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THE CENTERS AND THEIR CYCLICITY FOR A CLASS OF
POLYNOMIAL DIFFERENTIAL SYSTEMS OF DEGREE 7

REBIHA BENTERKI! AND JAUME LLIBRE?2

ABSTRACT. We classify the global phase portraits in the Poincaré disc of the
generalized Kukles systems
T = —vy, g =z + axy® + baly* + cady? + da”,

which are symmetric with respect to both axes of coordinates. Moreover using
the averaging theory up to sixth order, we study the cyclicity of the center
located at the origin of coordinates, i.e. how many limit cycles can bifurcate
from the origin of coordinates of the previous differential system when we
perturb it inside the class of all polynomial differential systems of degree 7.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Two classical and difficult problems of the qualitative theory of planar polyno-
mial differential systems are the characterization of their centers, and the study
of their cyclicity, i.e. how many limit cycles can bifurcate from a center when we
perturb it inside a given class of polynomial differential systems. Of course, this
kind of bifurcation is called in the literature a Hopf bifurcation.

In this work we deal with planar polynomial differential systems of the form

having a center at the origin, being @, (x,y) a homogeneous polynomial of degree
n. As usual the dot in system (1) denotes derivative with respect an independent
variable t usually called the time. Systems of this form were called by Giné [5]
Kukles homogeneous systems.

In 1999 Volokitin and Ivanov [16] conjectured that the systems (1) have a center
at the origin if and only if they are symmetric with respect to one of the coordinate
axes. For n = 2 and n = 3, the authors of the conjecture knew that it holds. Giné
[5] in 2002 proved the conjecture for n = 4 and n = 5. Giné et al. [6, 7] proved the
conjecture for all n under an additional assumption, that the authors believe that
it is redundant.

In this work we consider the class of polynomial differential systems (1) forn =7
which are symmetric with respect to both coordinate axes, i.e.

(2) i=—y, y=x+axy®+ b3yt + ca’y? + da”.
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We note that if we look for the systems (1) which are symmetric with respect to
one of the coordinate axes, we obtain that they are symmetric with respect to both
coordinate axes.

The first main objective of this work is to classify the phase portraits of the
polynomial differential systems (2) in the Poincaré disc. For more details on the
Poincaré disc see for instance the Chapter 5 of [4].

The phase portraits of the centers of systems (1) with n = 2, are known because
are known the phase portraits of all the center of quadratic polynomial differential
systems, see Vulpe [17]. The phase portraits of cubic polynomial differential systems
with a symmetry with respect to a straight line are also known and in particular
those of system (1) with n = 3, see Buzzi et al. [3], see also Malkin [13]; Vulpe
Sibirskii [18] and Zotadek [19, 20]. The phase portraits of systems (1) with n = 4
follows from Benterki and Llibre [2] and Llibre and Salhi [9]. In Llibre and Silva
[10, 11] classified the phase portraits of the systems (1) with n =5, 6.

In order to present the classification of the phase portraits of systems (2) we
write the homogeneous polynomial azy® + ba?y* + cx®y? + dz” of degree 7 which
appears in system (2) into the form

p(z,y) = o(d2® + cay? + bay* + ay®) = 2(dX> + cX?Y +bXY? +aY?),

where X = 22 and Y = 32, Then, according with the different kind of roots
of the polynomial dX? + c¢X2Y + bXY? + aY? we can consider the following 62
cases for the polynomial p(z,y). For the next 14 cases the polynomial p(z,y) is
az(y? — rix?)(y? — r22?)(y? — r32?) with

(I)a>0and 0 <7m <rg <rs,

2) a >0 and rq
3) a>0and r
4) a > 0 and rq
a>0and r
a>0and r
a>0and r

a <0 and r
) a <0 and r
) a <0 andr
) a <0 andr
) a <0 andr
) a <0 and r

(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10
(11
(12
(13
(14

=0<1ry <rs,
<0<ry<rg,
<ro=0<rs,
<re<0<rs,
<ryg <rg=0,
<71y <1z <O,

a<0and 0 <7y <19 <rs,

=0<7“2<7“3,
<0<ry<rs,
<rg=0<rs,
<rg <0< rs,
<rg <rg =0,
<re <rg<O0.

For the next 10 cases the polynomial p(z,y) is az(y? — r12?)(y? — r22?)? with

(15) a >0 and 0 <7 < 19,
(16) a >0 and 1 =0 < ro,
(17) a >0 and 1 <0 < ro,
(18) a >0 and r; <19 =0,
(19) a >0 and r; <719 <0,
(20) a <0 and 0 <7y < 79,
(21) a <0 and r =0 < ro,
(22) a <0 and 1 <0 < ro,
(23) a <0 and r <7y =0,
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(24) a <0 and r <712 <O0.
For the next 6 cases the polynomial p(z,y) is az(y? — riz?)? with

(25) a >0 and 0 < rq,
(26) a > 0 and r; =0,
(27) a > 0 and 1 <0,
(28) a <0 and 0 < 7y,
(29) a <0 and r =0,
(30) a < 0 and r; < 0.

For the next 6 cases the polynomial p(z, y) is az(y? —r12?)(y* —2ax?y*+ (a®+5?)x?)
with

(31) a >0 and 0 < 7y,

32) a>0and r; =0,

3)a>0andr <0,

4) a <0 and 0 < ry,

5)a<0andr =0,

6) a <0 and r <0.

For the next 10 cases the polynomial p(z,vy) is ba®(y? — r12?)(y? — roz?) with
7)b>0and0<r1<r2,
8)b>0and r =0 <y,
9)b>0and r <0 <1y,
0) b>0and r <re =0,
1)b>0and m <ry <0,
2)b<0and 0 <7y <o,
3)
1
5)
6)

(

(3
(3
(3
(3

b<0Oand ry =0 < ro,
b<0Oand r; <0< ro,
b<0Oandr; <ry =0,
b<0andr <ry<O0.
For the next 6 cases the polynomial p(z,y) is bz (y* — r12?)? with

(3
(3
(3
(4
(4
(4
4
(4
(
(

(47) b> 0 and 0 < 7y,
(48) b >0 and r; =0,
(49) b >0 and r; <0,
(50) b< 0 and 0 < rq,
(51) b< 0 and r =0,
(52) b< 0 and m < 0.

For the next 2 cases the polynomial p(z,y) is ba?(y* — 2ax?y? + (a? + 5?)x?) with
(53) b >0,

(54) b < 0.

For the next 6 cases the polynomial p(z,y) is cz®(y? — rix?) with

c¢>0and 0 < ry,

c¢>0andr; =0,

c>0and r; <0,

c<0and 0 <7y,

c<0andr =0,

c<0andr; <0.

For the next 2 cases the polynomial p(z,y) is dz” with

(61) d > 0,

(62) d < 0.

