ON THE SINGULARITIES OF THE PLANAR CUBIC
POLYNOMIAL DIFFERENTIAL SYSTEMS AND THE
EULER JACOBI FORMULA

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. Using the Euler-Jacobi formula we obtain an algebraic re-
lation between the singular points of a polynomial vector field and their
topological indices. Using this formula we obtain the configuration of
the singular points together with their topological indices for the pla-
nar cubic polynomial differential systems when these systems have nine
finite singular points.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Consider in R? the polynomial differential system

(1) CC:P(CL',y), y:Q(‘T’y)a

where P(x,y) and Q(z,y) are real polynomials of degree 3, called a planar
cubic polynomial differential system, or simply cubic system.

The motivation of our paper comes from the fact that for the planar
quadratic polynomial differential systems the characterization of all config-
urations of the indices of the singular points of all quadratic differential
systems that have four singular points is the well-known Berlinskii’s The-
orem proved in [2, 6], and reproved in [4] using the Euler-Jacobi formula.
We say that a quadrilateral is conver if any vertex of it is contained in the
convex hull of the other three vertices, otherwise the quadrilateral is called
concave. Then the Berlinskii’s Theorem can be stated as follows. Assume
that a real quadratic differential system has exactly four real singular points.
In this case if the quadrilateral formed by these points is convex, then two
opposite singular points are anti-saddles (i.e. nodes, foci or centers) and the
other two are saddles. If this quadrilateral is concave, then either the three
exterior vertices are saddles and the interior vertex is an anti-saddle, or the
exterior vertices are anti-saddles and the interior vertex is a saddle.
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We want to extend the Berlinskii’s Theorem to the case of cubic systems
and obtain all configurations of the singular points together with their topo-
logical indices when the cubic systems have the maximum number of finite
singular points, i.e. nine singular points.

By Bézout’s Theorem (see [7] for a proof of this theorem) the maximum
number of singular points of a cubic polynomial differential system is nine.
To these cubic polynomial differential systems (1) having nine singular points
we can apply the Euler-Jacobi formula (see [1] for a proof of such formula).
For such systems the Jacobian determinant

OP/0x OP/0y
0Q/0x 0Q/dy

evaluated at each singular point does not vanish, and for any polynomial R
of degree less than or equal to 3 we have

(2) > Ij((i =0,

a€A

J =

where A is the set of finite singular points of system (1). Given a finite
subset B of R?, we denote by B its convex hull, by 0B the boundary of B,
and by #B the cardinal of the set B.

Set Ag= A and fori>1 A; = ANA(A\ (AgU---UA;_1)]. There is an
integer ¢ such that A,41 =0 and A, # 0.

We say that A has the configuration (Ko; Ki; Ko;...; K,) where K; =
#(A; N 8210. We say that the singular points of system (1) which belong to
A; N 0A; are on the i-th level.

We are also interested in the study of the (topological) indices of the
singular points of system (1).

We recall that if we assume that #A4 = 9 then the Jacobian determinant
J is non-zero at any singular point of system (1), and that the topological
indices of the singular points are 1 (respectively —1) if J > 0 (respectively
J < 0), see for more details [11] or [8], and then the number K; of the i-th
level is substituted by the vector (nl+,n?—,... ,nznﬁl—i-, n;"—), where n]
are positive integers such that > j n] = K;. More precisely, since A; N DA; is
a convex polygon, these numbers take into account the number of consecu-
tive points with positive and negative indices, viewing the ith level oriented
counterclockwise: nl1 corresponds to the string with largest number of con-
secutive points with positive indices. If there are several strings with the
same number of points we choose one of them such that the next string
(that has points with negative indices) is as large as possible, and succes-
sively. We continue the process with m2 and so on. Furthermore, when
A; N OA; is formed by two points then clearly we only have the three fol-

lowing possible strings 24; 2— and +, —. If 4; N dA; is a segment of more
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than two points, since the system is cubic the segment has exactly three
singularities (see Lemma 4), then the possible strings are 3+; 2+, —; +,2—
and 3—.

We denote by i(a) the topological index of a singular point a of a poly-
nomial differential system.

With the notation introduced the Berlinskii’s Theorem can be stated as
follows.

Theorem 1 ( Berlinskii’s Theorem). For planar quadratic polynomial dif-
ferential systems such that #A = 4 the following statements hold:

(a) 2ogeaila) =0 or |3 e qi(a)l = 2.

(b) If > 4cai(a) = 0 there is only the configuration (4) = (4, —,+, —).

(€) If |3 qcai(a)| = 2 there are only the two configurations (3;1) with
either (3+,—) or (3—,+).

There exist examples of quadratic polynomial differential systems with such
configurations.

Berlinskii’s Theorem has been extended to polynomial differential systems
(1) with degrees of the polynomials P and @ equal to 2 and 3 in [4], and
to degrees 2 and 4 in [10]. But the cubic case is much more difficult and its
complete solution is presented in this paper.

It was proved in [9, 10] that in the case of cubic polynomial polynomial dif-
ferential systems > .4 i(a)] =1, or |3, 4i(a)| = 3. In the next theorem,
which is our first main theorem we characterize all possible configurations
for cubic differential systems when [}_ . 4 i(a)| = 3.

