [327"27’3) + 5.
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System (14) has one finite singularity at the origin of coordinates. In the chart U; system (14)

written as
= —=5(riu—1)(rau—1)(rsu — 1) (e®u? + f*u* — 2au+1),
0= 2+ 5rirgrsut (a2 + 62) — 43 (0421"17‘2 + B2rire + 2ar1rars 4+ o2rirs

+B2r1r3 + arors + 627'27“3) + 3u? (0427"1 + B%ry + 2ar 7 + rirers + 2073
+a?ry + B2ry + 2arers + a’rs + 627“3) — 2u(a2 + 8% 4+ 2ar; + 1o + 1173
+2ary + rors + 2ar3) +7r1+ 12+ 13,

We can easily verify that this system has three hyperbolic nodes at (1/71,0), (1/r2,0) and (1/r3,0)
with alternative kind of stability. Consequently its phase portrait is given in Figure 4(b).

II. If Hs(z,y) has one simple real linear factor (z — r1y) and four complex factors (z? — 2a17y +
y*(af + B1))(a? — 200zy +y* (a3 + B3)), s0 Hs(2,y) = a(z —r1y)(2® — 2012y +y*(af + B1)) (? —
2007y + y* (a3 + 7)), and system (12) becomes

&= —a(r —ry)(2y(ef + 7) — 2a12)((z — a2y)” + B3y?) — (z — ry) (& — a1y)® + Biy?)
(2y(a3 + B3) — 200@) + 11 ((x — ony)? + B1y*) ((x — a2y)? + B3y%)),

g= a2 —ry)(@ - aw)(@® — 2012y +y*(a3 + 7)) + 2(z — r1y)(z — a1y)(a® — 2022y
+y2(0f + 53)) + (2% = 20n2y + y*(af + BY)) (27 — 2a0ay + (03 + 53))).

This system has one finite singularity at the origin of coordinates. In the chart U; system (15)

has one infinite hyperbolic node at (1/r1,0). So its phase portrait is given in Figure 4(c).

IV. If Hs(z,y) has one simple real linear factor (z — r1y) and double complex linear factors (z? —
20y + v (a? + 52))?, so Hs(z,y) = (v — r1y)(2? — 2azy + y*(a? + £2))?, and its corresponding
Hamiltonian system also has the phase portrait given in Figure 4(c).

In the following cases of the Hamiltonian Hs(x,y) the corresponding Hamiltonian system has
infinitely many singular points, and we do not consider them.

V. Hj(x,y) has one double real linear factor and three simple real linear factors.

VI. Hs(z,y) has two double real linear factors and one simple real linear factor.
VII. Hs(z,y) has one triple real linear factor and two simple real linear factors.
VIII. Hs(z,y) has one triple real linear factor and one double real linear factor.
IX. Hs(x,y) has one real linear factor of multiplicity four and one simple real linear factor.
X. Hy(z,y) has one real linear factor of multiplicity five.
XI. Hs(z,y) has one double real linear factor, one simple real linear factor and two complex linear

XII. Hs(z,y) has one triple real linear factor and two complex linear factors.

This completes the proof of Theorem 1 for n = 4.

7. PROOF OF THEOREM 1 FOR n =5

In this section we are interested in studying the quintic homogeneous Hamiltonian systems with finitely
many equilibria given by

& = —bx® — 2caty — 3dx3y? — dex?y® — 5fzyt — 6gy°,

(16) 1y = 6ax® + 5baxty + dexdy? + 3dx?y3 + 2exyt + f1°,

where a, b, ¢, d, e, f and g are real parameters. Its corresponding Hamiltonian function is
He(x,y) = az® + bxdy + cxty? + dz3y® + ex?y* + fay® + gyC.

The infinite singularities of this system (16) are determined by the real linear factors of zy — y& =
—6Hg(z,y) that can have sixteen different kinds of linear factors. Where we shall see that only the four
cases I, 1T, TIT and IV system (16) has finitely many equilibria, and the remaining cases have infinitely
many singular points.
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(18)
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I. If Hg(x,y) has six simple non zero real linear factors (z — r1y)(z — roy)(x — r3y)(z — ray)(x —
rsy)(z — rey), with r1 < 1o <13 <714 <715 <716, 50 He(7,y) = a(x —ry)(x — roy)(x — r3y)(x —
ray)(x — r5y)(x — r6y), and system (16) becomes

II.