(55)
(56)
(57)
(58)
(59)
(60)
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For a definition of topological equivalence between two phase portraits in the
Poincaré disc see subsections 2.1 and 2.2.

Theorem 1. The polynomial differential systems (2) have 25 topologically non—
equivalent phase portraits in the Poincaré disc. More precisely, the phase portrait
in the Poincaré disc of Figure

is realizable by the case (1
is realizable by the case (2
is realizable by the cases (
is realizable by the case (4);
is realizable by the cases (
is realizable by the cases (
is realizable by the cases (
is realizable by the case (8
9 is realizable by the case (9
10 is realizable by the cases (
11 is realizable by the cases (
(
(

6), (32) and (40);
7), (33), (41), (49) and (53);

0 O U= Wi

12 is realizable by the cases
13 is realizable by the cases , , ,
14 s realizable by the cases (14), (24), (30),
(62);

15 s realizable by the case (1
16 s realizable by the case (1
17 s realizable by the case (1
18 s realizable by the case (2

(2

(2

(

, (50) and (58);
, (45), (51) and (59);
)’ (46); (52); (54); (60) and

19 s realizable by the case
20 is realizable by the case
21 is realizable by the cases
22 is realizable by the case (3
23 is realizable by the cases (
24 is realizable by the cases (
25 is realizable by the cases (57) and (61).
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Theorem 1 is proved in section 3.

The averaging theory described in subsection 2.3 allows to study analytically
the existence of limit cycles of a non—autonomous differential system, by study-
ing the simple zeros of the averaged function fr = fi(r). Here we shall use the
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averaging theory up to sixth order for studying the number of limit cycles which
can bifurcate from the center of system (2) when we perturb it inside the class of
all polynomial differential systems of degree 7. More precisely, we deal with the
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polynomial differential systems

6
T=—y+ Zes Z afjxiyj,
3) s=1  0<i+j<7
6
¥ =+ ary® + bxdy* + cady? + dax” + Z e’ Z bfjxiyj,
s=1  0<i+j<7

where afj and bfj are real parameters, for 0 <i,j <7 and 1 < s <6.
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Theorem 2. For|e| # 0 sufficiently small the mazimum number of small amplitude
limit cycles of the differential system (3) bifurcating from the periodic solutions of
the center (2) is

(a) 0 if the first order average function fi is non-zero,

(b) 0 if f1 =0 and the second order average function fa is non-zero,

(¢) 1 if f1 = fo =0 and the third order average function fs is non-zero,

(d) 14 f1 = fo = f3 =0 and the fourth order average function fy is non-zero,

() 24f f1 = fo = f3 = fa = 0 and the fifth order average function fs is
non-zero,

(f) 2 if fr = fa = f3 = fa = f5 = 0 and the sizth order average function fs is
non-zero.

Moreover, assume that f; =0 for j=1,...,k—1 and fi, #0. Then if T is a simple
zero of fr, the small amplitude limit cycle (x(t,€),y(t,€)) associated to this zero is
of the form (x(t,€),y(t,e)) = e(Fcost,Tsint) + O(g?).

Theorem 2 is proved in section 4.

2. PRELIMINARIES AND BASIC RESULTS

In this section we present some basic results and notations which are necessary
for proving our results.

2.1. Poincaré compactification. Let X = (—y, z+axy®+bax®y* +cax’y*+dy”) be
the planar polynomial vector field associated to system (2). We define the Poincaré
compactified vector field p(X) associated to X as follows (see all the details for
instance [11] or Chapter 5 of [4]).

The Poincaré sphere is defined as S? = {y = (y1,92,y3) € R® 1 2 +y3 +y2 =1}
and its tangent space at the point y € S? is denoted by T,S?. We identify the plane
R? where we have our vector field X with the plane T(O’oyl)Sz. We define the central
projection f : T(07071)SQ — §? as follows: to each point ¢ € T(07071)SQ the central
projection associates the two intersection points of the straight line which connects
the points ¢ and (0,0,0) with the sphere S?>. This central projection gives two
copies of X in S?, one in each hemisphere. Let X’ be the vector field D f o X', which
is defined in S? minus its equator S' = {y € S? : y3 = 0}. The equator S! can be
identified with the infinity of R2. We extend the vector field X’ on S?\'S! to a vector
field p(X) on S? as follows: p(X) is the unique analytic extension of X’ to S%. In
summary, we have two symmetric copies of X on S?\S', and studying the dynamics
of p(X) near S*, we have the dynamics of X at infinity. The Poincaré disc, denoted
by D?, is the closed northern hemisphere of {y € S? : y3 > 0} projected on y3 = 0
under the projection (y1,y2,y3) — (y1,y2).

The infinity S! is invariant under the flow of the Poincaré compactifcation p(X).
Here two polynomial vector fields X and Y associated to systems (1) are topo-
logically equivalent if there is a homeomorphism on S? preserving the infinity S!
carrying orbits of the flow of p(X) into orbits of the flow of p(Y'), either reversing
or preserving the sense of all orbits.
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For computing the analytic expression of p(X) we use the fact that S? is a
differentiable manifold. Thus we take the six local charts U; = {y2 € S? : y; > 0},
and V; = {y2 € S$? : y; < 0} for i = 1,2,3; and the associated diffeomorphisms
F: U — R? and G; : V; — R? for i = 1,2,3 are respectively the inverses of
the central projections from the planes tangent at the points (1,0,0); (—1,0,0);
(0,1,0); (0,—1,0); (0,0,1) and (0,0, —1). The value of F;(y) or G;(y) for some
¢t = 1,2,3 is denoted by z = (z1,22), consequently according to the local charts
under consideration the same letter z represents different coordinates.

After a rescaling in the independent variable in the local chart (Ui, Fy) the
expression for p(X) is

1 1 1
’0} - Un |:—uP (_7 E) + Q <_, E>:| 7 ’[) - —,Un+1P <_, E) ;
v Vv Vv

in the local chart (Us, F3) the expression for p(X) is

e 2)-a(e ] o--ma(2d),
v v v v v v

and for the local chart (Us, F3) the expression for p(X) is
’[LZP(U,U), @ZQ(U,’U).

In the chart (V;, G;) the expression for p(X) is the same than in the chart (U;, F;)
multiplied by (—1)% for i = 1,2,3. We note that the points at the infinity S in any
chart have coordinates (u,v) = (u,0).

The equilibrium points of p(X) which come from the equilibrium points of X
are called finite equilibrium points of X, and the equilibrium points of p(X) which
are in S' are called infinite equilibrium points of X.

We observe that the unique infinite equilibrium points which cannot be contained
in the charts U; U V; are the origins of the local charts Us; and V5. Therefore when
we study the infinite equilibrium points on the charts Us U V5, we only need to
verify if the origin of these charts are equilibrium points.