Theorem 2. For planar cubic polynomial differential systems such that
#A =9 and |) . 4i(a)] =3 only the following configurations are possible:

(5;3;1) with (5+;3—;4), (5—;3+; —);

(
(44;1) with (4+;+,3—;+), (4—; 3+, —;—);
(4;3;2) with (4+;2+, —;2—), (4+;3—;2+)7 (4+;+,2—+, ), (4= +,2—;24),

(4—;3+;2-), (4 124, — 4+, —);

(3; )with (3+;+, — —,+, ), (3 + =)
(3:5:1) with (34 +,2— —, 1), (B2, = s~ )
(3:4;2) with (3+; 2+, 2~ -), (3— 2+ 2 s, —)s
(3;3;3) with (3+;2+, —; +,2-), (3— ;+,2—;2+,—);

and there exist examples of cubic polynomial differential systems with such
configurations.

Theorem 2 is proved in section 3. To finish the cubic case it is necessary
to characterize all possible configurations when |)° . i(a)] = 1, and it is
done in the following theorem.
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Theorem 3. For planar cubic polynomial differential systems such that
#A=9and |) . 1i(a)] =1 only the following configurations are possible:

(9) U}’Lth( N +, +a_,+ )) (+’2_7+7_7+’_7+>_)7'

(8’1) w“Lh( ’+a 7+a + +) (3+ + _7+7_;_)’
(+, —, + -+, =+, =), (+ 3—+,—,+,—;+);
(7;2) w”h( a+ 77+77,+ Jr ) (+’2 + 7+577+;+77);
(6;3) thh( ’2 _7 72 ); ( +72_);
(+,2— ,+,2 124, ), (+ ,2 +2 2+,—);
(5;4) with (2+,—,+,—,+, ,+ ) (+,2—,+,—;+,— +,—);
(5;3;1) with (44, —:3—;+), (—l—, —: 3+ —);
(4;5) with 3+, —;+,2—,+,-), (+,—,+, — 2+ s+, =),
(+,3—;2+,—,+,—), (+,—,+,—; +,2— ),-
(4;4;1) with (44;4—,4), 3+, —;+,3—;+), ( —;+,—,+,—;+),

(+7_7+7_;3+7 7_); (4 74+7 )7 (+ 3 3+ )

(+7_7+7_;+ _7 ) )7 (+7 sy Ty Ty + 3 );

(4;3;2) with (4+;3—; 4, —), ( — 42—+, —), (+,—,+,—;2+,—;+,—),

(4—;3+; +, ), +,3 2+ —+,-), (+,—,+,—+,2—;+,—);
(3:6) wzth( —i4, =4, =+, ), 3+ +,3— ,+,—),
(+,2—;+ -+, =+, — ), (3 13+, —,+,4);

(3;5;1) with (2+, —; 2+, 3— ,+), (3+;+,4—; ), (3+;+, —,+,—;—),
(2+, — 2+ — 4, =), (+ 2—:3+,2—;—), (3—; 4+, —; —),
(3_;2+a 7+7 7+ ) ( 7 + 2— + a+>7

(3:4;2) with( ,+ 3—;24), (3+ +,3=4,—), (24, —;2+,2—; +, ),
( 3+ a ): (3 + _)7 (+72 2+ 2 + ):'

(3;3:3) wlth (3+ 3— 2+, =) (24, =+, 2— -), ( ,2+, s +,2-),
(3+;+,2— ), (3— 3+ + 2— ) (+ 2—; 2+, ;+,2—),

(+,2— +2 —), (3— —; 24, —).

and there exist examples of cubic polynomial differential systems with such
configurations.

The existence of some configurations (Ko; K1) and (Ko; k1; K2) without
the possible distributions of the topological indices already are mentioned
in [4].

The proof of Theorem 3 is given in section 4. As mentioned above with
Theorems 2 and 3 we provide the classification of the configurations of the
singular points and their topological indices for all planar cubic polynomial
differential systems with nine real singular points.

2. PRELIMINARIES

We observe that if a configuration exists for a cubic polynomial vector
field X with #A = 9 then it is possible to construct the same configuration
but interchanging the points with index +1 with the points with index —1.
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To do so, it is sufficient to take Y = (=P, Q) instead of X = (P,Q). So
we can restrict to the case in which ) _,ix(a) > 0. Therefore changing
X by Y if necessary we only need to study the cases ) ., ix(a) = 1 and

Y acaix(a) =3.
In the proof of Theorems 2 and 3 we will denote by {p1,...,pg} the set of
points of A if there is no information about their indices, by {pj'l, ey pjl'}

the set of points of A with positive index, and by {p;,... ,pi_k} the set of
points of A with negative index. Also we will denote by L;; the straight
line Ljj(x,y) = 0 through the points p; and p; where i € {1,...,k},j €
{1,...,1}, and by L; a straight line through a point p; € dA such that for
all ¢ € A we have L;(A) # 0 and it is zero only at q.