= a5(ry+ra+r3+ra+rs+76) + 20 y(—riry — rirs — rira — rirs — rive — ror3

—ToT4 — ToT's — ToTg — T3T4 — T3T5 — 7376 — TaTs — TaTe — T'576) + 3x3y> (117273
+1r1reTa + 717275 + 11726 - T1T3T4 + T1T3Ts + 717876 + T1T4Ts + T1T4T6 + 717576
+1ror3ry + Torsrs + rar3re + Torars + rarave + r2rsre + r3raTs + 137476 + 137576
—|—7“4’I“57“6) + 4.’1?2y3(—7“17“27"37“4 — T17r2Tr3Trys — T1ToTr3rg — I117274Ts — T'11T2T4Te — T'172T57T¢
—Tr1T3T4Ts — T1T3T4Te — 1137576 — T'1T4T5T6 — T2T3T4T5 — T2T3T4T6 — 12737576
—ToTr4TsTe — 7‘31“41"57“5) + 5xy4(r1r2r3r47"5 + r17rer3TaTe + 11273576 + T11T2T4T5T6
+1r173T4T5T6 4 TorsraTsTe) — 6r1rarsrarsrey”,

y= —5x'y(ri+ro+rs+ra+rs+r6) — Ay (—riry — riry — rira — 115 — 176

—Torg — ToTy — Tol's — T'aTg — I'3T'4 — T35 — 376 — T'4T5 — I'4T6 — I'576)
—3x2y3(r1r2r3 + rirory + 11795 + 1T1T2Tg + 117374 + 717375 + 117376 + T1T4TS
+7r17r4r6 + 117576 + r2T3T4 + Tor3Ts 4+ Tor3Tg 4 ToT4Ts + ToT4Te + T2T5Te + 37475
+r3raTe + T3T5T6 + TarsTe) — 20y (—rirarsTy — T1T9T3 s — T1TaT3Te — T1TaT4TS
—T1T2T4Te — T1T2T5T6 — 1737475 — T'1T3T4T6 — 1737576 — T'1T4T5T6 — 12737475
—ToT3T4Te — ToT3T5T6 — T2T4T5T6 — I'3T4T5T6) — y5(7"17‘27“37“47‘5 + T17T2r3T4Te
+7r17ror3r5Te + r1T2T4 5 e + 1173747576 + 7“21“37“47“57“6) + 62°.

This system has one finite singularity at the origin of coordinates. In the chart U; system (17)
writes

6(riu — 1)(rou — 1) (rgu — 1)(rqu — 1) (rsu — 1) (reu — 1),

U(6r1r2r3r4r5r6u5 — 5u4(7’1r27"37’41"5 + r17rer3TraTe + r11T2T3r5Te + r1172T4TsTe + T1T3T4T5T6

+r27"37'4r5r6) + 4u3(r1r27"3r4 + r17rersrs + r17rersre + r1ToTaTs + r1T9T4Te + 1T 56
+1r1T3TATs + T1T3T4T6 + T1T3 5T + T1T4T5 6 + aT3Tars + rar3TaTe + T2r3rsTe + T2rarsTs
+r37“4r5r6) — 3u2(r1r27°3 + r17reT4 + T1T2Ts + T1T2Te + 17374 + 717375 + 717376 + 117475
+7r174r6 + 717576 + T2T3Ty + T2T3Ts + T2r3Te + rerals + ToT4Te + T2T5T6 + T3T4T5 + 137476
+7r3r5re + 7’41"57“6) + 2u(r17’2 +1rir3 +1r1rge + 1175 + 1176 + 1273 + 1214 + T2T5 + 2T + 17374
+7r3rs 4+ r3rg + rars + TaTe +T5T6) — 11 —To — T3 — T4 —T'5 — T6).

It is easy to check that this system has six hyperbolic nodes at (1/r1,0), (1/r2,0), (1/r5,0),
(1/r4,0), (1/r5,0) and (1/r¢,0) with alternative kind of stability. Then its phase portrait is
given in Figure 5 (a).

If Hg(x,y) has four simple real linear factors (z — r1y)(x — roy)(xz — ray)(x — ray), with r; <
ro < 13 < 14 and two complex (22 — 2axy + y?(a? + 5?)), so He(z,y) = a(x — riy)(x — roy)(z —
r3y)(x — ray)(x? — 2azy + y* (o® + 5?)), and system (16) becomes

j;:

25(2a+ry +ro+r3+ry) + 2x4y( — a2 — %2 —2ar; —riry — T3 — 714 — 20070 — ToT3
—Tory — 2Qry — 3Ty — 2ar4) + 31’3y2 (a2r1 + ﬂ2T1 + 2aryrg + r1rorT3 + r17Ters + 200r1 73
+rirsry + 2ar17s + &2ry + B2ry + 2arars + rorsrs + 2arers + ’rs + B2rs 4+ 2arsry
+ary + 521"4) + 4a2y3 (042(—7“1)7'2 — B%riry — 2001 T3 — riTar3Ts — 20001 ToTy — 021173
—B2r1r3 — 2arirary — Q2riry — B2rivy — aPrors — B2rors — 2arersry — 2oty — B2rory
—arary — B2r37’4) + 5yt (a2r17“27’3 + B2rirars + 201 rarsry + a2 rirors + B2rirars
+a?rirsry + B2rirsra 4+ o’rorsry 4 B2rorsry) + 6y° (o (—r1)rarsry — BArirorsry),
—5zty(ry + 1o + 13+ 14 + 15 +16) — 4x3Y?(—r1T9 — TIP3 — P17y — TIT5 — T1TG — ToT3
—Torg — Tors — T2Tg — 1’374 — T'3T5 — T3Tg — T4T5 — T'aTe — 7’57"6) — 33’]2y3(7"17’27’3 —+ r17r2T1
+r1rors + r1rere + r1r3Te + T17375 + r1r3Te + T174r5 + 11746 + 717576 + roT3Ty + T2r3Ts
+1orare 4 ToraTs 4 ToraTe + TorsTe + rarars + r3rare + 137576 + 14T576)
_ny4(_7“17"27“37"4 — T2T3Ts — T1T2T3Te — T1T2T4Ts — T'1T2T4Te — T1T2T5T6 — 1737475
—T1T3T4T6 — T1T3I5T6 — F1T4TsT6 — T23T4Ts — I'aT3T'4T6 — IoT3 5T — T2T4T56 — I'3T4T576)
—y5(r1r2rgr4r5 + r11rer3TaTe + T11T2T3T5Te + T1T2T4T5 e + 117374 5 e + T27‘3T4T57’6) + 625
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System (18) has one singular point at the origin of coordinates. In the chart Uy system (18)

writes
= 6(riu—1)(rou—1)(rsu — 1)(rsu — 1) (a?u? + f*u? — 20u + 1),
0= v(—2a+ 6r1ror3rau’ (a2 + ﬁ2) — but (a2r17“2r3 + B%rirors + 20 rarsry + @2rirery

+B2r1rors 4+ 0Prirary 4+ B2rivsry + alrorsry + ﬁ2r2r37“4) + 4u? (a2r17°2 + B%riro + B2rory
+rirorsry + 201 rory + aPrirs 4+ B2rirs 4+ 2arirsry + o?riry + B2rirs + o?rors + B2rars
+2arorsry + alrory + 2arirors + o2rary + 62T3T4) —3u? (a2r1 + B%r1 + 20119 + 717
+rirory + 20173 + rirsry + 20T + 02y + B2ry 4 2arars + rorsry + 2arery + o’ry
+B8%r3 + 20314 + 0214 + 527"4) + 2u(a2 + B2 4 2ar; + 1o + rirs + 117a + 2090 + rors
+rory + 20r3 + 1374 + 2ar4) —T1— 11 —T3—T4).
It is clear that this system has four hyperbolic nodes at (1/r1,0), (1/r2,0), (1/73,0) and (1/r4,0)
with alternative kind of stability. Its phase portrait is given in Figure 5(b).
III. If He(x,y) has two simple real linear factors (z — r1y)(z — roy), with 71 < ro and four complex
linear factors (22 — 2a12y +y?(a? + 83)) (2% — 200wy +y2 (a3 + 53)), so He(z,y) = a(x —r1y)(z —
roy)(x? — 202y + Y2 (af + B7))(2? — 2aszy + y*(a3 + 53)). In this case system (16) becomes

&= —ale—ry)(r—rw)2yi + B7) - 2012)((x — a2y)® + B3y%) — (x — r1y)(x — ray)
((z = a1y)® + Biy?)(2y(e3 + B3) — 2007) + ra(x — r1y)((z — 0y)® + By?) (@ — azy)?
(19) +B3y°) + (e — ray)((z — a1y)® + Biy?) ((z — aoy)® + B3y°)),

= a2(x—ry)(z—rw)(z— ay)(@® — 2012y + y*(of + B7)) + 2(x — r1y)(z — ray)
(x — aqy) (2 = 2002y + y* (03 + B3)) + (x — riy)(2® — 2012y + 2 (af + 7)) (2 — 2002y
+y* (a3 + 63)) + (z — ray)(2® — 2012y + y* (af + B7))(2® — 200wy + y* (a5 + B3))).

This system has one finite singularity at the origin of coordinates. In the chart U; system (19)
has two hyperbolic nodes at (1/r1,0) and (1/r2,0) with an alternative kind of stability. Its phase
portrait is given in Figure 5(c).

IV. If Hg(z,y) has two simple real linear factors and two double complex linear factors, in a similar
way to III we obtain the phase portrait of Figure 5(c).

VI. If all the linear factors of Hg(x,y) are complex, then its phase portrait is given in Figure 5(d).

In all the other cases different from the cases I to V the homogeneous polynomial Hg(z,y)
has at least one double real linear factor and consequently the Hamiltonian system has infinitely
many singularities.

In summary Theorem 1 is proved for n = 5.
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