2.2. Topological equivalence. Two polynomial vector fields X and Y on R? are
topologically equivalent if there is a homeomorphism on the Poincaré sphere S?
preserving the infinity S carrying trajectories of the flow of p(X) into trajectories
of the flow of p(Y'), either preserving or reversing the sense of all trajectories.

Here a separatriz of the Poincaré compactification p(X) is a trajectory which is
either an equilibrium point, or a limit cycle, or a trajectory which belongs to the
boundary of a hyperbolic sector at an equilibrium point, finite or infinity, or any
trajectory contained at the infinity S*. We denote by S(p(X)) the set formed by
all separatrices of p(X). It is known that the set S(p(X)) is closed, see for instance
Neumann [14].

A canonical region of p(X) is an open connected component of S* \ S(p(X)).
The union of S(p(X)) plus one trajectory chosen from each canonical region is
the separatriz configuration of p(X). Two separatrix configurations S(p(X)) and
S(p(Y)) are equivalent if there is a homeomorphism in S? preserving the infinity S*
carrying trajectories of S(p(X)) into trajectories of S(p(Y)), either preserving or
reversing the sense of all orbits.
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Markus [12], Neumann [14] and Peixoto [15] characterized the topologically
equivalence between two Poincaré compactified vector fields as follows.

Theorem 3. Assume that two Poincaré compactified polynomial vector fields p(X)
and p(Y') have finitely many separatrices. Then their separatriz configurations are
equivalent if and only if S(p(X)) and S(p(Y)) are topologically equivalent.

Theorem 3 says that essentially we need to determine the o and the w-limit
sets of all the separatrices of p(X) for obtaining the phase portrait of a Poincaré
compactified polynomial vector field p(X) with finitely many separatrices.

2.3. The averaging theory up to order 6. In this subsection we present some
results on the averaging theory that we shall need for studying the limit cycles
which bifurcate from the center localized at the origin of coordinates of the systems
(2), when they are perturbed inside the class of all polynomial differential systems
of degree 7.

We deal with a non—autonomous differential system
k
(4) i(t) = Z e'F(t,x) + T R(t, x, ),
i=0

where the functions F; : RxD — Rfori=0,1,--- ,kand R: RxDx(—eg,e0) = R
are T-periodic in the first variable and continuous functions, D is an open interval
of R, and ¢ a small parameter. Following the results of [8] we define the functions
y;(t, z) for j =1,2,3,4,5 related to system (13) as

h(t,2) = /tﬂ( 2)ds,

t

ya( / (2F2 8,2) + 20F1(s, 2)y1(s, z))ds
0
ys3( / (6F3 8,2) + 60F5(s, 2)y1(t, 2)
0
+30%F (s, 2)y1(s, 2)% + 30Fy (s, 2) ya(s, z))ds,
¢
ya(t,z) = / (24F4(s,z + 240F35(s, 2)y1(s, 2)
0

)
+1202F5 (s, 2)y1(s, 2)? + 120F5(s, 2)ya(s, 2)
+1282F1 (Sa Z)y1(57 Z)y2(57 Z)

+403Fy (s, 2)y1(s, 2)® + 40Fy (s, 2)ys(s, z)) ds,

¢
ys(t, 2) = / (120F5(s,z) + 1200F4(s, z)y1(s, 2)
0
+6002F3(s, 2)y1(s, 2)? + 600F3(s, 2)ya(s, 2)
+6002Fy (s, 2)y1(s, 2)ya(s, z) + 200° Fa(s, 2)y1 (s, 2)3
+200Fs(s, 2)y3(s, 2) + 2002 Fy (s, 2)y1 (s, 2)ys(s, 2)
+150%F1 (s, 2)ya(s, 2)? + 3003 F1 (s, 2)y1 (s, 2)%ya(s, 2)

+501F1 (s, 2)y1(s, 2)* + 5OF (s, 2)ya(s, z)) ds,



10 R. BENTERKI AND J. LLIBRE

where the k—th partial derivative of the function Fy(s, z) with respect to the variable
z has been denoted by 0% Fy(s,z). From [8] the functions averaged functions f;(z)
forj=1,...,6 are

F1 (t, Z)dt,

|
folz) = /OT (Balt.2) +0F (1 2)on (1. 2))
/

(Pat.2) + 9Pa(t. 2 (1. 2)
1
+5 0Pt 2 (1 2)? + SOF 2 z))dt,
T
fa(z) = / (Fa(t,2) + 0Fs(t, ) s, 2)
0
1
O?Fa(t, )y (t, 2)* + §8F2(t, 2)ya(t, z)
1.
+50° Rt 2)ya(t, 2)a(t, 2)dt + L0 FL(E, 2 (s 2)°
1
+GOF 2yl 2) ) dt,
4 1
e = [ (Ft) 4 0R 2 0,2) + 5O Falt (e, 2
0
1 1
+58F3(ta Z)yZ(tv Z) + 582}72 (tv Z)yl(ta Z)yZ(ta Z)
1. , 1
+683F2 (tv Z)yl (tv 2)3 + gaFZ(ta Z)yB(ta Z)
1 1
+5 PR 2yt 2)ys(t 2) + SR 2)ye(t 2)?
1 1
+70° Pt 2y (8 2) (b 2) + 570 it )y (8, 2)*
1
+570F(t 2)yat, =) ) dt,

folz) = /0 : (Fg(t, 2) + OF5(t, 2)yu(t, 2) + %8F4(t, 2yt 2)
+%82F4(t, 2y (t, 2)% + %8F3(t, 2)ys(t, z)
+%82F3(t, 2)y1(t, 2)ya(t, 2) + éa3Fg(t, 2)y1(t, 2)3
+2—148F2(t, 2)ya(t, z) + %82F2(t, 2)y1(t, 2)ys(t, 2)
+%83F2(t, 2)y1(t, 2)2ya(t, 2) + éazFQ(t, 2)ya(t, 2)?

1 1
+510 et 2t 2)" + 5 0F (6 2)ys( 2)
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+5,9 Fui(t, 2)ya(t, 2)yalt, 2) + 3% Fi(t, 2)ya(t, 2)ys(t, 2)
1 1 .
—l—E@?’Fl (t, 2)y1(t, 2)%ys(t, 2) + E84F2(t’ 2)y1(t, 2)3ya(t, 2)

+é&‘3F1 (t, 2)y1(t, 2)ya(t, 2)? + %085171 (t, z)y1 (¢, 2)5)dt.

The averaging theory for studying the periodic solutions of a non-autonomous
differential system (13) works as follows, see [8] for more details. Suppose that the
average functions f;(z) =0 for j =1,...,k — 1 and fi(z) # 0 for some k > 1, we
assume that fo(z) = 0. By [8] if Z is a simple zero of fj(z), then there is a limit
cycle (0, €) of system (13) such that 7(0,¢) =z + O(e).