We will also use the following auxiliary result proved in [3].

Lemma 4. Let X = (P,Q) be a polynomial vector field such that the maz-
imum of the degrees of P and Q is n, i.e. max(deg P, deg Q) =n. If X has
n singular points on a straight line L(x,y) = 0, this line is an isocline. If
X has n+ 1 singular points on L(x,y) = 0 then this line is full of singular
points.

We observe that configurations of the form (2+;x*) cannot occur because
the eight singular points would be on a straight line, and by Lemma 4
this straight line will be full of singular points, a contradiction. Moreover,
configurations of the form (1+;#) have no meaning.

3. PROOF OF THEOREM 2

In this case we have 6 points with positive index and 3 points with negative
one.

We first show that there are no singular points with index —1 in dA.
Assume that p; € dA. Take C(z,y) = Li(x,y)(Laz(x,y))?. Since c(pP) >
0 for © = 1,...,6, applying the Euler-Jacobi formula to C' we reach to a
contradiction. Hence #(A N JA) < 6 and the configuration of A must be
(K+,x*) with K < 6. However, if K = 6, then applying the Euler-Jacobi
formula to C(z,y) = Li2(z,y)Lsa(x,y)Lse(x,y) we have a contradiction.
So, K < 5. As explained section 2 we also have K > 3. We consider each
value of K separately.

Case K = 5. Write {p{,ps,p3,p5,ps } = AN dA and take a conic Q(x,y)
through them. Since all these points are in the boundary of a convex set, we
have that the other four singular points are in the same connected component
R2\ {Q(z,y) = 0}. Assume now that there is a point p in the 1st level of
A. Then taking Le , where p, is a point in AN DA, contiguous with pér and
applying the Euler Jacobi formula to Q(z, y) L¢, we reach to a contradiction.
So the configuration must be (5+;3—;+).
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Consider the cubic system (1) with

P(x,y) = 6y — 2z°y — 5y + 7,

Q(z,y) = —16x + 42> + 152y — 3zy>.

The cubic system (1) with P and @ given in (3) has the singular points
(=2,0), (0,0), (2,0), (1,4), (—1,4), (~1,1), (1,1), (0,3), (0,2),

in the configuration (5+;3—;+).

(3)

Case K = 4. We distinguish between the configurations (4+; 5x%), (4+; 4%; 1x)
and (44;3%; 2%).

Configuration (4+;5%). Take the points {p,p3,p3,pi} = AN dA. Denote
the remaining points in the 1st level by ps,ps, p7, ps, p9 (they are named
so that they are contiguous). We claim that we can select the point ps in
such a way that the unique configuration is (4+; 2+, —; 2—). Without loss of
generality we can assume that ps = p;. Applying the Euler-Jacobi formula
first to the cubic C = LiaL34Lg7 we get that ps, pgs and pg have different
signs. So we have three possibilities: either ps = pg, pg = pg, or Pg = pg,
po = py (and then ps = pg and p; = pr—), or ps = pg and py = py
(and then p7 = p; and ps = p; ). Applying the Euler Jacobi formula to
C = LioL34Lsg, we get that the second case is not possible and applying
the Euler Jacobi formula to C' = Lo LssLsg we get that in the first case we
must have p; = p;“ and pg = pg . In short only the first and third cases are
possible leading to the configuration (rearranging the indexes if necessary)
(443 2+, —;2—).
Consider the cubic system (1) with

21562%  403z%y  58551x%  2353zy  11989x

P —
(2,y) 1625 148 18500 1850 9250
(4) + 1y — 13y — 12,
232923 6922y 83322 o 582xy  927T4x
Q) =~Zu050 ~ 1810 T 12025 %Y 2105 T 12025

The cubic system (1) with P and @ given in (4) has the singular points

1 2 9
(07_3)7 (37_5)7 (074)7 (_275)7 (_17_5)7 (07_1)7

(— 14110835063 949301469327> (1, - 3
95002171235°  950021712350°" "’
in the configuration (4+;2+, —;2—).

Configuration (4-+;4x; 1x). Take the points {p],p3,p3,pf} = AN dA ori-
ented in counterclockwise sense. Denote the remaining points in the 1st
level by ps, ps, p7,ps (oriented in counterclockwise sense) and the point in
the 2nd level by pg. We consider two cases: either pg = p:{ or pg = pg . In
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the first case, we have the configuration (4+;+,3—;+). In the second case,
we cannot have two consecutive points in the 1st level being positive (say
pe, p7) because then the other two would be negative and thus contradicting
the Euler-Jacobi formula for the curve C = LisL34Lg7). So, the configu-
ration must be (4+;+, —,+, —; —). Now we consider the two straight lines
Lgg and Lg where Lg is parallel to Lgg. Note that the three singular points
with negative index are on C' = LggLg, so all the all remaining six singular
points have positive index. If these six singular points are not contained
between the two parallel lines applying the Euler—Jacobi formula to C' we
have a contradiction. If one of these six singular points ¢ lies between the
two parallel lines (it must be one of the points in the zero level) then we con-
sider the curve C' = LggL4L4 and we get again a contradiction applying the
Euler—Jacobi formula to C'. Note that no more than one point of these six
singular points can be between the two parallel lines. In short configuration
(4454, —,+, —; —) is not possible.