3. PHASE PORTRAITS IN THE POINCARE DISC

Now we shall study the phase portraits of the Poincaré compactified polynomial
differential systems (2) with (a,b, ¢, d) # (0,0,0,0).

Remark 4. The polynomial differential systems (2) are reversible because they
remain the same under the transformations (z,y,t) — (z,—y,—t) and (x,y,t) —
(—z,y, —t). Therefore their phase portraits are symmetric with respect to the x—axis
and y—axis.

We shall study the phase portrait of a polynomial differential system (2) in the
Poincaré disc as follows. First we shall determine the local phase portrait at all
its finite and infinite equilibrium points. After with the help of the symmetries of
its trajectories with respect to both coordinate axes, we shall determine its phase
portrait in the Poincaré disc.

Here we classify an equilibrium point p as hyperbolic when the eigenvalues of the
linear part of system (2) at p have nonzero real part, as semi—hyperbolic when only
one of these two eigenvalues is zero, as nilpotent when both eigenvalues are zero
but the linear part of system (2) at p is not identically zero, and finally as linearly
zero when the linear part of system (2) at p is identically zero.

The local phase portraits of the hyperbolic, semi—hyperbolic and nilpotent equi-
librium points can be determined using, for instance the Theorems 2.15, 2.19 and
3.5 of the book [4]. In order to determine the local phase portrait of a nilpotent
equilibrium point at infinity it is not sufficient the mentioned Theorem 3.5, and we
must studied it doing the changes of variables called blow—ups. These changes of
variables are also necessary for analyze the local phase portraits of the linearly zero
equilibrium points. For more information about the blow ups see Chapter 3 of [4]
or [1].

3.1. Finite equilibrium points. For a planar polynomial differential system (2)
its finite equilibrium points are characterized in the following result.

Proposition 5. Always the origin of the polynomial differential system (2) is a
center. Furthermore if d < 0 then there are two additional equilibrium points,
namely (£|d|='/¢,0), which are hyperbolic saddles.
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Proof. Since the eigenvalues of the linear part of system (2) at the origin are 4
such equilibrium point is either a focus or a center, but due to the fact that the
system is symmetric with respect to both coordinate axes, it is a center.

Clearly when d < 0 the system has the two equilibria (&|d|~'/%,0), and the
eigenvalues of the linear part at these equilibria are +1/6. So these equilibria are
hyperbolic, and by Theorem 2.15 of [4] they are saddles. O

3.2. Infinite equilibrium points. We shall use the notations and definitions
given in subsection 2.2, for determining the local phase portraits at the infinite
equilibrium points in the Poincaré disc.

System (2) in the local chart U;. The differential system (2) in the local
chart U; is

(5) 0 =d+ cu® + but + aub + v 4+ u0b, v =wu".

An infinite equilibrium point of system (5) is a point (ug,0) such that ug is a
real root of the polynomial d + cu? + bu* + au®. So the infinite equilibria of system
(2) are (£,/75,0) when r; > 0, where the r;’s are the ones which appear in the
polynomials of the cases (1) to (62) described in section 1.

The Jacobian matrix of system (5) evaluated at (+,/7,0) is

( i(267”i/2 - 4bri’/2 + 6arf/2) 0 )
0 0/

Then all infinite equilibria of differential system (5) are semi-hyperbolic or linearly
Zero.

In the next proposition we only provide the local phase portrait of the infinite
equilibrium point (,/75,0) with r; > 0, because due to the symmetry (z,y,t) —
(z,—y,—t) of system (2) with respect to z—axis the local phase portrait at the
infinite equilibrium point (—,/7;,0) is the same than at the equilibrium (,/77,0)
after reversing the sense of the trajectories.

Proposition 6. The local phase portraits at the infinite equilibrium points (\/ﬁ, 0)
with ; > 0 of the local chart Uy ordered from the smallest value of ; to the biggest
one are formed by

(a) a semi—hyperbolic unstable node, a semi-hyperbolic saddle and a semi-
hyperbolic unstable node in case (1);

(b) a linearly zero at the origin of coordinates with two hyperbolic sectors, a
semi-hyperbolic saddle and a semi-hyperbolic unstable node in case (2);

(¢) a semi-hyperbolic saddle and a semi-hyperbolic unstable node in cases (3)
and (37);

(d) a linearly zero with siz hyperbolic sectors (the infinity line separates them
in two groups of three sectors) at the origin of coordinates and a semi-
hyperbolic unstable node in cases (4) and (38);

(e) a semi-hyperbolic unstable node in cases (5), (39), (47) and (55);

(f) a linearly zero at the origin of coordinates with two hyperbolic sectors in
cases (6), (18), (26), (32), (40), (48) and (56);
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(g) no infinite equilibria in the local chart Uy in cases (7), (14), (24), (27),

(h) a semi-hyperbolic saddle, a semi-hyperbolic unstable node and a semi-
hyperbolic saddle in case (8);

(1) a linearly zero with six hyperbolic sectors (the infinity line separates them in
two groups of three sectors) at the origin of coordinates, a semi—hyperbolic
unstable node and a semi-hyperbolic saddle in case (9);

(j) a semi-hyperbolic unstable node and a semi-hyperbolic saddle in cases (10)
and (42);

(k) a linearly zero at the origin of coordinates with two hyperbolic sectors and
a semi-hyperbolic saddle in cases (11) and (43);

(1) a semi-hyperbolic saddle in cases (12), (28), (34), (44), (50) and (58);

(m) a linearly zero at the origin of coordinates with siz hyperbolic sectors (the
infinity line separates them in two groups of three sectors) in cases (13),
(23), (29), (35), (45), (51) and (59);

(n) a semi-hyperbolic unstable node and a linearly zero with two hyperbolic
sectors in case (15);

(o) two linearly zero with two hyperbolic sectors, one of this equilibria is located
at the origin of coordinates, in case (16);

(p) a linearly zero with two hyperbolic sectors in case (17);

(q) a semi-hyperbolic saddle and a linearly zero with two hyperbolic sectors and
one parabolic sector, the straight line at infinity separates the two hyperbolic
sectors and diwvides the parabolic one in case (20);

(r) a linearly zero with siz hyperbolic sectors (the infinity line separates them
in two groups of three sectors) at the origin of coordinates, and a linearly
zero with two adjacent hyperbolic sectors separated and with a parabolic
sector, the infinite line separates the two hyperbolic sectors and divides the
parabolic one in case (21);

(s) a linearly zero saddle—node, the infinite line separates the two hyperbolic
sectors and divides the parabolic one in case (22);

(t) a linearly zero unstable node in cases (25) and (31);

Proof. As we have mention near the beginning of this section the phase portraits of
the semi-hyperbolic equilibrium can be determined using the Theorem 2.19 of [4],
and the phase portraits of the linearly zero equilibrium points doing the blow—up
changes of variables. Here we shall prove with all details the statements (a) and
(b), the other statements are proved in a similar way.