Consider the cubic system (1) with
1z Tlz?y 22 11z 4 3y* 26y 8

P S _ ot a2 L0

5) (@,y) 20 60 T20 5 TV 5 T Ty
1923 11z2%y 22 o  Tx  2y% 22y 16
Quy)=Z5+— *3 W 53" 5 "5 "1

The cubic system (1) with P and @ given in (5) has the singular points
(—4,-5), (4,-2), (4,5), (-4,2), (-2, —V3),
(2,-v3), (2,V3), (-2,V3), (-1,0),

in the configuration (4+;+,3—;+).

Configuration (4+;3%;2x). Take the points {p],ps,p3,pf} = AN dA. De-
note the remaining points in the 1st level by ps, pg, p7 and the point in the
2nd level by ps, pg. We consider three cases: either pg = pg and pg = ng ,
or pg = pg and pg = pg , O pg = pg and pg = pg . In the first case, the con-
figuration must be (4+;3—;24). The second case is not possible. Indeed,
in the second case we must have that there are two positive indices in the
1st level and one negative index. Without loss of generality we can assume
that ps = p; and pg = pg , pr = p;r. Applying the Euler-Jacobi formula to
C(z,y) = LiaLssLe7 we get to a contradiction. Finally, in the third case,
the unique possible configuration is (4+;+,2—;+, —).

Consider the cubic system (1) with
1
P(x,y) = —=Y (—62% + 5z + Ty* + 13),
1
(6) Q(z,y) = —=(—1262% — 5v22%y — 632 + 1752y + 10V 2y

~ 175
+ 189z + 22432 + 40v/2y),
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The cubic system (1) with P and @ given in (6) has the singular points

(—3,—\/§), (47 _3)7 (473)’ (—2, \f3)7 (_27_\@)7 (170)7
(—1.74..,1.41..), (=3/2,0), (0,0),

in the configuration (4+4;3—;2+).
On the other hand, consider the cubic system (1) with

P(z,y) = 364121 — 111552 — 37771022 — 243323 + 81471y
— 12060zy — 1019612%y + 367013y 4+ 100000y°,

Q(z,y) = —334477 — 44491z + 38548522 + 954992 — 1298y
+ 21654y + 736222y — 386234y% — 100000y?,

(7)

The cubic system (1) with P and @ given in (7) has the singular points

(=3.99..,-3.99..), (3.99.., —3,74..), (4.00..,4.00..), (—2.99..,2.82..),
(—3.84..,—3.50..), (2.00,—1.73..), (—0.99,—0.00..), (—2.99..,—2.82..),
(=2.00.., —1.73.)

in the configuration (4+;+,2—; 4, —).

Case K = 3. We distinguish between the configurations (3+; 6x), (3+; 5*; 1)
and (3+;4x; 2%) and (34; 3%; 3%).

Configuration (3+;6%). Take the points {p],py,p3} = AN OA. De-
note the remaining points in the 1st level by p4, ps, ps, P7, Ps, 9. We have
the following possible configurations: (3+;+,—,+,—,+,—), (3+;34+,3—),
(34+; 2+, —,+,2—) or (3+;2+,2—,+, —). We claim that the unique possible
configuration is the first one. In the remaining three configurations there
are two consecutive points with positive index followed with two consecutive
points with negative index and the remaining ones are a point with positive
index and another point with negative index, that we denote by a and b
respectively. We consider the straight line L, that separates the two pairs
of points having the same index. Since the triangle with vertices pi, p2, p3
contains in its interior the hexagon of vertices pq4, ps, ps, p7, Ps, P9, there ex-
ists a straight line L; and a point p; with ¢ € {1,2,3} so that L; leaves all
the vertices of the hexagon and p; on the same side of the straight line L
having p; on the same side with respect to the straight line L, than the pair
of consecutive points with positive index. Now applying the Euler Jacobi
formula to Lo LyLy,p, with j,k € {1,2,3} and j and k different from i, we
get to a contradiction. This completes the proof of the claim and the unique
possible configuration is (3+;+, —, 4+, —, +, —).
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Consider the cubic system (1) with
P(z,y) = 21279 — 12413z — 1241322 + 354623 — 26868y
+ 40210xy + 10527722y + 18619y% — 100000y>,
Q(z,y) = —148447 + 86594 + 8659422 — 2474123 + 211840y
+ 613542y — 308622y + 170108y + 100000xy>.

(8)

The cubic system (1) with P and @ given in (8) has the singular points

(—2.99.., —2.82..), (4.00..,0.00..), (—3.00..,2.82..), (—2.00..,—1.73..),
(0.99.., —1.00..), (0.99..,0.00..), (0.00..,0.49..), (—0.73..,0.67..),
(=1.5..,0.00..),

in the configuration (3+;+, —, +, —, 4+, —).