In statements (a) and (b) system (1) writes as

(6) i=-y; =+ az(y’ —ra®)(y’ —rea®)(y® — rsa?),
with @ > 0. This system in the local chart U; becomes

U= —arirers + a(riry + 1173 + 273U’
(7) —a(ry +ro +r3)ut + aub + v8 + 200,

o= uv’.

Assume a > 0 and 0 < r; < rg < r3. Then the eigenvalues at the infinite
equilibrium point (,/77,0) for j = 1,2,3 are 0 and a(2r;/2(r1r2 + rirg + rorg) —
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47"?/2(7'1 +7’2+7’3)+67“?/2) = 1W'(/T5) # 0, because the six roots +,/r; for j = 1,2,3
of the polynomial h(u) = 1|y—g = —arirars + a(rire + 173 +rorz)u? — a(ry + 12 +

r3)ut + au® are simple. Moreover 1/(y/r1) > 0, h'(y/r2) < 0 and h/(\/r3) > 0.
Hence the points (,/75,0) for j = 1,2, 3 are semi-hyperbolic equilibria.

In what follows we shall apply Theorem 2.19 of [4] for determining the local
phase portraits of the infinite equilibria (,/7,0) for j = 1,2, 3, and we shall use the
notation of that theorem. First we translate the equilibrium point (\/E ,0) to the
origin of coordinates doing the change (u,v) = (Y + /75, X). Thus we obtain the

differential system

X = A(X,Y) = sign(W (/7)) (/i X7+ XTY),
(8) ' : / /

Y = sign(l'(,/75)) (K (/77)Y + B(X,Y)),

where
B(X,Y) = a(riry +rirs +rers — 6r17; — 6ror; — 6r37; + 15T12')Y2
—da(ry +ra+ 13 — 5rj)\/7“_jY3 —a(ry +re +ry — 15r;)Y*4
+6a,/TY® +aY + (1 +r;) X% +2,//Y X® + Y2X6.
If h’(\/ﬁ ) < 0 we have changed the sign of the independent variable in the differen-

tial system (8) in order that the coefficient of ¥ in the expression of Y be positive
as it is necessary in order to apply Theorem 2.19. Now the functions f(X) and
g(X) of that theorem are

9(X) = sign(W(/75)) /7 X" 4+ h.o.t.,
where h.o.t. denotes higher order terms. So using the notation of Theorem 2.19 we
have that a,,, = sign(h'(,/r;)),/r; and m = 7. Consequently, by Theorem 2.19 the
equilibria (,/75,0) for j = 1,3 are unstable nodes, and the equilibrium (,/73,0) is a
saddle. This completes the proof of statement (a).

Assume a > 0 and r; = 0 < rp < r3. The proof that the equilibria (,/72,0)
and (y/73,0) are a semi-hyperbolic saddle and a semi-hyperbolic unstable node
respectively, is identical to the proof of statement (a). So in order to complete the
proof of statement (b) we shall show that the local phase portrait of the equilibrium
(v/11,0) = (0,0) is formed by two hyperbolic sectors.

We do the blow—up change of variables v = wu to system (7) and it becomes

= argrsu® — a(re + r3)ut + au® + ubwb + uuw",

(9) ;
w= —argr3uw + ar2u3w —+ ar3u3w — aubw — udPw’.
Now we remove the common factor u of 4 and w doing to system (9) the rescaling
dt = udt in the independent variable, we get the differential system
u' = arerzu — a(ry + r3)ud + au® + uSw® + uTw®,

(10) / 2 2 4 4,.7
w = —arsr3w + arputw + argutw — autw — utw',

where the prime denotes derivative with respect to the new independent variable 7.
The unique equilibrium on the w—axis of system (10) is the origin of coordinates,
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which is a saddle whose four separatrices are contained in the two axes. Going back
through the two changes of variables, first the change dr = udt and after the change
v = wu, and taking into account that in system (7) we have that |,—o = v5, we
obtain that the local phase portrait at the origin of system (7) is formed by two

hyperbolic sectors. This completes the proof of statement (b). O

System (2) in the local chart Us. The differential system (2) in the local
chart U; is

U= —au® — bu* — cub — du® — v% — u?0b,

0 = —auv — budv — cuPv — du"v — uv”.
Therefore the origin (0,0) always is an infinite equilibrium point, which is linearly
zero. Recall that from subsection 2.1 in this local chart the unique infinite equilib-
rium point that we must study is its origin when it is an equilibrium point, as in

the present case.

Proposition 7. The local phase portrait at the origin of the local chart Uy is formed
by a linearly zero equilibrium point with

(a) two hyperbolic sectors separated by two parabolic sectors and the line of the
infinity is contained into the two parabolic sectors in cases (1)~(7), (15)-
(19), (25)-(27), (31)(33), (37)~(41) and (53);

(b) two elliptic sectors separated by the infinity in cases (8)—(13), (20)—(23),
(28)—(29), (34)—(35), (42)—(45), (50), (51), (58) and (59);

(c) two elliptic sectors separated by two parabolic sectors and the line of the
infinity is contained into the two parabolic sectors in cases (14), (24), (30),
(36), (46), (52), (54), (60) and (62).

(d) two hyperbolic sectors in cases (47)—(49), (55)~(57) and (61).

Proof. We shall prove statement (a) in the case (1). Statement (a) in the other
cases, and the other statements are proved in a similar way.

In the case (1) system (1) becomes system (6). This last system in the local
chart U, writes as

W= —au®+a(ry +r2 +r3)ut —a(rire +rirs + rorz)ub
( ) —|—ar1r2r3u8 — 8 — ’U,QUG,
11
V= —auv+a(ry +re +r3)udv — a(rire + rirs + rarg)udv

+ar1r2r3u7v —uv”.