Configuration (3+;5%; 1x). Take the points {p],ps,p3} = AN dA oriented
in counterclockwise sense. Denote the remaining points in the 1st level by
P4, D5, D6, P7, Ps also oriented in counterclockwise sense and the point in the
2nd level by pg. We consider the two possible cases: pg = py and pg = p; .

When pg = pg there are only two possible configurations (3+;3+,2—; —)
and (3+;2+,—,+,—;—). We claim that none of these two configurations
are possible. For the first one, note that without loss of generality we can
assume that ps = p;, ps = p5, s = p¢, pr = pi and ps = pg. We
consider the straight line Lg so that it separates the two pairs p4, ps (with
negative index) from the two pairs pg, p7 (with positive index). Note that
there exists p; with i € {1,2,3} so that Lg leaves all the vertices of the
pentagon and p; on the same side of the straight line Lg having p; on the
same side with respect to the straight line Lg than the pair of points pg and
p7. Now applying the Euler Jacobi formula to LgLg Ly p, with j, k € {1,2,3}
and j and k different from i, we get to a contradiction. So, configuration
(34+;34,2—; —) is not possible.

Now we show that the configuration (3+;2+, —,+, —; —) is also not pos-
sible. Without loss of generality we can assume that py = pj{, Py = ng,
D6 = Dg, PT = p}F and pg = pg. Consider the straight line Lg so that it
separates p4, ps from pg. Note that there exists p; with ¢ € {1,2,3} so that
Lg leaves p; and p4, ps on the same side of the straight line. Now applying
the Euler Jacobi formula to LgL7gLy,p, with j,k € {1,2,3} and j and & dif-
ferent from 4, we get to a contradiction. So, no configuration with pg = pgy
is possible.

When pg = pg+ there are only the possible configurations (3+;24,3—;+)
and (3+;+,2—,+, —;+). We will show that the unique possible configu-
ration is the second one and that the configuration (3+;2+;3—;+) is not
possible. To do so, note that without loss of generality we can assume that
P4 =Dy, D5 = D5, P6 = Dg» PT = p? and pg = pg{. Now, we consider the



10 J. LLIBRE AND C. VALLS

straight line Lg so that it separates the two pairs ps, pg (with negative index)
from the two pairs pr, pg (with positive index). Note that there exists p; with
i € {1,2,3} so that L, leaves all the vertices of the pentagon and p; on the
same side of the straight line L4 having p; on the same side with respect to
the straight line Lg than the pair of points p;y and pg. Now applying the
Euler Jacobi formula to LyLgLy p,, with j, k € {1,2,3} and j and k different
from i, we get to a contradiction. So, configuration (3+;2+;3—;+) is not
possible.

In short the unique possible configuration is (3+;+,2—, +, —; +).
Consider the cubic system (1) with

9)
P(z,y) = 157383 — 11533z — 19641822 — 275012° — 198571y — 70171zy

— 1338172%y — 41046y> + 100000y>,
Q(z,y) = —7870 — 101786z — 398012 + 54114x> — 420688y — 106999y
— 1202222y — 214956y% — 1000002y

The cubic system (1) with P and @ given in (9) has the singular points it
has the singular points

(—3.99..,4.99..), (—3.99..,—3.99..), (3.99..,—2.99..), (—2.00..,—1.73..),
(2.00.., —1.73..), (0.99..,—0.19..), (—0.99..,0.00..), (—1.50..,—0.50..),
(0.57..,—1.62..),

in the configuration (3+;+,2—, 4+, —; +).

Configuration (3+;4x;2x). Take the points {p;,p3,p3} = AN dA. Denote
the remaining points in the 1st level by py4, ps, ps, p7 oriented in counter-
clockwise sense and the points in the 2nd level by pg, pg. Clearly, in the 2nd
level we can have either pg = pgr and pg = pg; or pg = pg and pg = pg; or
ps = ps and pg = p;y .

When pg = pg , p9 = py the unique possible configuration is (3+; 3+, —; 2—).
We will show that such a configuration is not possible. Indeed, without loss
of generality we can assume that py = p}f, Py = p;, Pe = pg and p7 = p;.
Consider the straight lines LsgL79. Note that the points p}f and pér are not
contained between these two straight lines. Moreover, there exists p; with
i € {1,2,3} so that p; is in the same side of the two straight lines of Lsg
and L7g. So, applying the Euler Jacobi formula to C' = LsgL79Ly,p, with
J,k € {1,2,3} and j and k different from i, we get to a contradiction. So,
this case is not possible.

When pg = pér, P9 = pgr the unique possible configuration is (3+; +, 3—; 2+).
We will show that such a configuration is not possible. Indeed, without loss
of generality we can assume that py = p,, ps = ps, ps¢ = pg and py = p;“.
Note that there exists a,b € {4,6} with a # b and p; with ¢ € {1,2,3} so



THE EULER-JACOBI FORMULA 11

that we can choose L in such a way that p; and pr, ps, po lie on the same
sides of Ly and Lg5. Now applying the Euler-Jacobi formula to LyLsaLy;p,
with j,k € {1,2,3} and j and k different from i, we get to a contradiction.
So, this case is also not possible.