This system doing the blow—up change of variables v = wu becomes
U= —au®+a(ry +ro +r3)ut — a(ryry +rirs + rors)ub

8 6,,,6 8,6
(12) +arirorsu” —uw” —utw”,

W= uSw’.
We eliminate the common factor u? of % and w in system (12) doing the rescaling
of the independent variable dr = u2dt, and we obtain the differential system
4

U= —a-+a(r+ry+r3)u® —a(rirg +rirs +rer3)u

6 4,.6 6,,6
+aryrorsu’ —utw —uww”,

= uuw’.
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This last system has no equilibria on the w—axis and on it we have that |,—g =
—a < 0. Then going back through the two changes of variables, first dr = u2?dt and
second v = wu, and taking into account that in system (11) we have 1|,—¢o = —v°,
we obtain that the local phase portrait at the origin of system (11) is formed by
two hyperbolic sectors whose separatrices are tangent to the w—axis, one in v > 0
and the other in v < 0, separated by two parabolic sectors which contain locally
the invariant u—axis, i.e. the infinite line. This completes the proof of case (1) of

statement (a). O

We note that in the proof of statement (b) doing blow—ups changes of variables
we only obtain that the local phase portrait is formed by two elliptic sectors sepa-
rated by two parabolic sectors and the line of the infinity is contained into the two
parabolic sectors, but that when we shall consider the global phase portrait in the
Poincaré disc these two local parabolic sectors are contained in two global elliptic
sectors, for this reason in statement (b) we only said two elliptic sectors instead of
two elliptic sectors separated by two parabolic sectors and the line of the infinity is
contained into the two parabolic sectors.

Proof of Theorem 1. This proof follows taking into account the local phase portraits
of the finite and infinite equilibria described in Propositions 5, 6 and 7, and taking
into account first Theorem 3 (i.e. that for obtaining the global phase portrait
in the Poincaré disc we essentially must determine the a— and w-limit of all the
separatrices of the system) and after that the global phase portrait of a system (2)
is symmetric with respect both coordinate axes. O

4. PROOF OF THEOREM 2

For studying the limit cycles which bifurcate in a Hopf bifurcation from the
center of the differential system (2) when it is perturbed inside the class of all
polynomial differential systems of degree 7, see (3), we work as follows. First doing
the scaling x = €X, y = €Y we introduce a small parameter €. Thus we obtain
the differential system (X ,Y). Now performing the polar change of coordinates
X =rcosf, Y = rsind, the differential system (X, Y) written in polar coordinates
becomes a differential system (7, 9) Taking as independent variable the angle 6 the
differential system (7, ) produces the differential equation dr/df. Finally doing a
Taylor expansion in the variable r at r = 0 and truncating at 6-th order in ¢ we
obtain the differential equation

6
(13) P o= % =Y ER0,) + 0.
1=0

The functions F;(0,r) i = 1,...,6 of the differential system (13) are analytic, and
since the independent variable 6 appears through the sinus and cosinus of 8, they are
2n—periodic. Hence the assumptions for applying the averaging theory described in
subsection 2.3 are satisfied.

Now we shall study the limit cycles bifurcating from the center of system (2)
when it is perturbed as in (3) following the steps described in subsection 2.3. We
give only the expressions of functions F; (r,0) and Fs(r, 6). The explicit expressions
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of F;(r,0) for i = 3,...,6 are very long, therefore we shall omit them here. Thus
we have

1
Fi(r,0) = ad,cosf + b2, sin6 + §r(b(1)1 + aly — b}, cos20 + al, cos 20

+bi sin 20 + ad; sin 26).
and

Fy(r,0) = %(a%o cosf + algrcos? @ + b3, sin @ + blyr cosOsin 6 + abyr cosfsin b
+by,7sin? 0)(—b3, cos @ — blyr cos? 6 + a3, sin @ — by, r cos fsin O
+ad,rsin® 0) + (a3, cosf + a3yr cos? O + alyr? cos® 6 4 b, sin f
+a2,7 cos O sin 0 + byyr? cos® Osin @ + al, 2 cos? O sin 6 + b3, sin® 6
401,72 cos O sin? 0 + afyr? cos O sin? 6 4 bhyr? sin® 6 + alyr cos O sin 6

+b2,r cos fsin §).

Using the formulas given in subsection 2.3 the averaged function of first order is

f1(r) = (bgy + ato)r.

Since the polynomial fi(r) = 0 has no positive roots, the first average function does
not give any information on the limit cycles that bifurcate from the center when
we perturb it as in system (3). This proves statement (a).

Taking by, = —ai,, we obtain fi(r) = 0. Therefore we can apply the averaging
theory of second order. Thus the averaged function of second order is

fa(r) = (b3, + afo)r.

Again the second averaged function does not provide information on the bifurcating
limit cycles. This completes the proof of statement (b).

Now taking b2, = —a?, we get fa(r) = 0, and applying the averaging theory of
third order, we obtain the third averaged function

1 .
f3(r) = —(bhbgo—b81+26(2)0a§0—2b(1)2a(2)0—aha(2)0—ai’0)r+1 (3bg3+b31 +aiy+3ake)r®.

Since the polynomial f5(r) can have at most one positive real root, statement (c)
of the theorem is proved.

For applying the averaging theory of fourth order we must have f3(r) = 0, so we
take

3 _ g1 52 3 2 1 1 2 1 2 1 1 1 1
ato = b11bgo — bor + 2bgpasg — 2bpeagy — a11ag0; ajp = —3bys — by — 3azy.
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The averaged function of fourth order is

fa(r) = _ir?’(b(l)zbh + b11b3g + bigbsy — 3b53 — b3y + byag; — 2bgaag
—2blyaig — ageaiy + 2b30aby — ajiady — 2aigab; + 3bigaz
+3ag,a39 — a3y — 3a3y) — r(—bighi b3 + bGbi1 + b11b30
—bg1 + 2bgab50ato + bioatoats — 2010bgoazg + 2050azg
_2b(1)2a(1)1a(2)0 - bha%oago - a}nahago - 20’%00’500’80 - a%oa%

2 9 2 2 1 .3 1.3 4
—2bgaagy + 2bgoazy — 2bg2agy — agagy — ato)-

From the expression of the polynomial f4(r) we get that it has at most one positive
real root. Hence statement (d) of the theorem is proved. Doing

aly = —biob11bjo + boobT1 + bi1bio — boy + 2baboato + bioaipai;
+2b80a§0 - 2b(2)2a(2)0 - thl)za(lna%o - bha%oago - a(lnaha%o
_a(%oa% + 2b(2)0a§0 - 2b(1)2a30 - ahago - Qb%obgoaéo - 2a%0a§0a30.
afy = boobyy + byybyg + bigbyy — 3055 — b3y + byag; — 2bgag, — 3a,
—2biyaig — ageaiy + 2b30aby — ajyaby — 2aigab; + 3ag,az,

+3b%0a%§05
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we have that f4(r) = 0, and we can apply the averaging theory of order five, and
the fifth averaged function is f5(r) = K3r® + Kar® + K17, where

Ky = —((b19)*b11b65 — b31(b50)* — b11b5obio — blobgobT — biobiiboo + 1106
+050bT1 + 011650 — 2662010650010 + 2080b52010 + 2052630010
+20gabgoad1 a1 + b11b50(a10)? — bighgoaioats + bioaloats
+b30agatoaty + 2(b1g)*bgoaze — 2080b10az0 — 2010b0a30 + 2b50a3g
+2080(atg)?azy — 3(b3y)>ady + 2b15030ady — 2b32ady — 263204150
—2b(1)2(a(1)1)2a(2)0 + b%obhamaoo - bllaloaoo - bha(lna%oago - a%lago
_(atln)QGha(Q)o - (a%o)zahago + 2b%0a%0a§0a30 - 2a(1)1a%0a§0a(2)0
+b51(ado)? + 3azg(agy)? — 2b5aad0ad, — aiiadead; + 2b52bjeats
—buaooam - 2azoaooam + booaman - a(lna(Q)oa% - Qb%obgoago
+2b30a30 20’100’000’20 2b02a00 2b02a01a00 bnaloago a(lnahago
—agoaty + 2bgoasy — afy — 2bgaagy — at1agy — bgy + bgeataty
—2b02(a10)2a00 20’100’200’00 + 2b00a21a(2)0)

Ky = ( boabiobis — 2b10b11b50 — (b19)*b31 + b11b3s + b3y b30 + boabiy
+biobiy + 011030 + bigh3; — 3bis — b3y — biibigag: — blgbiiag:
—2b35a8 — 2bg2a51a02 + 2(bgz) atg + (b11)atg + 2bigbiaai,
_Qb%QG’%O - bha(lna%o a‘(l)la‘(l)Qall b02a10a11 + b20a10a%1
—4biobggaby + 2b30a50 — 2b50ag; aby + biyaipazy — 20521005
+bigatyaby — 2a1g(az)? + 2bjgatgas; + 2b30a3, — 3(big)*al,
+3b%a30 — 3b1gag; az + 12050aky — 12b5,a8, — 203205, + b3ya5,
3a30a01 2b02a02 a11a02 2blzam 20’%10’%0 - a(l)Qa’%l
—ajoai; + 2byoa3, — ajiasy — 2aiga3, + 3bjgazy — ajglag;)?

12 3 3 2 1 11 1
3apiazy — ajs — 3azy + b31ap; + 2bgabzpaig),

1
K3 = §(5b})5 + by + aky + 5agy).

The rank of the Jacobian matrix of the function K = (K73, K3, K3) with respect
to the coefficient a;; and b;; which appear in their expressions is maximal, i.e. it
is 3. Then the coefficients K; for ¢ = 1,2,3 which appear in th expression of f5(r)
are linearly independent. By the roots of a quadratic polynomial in the variable 2
it follows that f5(r) can have at most two positive real roots. Therefore statement
(e) of the theorem is proved.

Imposing that K7 = 0, Ko = 0 and K3 = 0 we obtain that f5(r) = 0, and
applying the averaging theory of order six we obtain the sixth average function
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fo(r) = r(C1 + Car? + Csr*), where
Gy = %(2@10)35%1530 — dbgabiy (b)* — 2b11b30(bGp)” — 4bigba; (bG0)” — 4b1obibobio
—2(b10)?030b11 + 205001001 + 2(b50)*b3; — 2(bio)*b11b30 + 4031050050
+2b10b%, 630 + 4b02b301 + 2b1180bT0 + 2b10bGobTy — 265003 + 2b10b11 bk
—2b8gel1 + 2b5; — 4bgy(big)*boato + 4(bia)?aig + 4bigbgebiaats + 2611670050
+4bsbgobToate + 4bgabloboain — 4b3bf0ato — 4bgobiaate — 4b5abieato
+4bjabiobgoatato — 4030b32a01a10 — 4b2bgoasiato — 4052030 (ag1)atg
+4blobiy o (ate)? — 268001 (aio)? — 2611050 (a10)® — 2011680ag: (ato)® — 2631050
—4biabdo(ato)” — 2611 (b0)*aty + 2630031a11 — 2(b1g)?bipatpatr + 2bgebieaieats
+2bigbgoatoatr — 20goateaty + 2bigbgoatatoais — 2080ab1atoats — 4b3o(b3o) ase
—2b30(ad1)?atoatr — 2b3(ato)’aty + 4(bio)*boaze — 4boa(bg0) azo + 4(b30)*atpas
—8b1gbgobinazy — 4(ble)*bioazo + 4bTobioazy + 4bgebioaze + 4bigbjoazo
+8b1gbgo(ato)azy — 4bjo(aig)®age — 4bgoats (aig)®aze — 2(b5) aiiady
—12b10(b30)azo + 1263030 azo + 8(bg2)*bgoade + 2(b11)*bioagy + 4biebiabioade
—4bjobTaagy — 4bisbioad — 2b11b31ad + 4bgaady — 4biabioat ady + 4b3aat; ady
+4b3s (g1 )?age + 4bga (apy ) ady + 2(ble)*biiatead — 2b11bTpaioagy
—2b1gbT ajgagy + 2b11aieage — 2biobiiagiaioagy + 2b1ag;at0ad
+2b1; (agy)?atoade — 4biabio(ato)?ago + 4b5(ato)*ady + 8bgaasy (ate)ado
+2b1; (a1p)’ag + 4babgoatrado + 2(agy)*atrady — 2big(ate)atrady
+4b}1boazoate — 4b31az0at0 + 4(ble)*atoazoate — 4bigaioazeade
—4bjgagiatgazag + 4(agi)*atgazeads + 4(aig)*ageady + 4bigbgoasiago
—4bjoaz age — 4bgeady aziady + 2b1y (b30ado)? + 2b1gbsy (ady)® — 263, (ady)”
—2b31041(ag)? — 4bgaazg(age)? + 4bzaze(age)® — 2a11a30(age)? + 6bigaze(agy)”
—6agy azo(ado)” — 4bgabioaioady — 2050aigatiady + 4bgatead; + 8biagiadoag:
+2b1yajpagoagy + 4agatiadoady + dajoazeadoads + 4bgadigbioaty + 4bigbgeads
—4b3b3aafy — 4bgabioaty — 4babioasiate — 4bi1bgoaioaty + 4bha(ady)*ado
+2bjgbggatiat — 2630a11ady — 2b80ag1at1ate — 8bggateazaty — 2biobiiageais
+2b%y adpady + 2b11ag1ad0ato + 8bgaaigagoaiy + datgaiiageaiy — 4bigazeageats
+dag azgagoaty + 2bigbfoaioats — 2bjgaieady — 2b3agaipat; + 2(afy ) adoat;
+2(a1p)*agoat; + 2aggagiaty — 2bg0atoats — 4(big)*bgeaz, + 4b3obTea3,
—4bjoa3y — 4b3o(aio)?ady — 4bigaigageady + dagiaigagoads + 4agoaiyad
—4bgoagea3, + 6(bg) a3y — 6(ado) a3 — 4b15bG0ade + 4bgrade + 4b3ag:agy