Finally in the case pg = p; and pg = py there exist two possible config-
urations (3+;+, —, 4+, —;+,—) and (3+;2+,2—;+,—). We claim that the
configuration (3+;+, —,+, —; 4+, —) is not possible. Indeed, without loss of
generality we can assume that py = pzf, D5 = D5, D6 = pér and pr = p,.
We take the straight lines LsgL7g. Note that the points pi and pg are not
contained between these two straight lines. Moreover, there exists p; with
i € {1,2,3} so that p; is in the same side of the two straight lines of Lsg
and L7g. So, applying the Euler Jacobi formula to C' = LsgL7gLy,p, with
J,k € {1,2,3} and j and k different from i, we get to a contradiction. This
proves the claim.

In short the unique possible configuration is (3+;2+,2—;+, —).
Consider the cubic system (1) with
(10)
P(z,y) = 3.31278 + 2.27547z + 1.88693z% + 0.674273z> + 5.96836y
+ 3.04208zy + 1.57892%y + 1.93759y> — 3,
Q(z,y) = 8.42839 + 5.10452z + 0.660667z> — 0.09276812> + 11.9413y
+ 4.28205zy + 0.3382972%y + 3.77409y> + x>

The cubic system (1) with P and @ given in (10) has the singular points

(45.73.., —24.47..), (—3.99..,5.00..), (3.99..,—2.99..), (1.85..,—2.00..),
(1.99..,—1.73..), (1.00..,—1.50..), (—3.99..,—4.00..), (—1.50..,—0.50..),
(—2.52..,—2.17..)

in the configuration (3+;2+,2—;+, —).

Configuration (3+;3%; 3%). Take the points {p;,p3,p3} = AN dA. Denote
the remaining points in the 1st level by p4, p5, pg oriented in counterclockwise
sense and the point in the 2nd level by p7, ps, pg also oriented in counterclock-
wise sense. Clearly, in the 2nd level we can have either p; = p?, pg = pg,
P9 =Py OF pr = Py, Ps =Dy, Py = Py OF Pr = Py, Ps = Py, P9 = Dy , OF
Pr=D7, P8 = D3, Py =Dy -

We will show that the cases p7 = p;, ps = pg, P9 = pg, Or p7r = p}F,
pg = pg, Py = pg+ are not possible. Assume that the closest point of the
set {p4,p5,p6} to p1 is ps. Then either the straight line Li5 or Lig leaves
the other two points of the set {p4,ps,ps} on the same side. Assume that
it is the straight line Li5, otherwise the proof follows in a similar way.
Then applying the Euler-Jacobi formula to C = LisLogL3s we get to a
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contradiction because Log and L3y also leave the points of the set {ps, ps, p5}
on the same side.

Now we consider the case p; = p;, pg = pg, P9 = Do . In this case the
unique possible configuration is (3+; +,2—;2+, —). There exists b € {4, 5,6}
so that Lyg leaves p7y and pg in the same side of Lyg (or they are in the same
line). There exists p; € {1,2, 3} so that p; is in the same side of the lines Ly
and L,. where a,c € {4,5,6} with a and c different from b. Now applying
the Euler-Jacobi formula with C' = LyLacLyp, p, with j,k € {1,2,3} and j
and k different from i, we get to a contradiction. Hence, this case is not
possible.

In short, the unique possible configuration is (3+;2+, —; +,2—).
Consider the cubic system (1) with
(11)
P(x,y) = —1.07194 — 0.9216332 + 1.25039y + 1.620342% 4 2.38257xy
+ 1.98048y? + 0.9211392 + 1.929382%y — 1,
Q(z,y) = 2.85826 + 3.76702z + 5.96687y + 1.87487z> + 4.94349zy
+ 3.13978y% + 0.35504522 4 1.20183z2y + x>,

The cubic system (1) with P and @ given in (11) has the singular points

(=4.00..,5.20..), (—2.52..,—2.17..), (4.92..,3.88..), (—1.96..,0.00..),
(=1.67..,—0.54..), (4.00..,—2.99..), (0.99..,—4.49..), (1.85..,—2.00..),
(1.99.., —2.08..)

in the configuration (3+;2+,—;+,2—). This concludes the proof of the
theorem.

4. PROOF OF THEOREM 3

In this case we have 5 points with positive index and 4 points with negative
one. We will study each possible configuration separately.

Configuration (9): Assume that the subscripts of the points in A are in such
a way that pi,po,ps, p4, s, Pe, P7,Ps and pg are ordered in OA in counter-
clockwise sense. We claim that we can select the point p; in such a way
that the unique configuration is (2+, —,+, —, +, —, +, —). Without loss of
generality we can assume that p; = pf. We apply the Euler-Jacobi formula
to the cubic L3yLsgLvg, and we get three possibilities: either py = p; and
P9 = Dg , O p2 = py and pyg :p;, or p2 = py and pg = py . Here we only
study the first case because the other two can be analyzed in the same way.
Applying the Euler-Jacobi formula first to the cubic Ly Ls6Lgg we get that
p7 = p7, second to the cubic Lgz4Le7Lgg we obtain ps = ps, and third to
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the cubic LgsLe7Lgg we get that p3 = p; . Therefore py = pj{, P = pg and
pg = pg. So the claim is proved.

Consider the cubic system (1) with

P(z,y) = =2+ y+ 22" +y* — 2’y — o,
(12) Q(z,y) = 2.3288 — 0.536384z + 0.84651y — 2.22807x2 + 0.420694zy
— 1.50219¢% + 0.662308z> — 0.3761572%y + zy>.

The cubic system (1) with P and @ given in (12) has the singular points

3 1
<‘2[,—2>, (2,2), (1.5,2), (1,2), (—0.98499209..,0.17259946..),

V3 1 1 1 5 V51
<_2’_2>’ (v va) (‘ 8_8’4(_1_\/5)>’

5 V51
( 8_8’4(_1_\/5)>
-+

in the configuration (24, , =+, —,+,—).

Configuration (8;1) Assume that the subscripts of the points in A are in
such a way that pi1, pa, ps, pa, ps, s, p7, ps are ordered in dA in counterclock-
wise sense and denote by pg the point in the 1st level. We claim that
we can select the point p; in such a way that the unique configurations are
(+,—+,—+,—,+,—;+) and (3+, —, +, —, +, —; —). We have two possibil-
ities: either pg = p(j or pg = pg . Without loss of generality we can assume
that p1 = pf. We apply the Euler-Jacobi formula to the cubic LgqLseL7s,
and we get three possibilities, either ps = p, and pg = p;{ , Or pp = py and
Po =Py, or pa = py and pg = pg .

In the first case, applying the Euler-Jacobi formula first to the cubic
LosL4s Lg7, second to the cubic LosLysL7g, and third to the cubic LogLsgLys
we get that ps = pg, ps = pg and py = p, . Therefore p3 = p?{, ps = p;r and
pr = p? and so the configuration is (+, —, 4+, —, +, —, +, —; +).

Now we will show that the other two configurations yield the configuration
(3+,—,+,—,+, —;—). We will work only with the second one since the third
one can be analyzed in the same way and we reach to the same conclusion.
Hence, assume that po = p; and pg = py. Applying the Euler-Jacobi
formula first to the cubic LigL34Ls6, second to the cubic LigLssLg7, and
third to the cubic LigL45Lg7 we obtain p; = p;r, ps = pgr and p3 = pgr.
So, either py, or pg, or pg are positive, but then we have the configuration
(3+,—,+,—,+,—;—). In short, the unique two possible configurations are
(+,—+,—+,—,+,—+) and 3+, —,+,—, +, —;—).
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Consider the cubic system (1) with
P(z,y) = =2 +y + 22° + 2y — 2%y — ¢,
(13) Q(z,y) = 2.12317 — 0.15626 + 0.572613y — 2.0738122 + 0.762756zy
— 1.58413y% + 0.383518z3 — 0.3054092%y + xy>
The cubic system (1) with P and @ given in (13) has the singular points

31
(\2[,—2), (4,2), (2,2), (1,2), 0.42432215..,—0.90551129..),

V3 o1 1 1 5 5 1
(—2’—2) <_\/§’_\/§>’ (‘ 8—8’4<—1—V5))v
5 5 1
( 8_8’4<_1_\/5)>'

in the configuration (4, —, 4+, —,+, —, +, —; +). On the other hand, consider
the cubic system (1) with

14
( P)(m, y) = —0.0434348 — 3.61689z + 3.60614y + 0.532168z2 — 3.25473zy
+2.77975y% + 2.65272% — 1.673182%y — y°,
Q(z,y) = 1.98022 + 0.107989z 4 0.382209y — 1.96657z> + 1.00055zy
— 1.6411y% + 0.18971222 — 0.256227%y + x1°.

The cubic system (1) with P and @ given in (14) has the singular points

3 1
(*2[,—2>, (2,2), (2,3), (1,2), 0.42432215..,—-0.90551129..),

(F3) (i) (W),

(i)

in the configuration (34, —

W~ |

-)-

Configuration (7;2) Assume that the subscripts of the points in A are in
such a way that p1,po,ps, pa, Ps, pe, pr are ordered in dA in counterclock-
wise sense and denote by ps, pg the points in the 1st level. We claim that
we can select the point p; in such a way that the unique configuration is
2+, -+, -+, —++,-).

We first note that if pg = p;, Pg = p; or pg = pg and pg = py applying
the Euler-Jacobi formula successively to LisLs4Lsg, L17Lo3Lys, Le7rL12L34,
LsgL71Log and Lygsg712 we reach to a contradiction. So we can assume
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that pgs = pg and pg = p:{ . Then the unique possible configurations are
(4+> 3_7 +7 _)7 (3+’ ] +’ 2_ﬂ +a _)7 (3+a 2_a +7 ) =+, _)7 (2+7 ) 2+7 2_7 +a
and (2+7 ) +a ) +a ) +a +7 _)