—2b1gbliatgady + 2b31aiady + 201, ah1a10ady + 4bga(alg)?ady + 2(ad;)?atiad,
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+2(a1p)*atagy — 4bipaipazeagy + 4ady atoazoag — 4bgeas age — 4bzagoagy
—12ajgag0ady + 4bjaadiady + 2aiad ady + 2b11aigady + dageaipag
+2ag1a%,ado + datga3oage + 4bgaagead; + 2aiiadoady — 2b0aigat + 2aiiag,
+2ag1agoat; + 2agoady + 4bjgbgasy — 4bgead, + dajgageady + 4bgrage
+2afy + 4b32agy + 4bgaag age + 2b11ateag, + 2a5; airagy + 4ajgazeage
+2a2 011 — 4b3,020 — 2b1, b5, — 4adbd, + 4ab, (aty)?alady + 2a3,ag,)-
Ch = é(_%(l)z(bio)%h — 6(b10)*bi1bzo — 2(b10)*ba1 + 12bg2bg3050 + 6b11b12b5
+8bL,bL, b2 + 8blobb, b2, + 6b1,bl b2 + 2b10bL, 0202 + 268,01, 02,
ABY bLo b2, + AbLobb b2 + 2bL,bL b2, + 4bLoblob?, — 262,202,
FABLobY B2 — 262,020 + 2(blg)2b3, — 2624b3, — 4D, — 201,03,
—2b31b3) — 20201 — 2bobty — 2b11b3g — 2b10b3; + 6bgz + 205,
—4bjobi1bioag; — 2(blg)*baagy + 2b31b%agy + 2b30b1ag, + 4bgap,
+4bgaag agy + 4bga(agy ) agy + 4(bg2)*bigato + 4010(b11) aly + 2ai,
+4(b1o)?b12aig + 8bsablobreate — 24bgabioato — 12b3030a1g — 263 ap,
—8bgabiaatg — 4bygbiaatg — 4b1sbigatg — 401101 a1 — 4blgbisat,
—4bgyb3gatg + 4biraiy — 4(bge)*agraie — 2bigbiiagealy + 2b11b30ah;
+2b%, agaaip + 2011ah1afyat — 6bhabii (aln)® — 26110 (ato)? — 4b12b30ag,
+4bjagy (ain)® + 6bisboats + 4bg1bioats + 2(apy)*agalr + 20103 a5,
—2bgabigatgat; + 4bighaeaioatr + 2bgaaigat; — 2b3,a10a1s + 2bgaa01a10a1,
+2ag(atg)?aly — 2blgale(atr)? + 2agiaig(aty)? — 12(big)*b3gaz,
+12b30bgoazo + 8bzbinazy + 8bighdpazy — 4b3pazg — 8bigbzgasiazg
+4b3gag azg + 4blobliatgazy — 263 algazy — 4bigagaaigaze — 4bigbaade
+dagiagyaigazy — 4bg(atg) azy + 2(blg)*atiaz — 2b3gatiaz,
+6(atp)’atrady — 8bigaip(azy)® + 4bi oz — 4bdas; — 4b5oagas,
+4(blg)*atoaz; — 4bigaigas; — 4b3gazgaz + 4bigbfoazs — 4bgoas,
—6(b1g)’alq + 12bgabg0az0 + 24bzbioazy + 12b1gbigale — 6bTsaz
—6(bio)%agy azy + 6bTgag azy + 6b3oatazy + 48bigbieady — 24bjale
+24b3agi atg — 6bssbiiage — 12bgobisady — 4bisb3gagy — 4bi1b3,ad,
+24b34ad, + 4c22ad ) + 24b},al ad, — 8b3 adsad, + 12b8a05a3,
+6agzaiiagy — 12bgzazeady — 8bziazgagy — 8bjraziady — 4b3gaz, agy
+2ai, a3, a8 + 12aia3,a8, — 6biyayeady — 24agyadoady — 12aha30ad,
+24atgaioago + 2b11030a1 + 2b1gbgad; — 263,48, + 4baabaad,
+2agpaiiagy + 4byoageady + 6bigatead, + 4bgo2ady + 4bgaagiag,

112 112 11 2 12,2 12,2
+2b11a10a52 + 2ap1a11 052 + 4a1gazpage — 4(bga) aty — 2(bi1) aiy
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171 2 171 .2 2 9 1.1 2 1.1 2 1.3
—4bigbiaaiy — 4bgabagaiy + 4btsaiy + 2biiagaaty + 2bgeariaty — 6bygasg

112 12 1 2 2
—2bjatyady + 2(at;)?ady — 2bi,a30a3, + dagaabady + 4(asy)?ad,

—4bigaz afy + 2agag:a7; + 2baaieat; — 2bygaieai; + 4ajgaiiai;
—2bigazady + 2agyad; + 8bigbsgady — 4b3ga3, + 4bzgag; a3y — 6ag ag,
—2b1,a7a30 + 4agaaigaze — 2bigat, a3 + 8atoadeadg + 2a7, a3, + 2a1,a3,
—4bigaigaz; +4afgaz; — 4bgoaz, + 6(big)*a3y — 6b35a3, + 6ag,
+6bigagi a3y — 6ag a3y — 24b3pazy + 24bgsady + 4bzaady — 2b31a3

—6a3gad, + 4bjaads + 201108, + 2af,a3, + 2a30a3, — 4bjgad + 4ajgasd,).

1
Cs = ﬂ(_Gb(l):sb%z — 3bygbyy — byybhy — 3y, by — 3b11byg + 15bg5 — 15b1gak,

+3b35 + 15645 (bl + ady) + 2blsaly — 3bd als + 15a2, — 5alial,
+6bg2aps + 6b3saiy + 3agsaiy + 4bypaky — 6bigasy + 3a3,

+b04 (5011 + 20ag, + 22a30) — 6bgzaz; — 3bzaz; — 4bgaz,
—2b3gas, + atyagy + 6ajgass — 3bizazy — Ibzeazy — 15ag;ag

11 11 1 1 11
—9ap3a39 — 3az; a3y — 22bgaa4y — 20b30a4)-

Since the rank of the Jacobian matrix of the function C = (Cy,Cq,C3) with
respect to the coeflicients aj; and bj; which appear in their expressions is 3, the
three coefficients C; for i = 1,2, 3 of the polynomial fg(r) are linearly independent.
Therefore il follows that the polynomial fg(r) can have at most 2 positive real
roots. Consequently, by subsection 2.3 for || > 0 sufficiently small the differential
equation (7, 0) has at most 2 limit cycles surrounding the origin, going back through
the changes of variables we obtain that there are at most 2 limit cycles bifurcating
from the center of system (2) when we perturb it as in system (3) if fi = 0 for
k =1,2,3,4,5 and fs # 0. So statement (e) of the theorem is proved for the
averaged function of order 6.
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