We will show that the first four configurations are not possible which will
prove the claim. Let py, denote the point in the 0 level with negative index
so that it is between two points with positive index for the configurations
3+, —, +,2—;+,—), B3+,2—,+,—;+,—), (24, —,2+,2—;+, —) and for the
configuration (44, 3—; 4, —) it is such that it has a point with positive index
on one side and a point with negative index on the other side. Now let pg,
be the closest point to Lgk,. If pi, has negative index then there is only
one more point in the 0-level with negative index that we denote by py,. In
this case applying the Euler-Jacobi formula to Lg, Ly, Ly, with Ly, being
parallel to Lgj, and Ly, being such that all the points in the 0 and 1st level
are on the same side of Ly,, we reach to a contradiction. If py, has positive
index then there are two consecutive points in the 0-level with negative
index that we denote by pg, and py,. In this case applying the Euler-
Jacobi formula to Lgy, Lk, Li,k, With Ly, being parallel to Lgy, we reach
to a contradiction. In short, the claim is proved and the unique possible
configuration is (2+, —, +, —, +, —, +; +, —).

Consider the cubic system (1) with

P(z,y) = 25.1098 4 25.5381z — 3.11093y — 2.73297x2 + 0.110389zy
— 34.0843y?% — 33.9773x3 + 42.58512%y + >,

Q(z,y) = 10.2122 4 11.2379z — 1.78176y — 1.61998z2 + 2.01866xy
— 14.7742y% — 13.97152° + 16.51872%y + xy>.

(15)

The cubic system (1) with P and @ given in (15) has the singular points

(1.99..,1.99), (1.49..,1.99), (1.00..,1.50..),
(—0.86..,—0.49..), (—0.70..,—0.49..), (0.24..,—0.94..),
(0.42..,—0.90..), (0.58..,—0.80..), (0.86..,—0.50..)

in the configuration (24, —,+, —, +, —, +;+, —).

Configuration (6;3) Assume that the subscripts of the points in A are in
such a way that pi,p2,ps3, p4, ps, pe are ordered in dA in counterclockwise
sense and denote by pv, ps, pg the points in the 1st level. First note that
applying the Euler-Jacobi formula to LioL34L56 we conclude that pr, ps, po
cannot have the same sign, so either p; = p?, pg = pg, DP9 = Pg , OF p7 = p}F,
P8 = Pg , P9 = pg . We will consider both cases separately.

Assume first that p; = p;r, ps = pg and pg = py . The unique possible con-
figurations are (4+,2—;+,2—), (24, —, 2+, —;+,2—), (3+,—, +,—;+,2—).
We will show that the configuration (4+,2—;4,2—) is not possible. Con-
sider the straight line Lgg. We denote by ko the integer in {1,2,3,4,5,6,7}
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such that py, is the closest point to Lgg. If py, has negative index then there
is only one more point in the 0O-level with negative index that we denote
by pi,. In this case applying the Euler-Jacobi formula to LggLy, Ly, with
Ly, being parallel to Lgg and Lj, being such that all the points in the 0
and 1st level are on the same side of Lj,, we reach to a contradiction. If
Pk, has positive index then there are two consecutive points in the 0-level
with negative index that we denote by px, and pg,. In this case applying the
Euler-Jacobi formula to Lgg Ly, L, r, With Ly, being parallel to Lgg we reach
to a contradiction. In short, only the configurations (24, —, 2+, —; +,2—)
and (3+, —, 4+, —; +,2—) are possible.

Finally, consider the case p;y = p7+, pg = pg, P9 = pg - The unique possible
configurations are

(16) (3+a3*a2+7*)7 (2+7*7+)2*72+37)’ (2+v273+,*72+7*)

and (+,—,+, —, +, —; 2+, —). We will show that none of them are possible.

First we show that the configuration (4, —, +, —, +, —; 2+, —) is not pos-
sible. Consider the straight line Lvg and without loss of generality we can
assume that pg is on the right-hand side of the straight line L7g (if the three
points are colinear then the argument is even simpler and also holds in the
same lines). Note that there exists at least two points that we call p; and
po so that p; = pf, p2 = p, in such a way that pf is on the right-hand
side of L7g and p, is on the left-hand side of L7g. We denote the rest of the
points on the O-level by ps, p4, p5 and pg being ps, p4 consecutive and ps, pg
also consecutive. Now applying the Euler-Jacobi formula to LsyLsgL79 we
reach to a contradiction. So, this configuration is not possible.

Now we consider the configurations in (16). Let pg, denote the point in the
0 level with negative index so that it is between two points with positive in-
dex for the configurations (2+, —, +,2—;24+, —), (2+,2—,+, —; 24, —), and
for the configuration (3+,3—;2+, —) it is such that it has a point with pos-
itive index on one side and a point with negative index on the other side.
Now let pg, be the closest point to Lgg,. If pr, has negative index then there
is only one more point in the 0-level with negative index that we denote by
Dk, In this case applying the Euler-Jacobi formula to Loy, Ly, Lk, with Ly,
being parallel to Loy, and Ly, being such that all the points in the 0 and
1st level are on the same side of Lj,, we reach to a contradiction. If py,
has positive index then there are two consecutive points in the 0-level with
negative index that we denote by pj, and pg,. In this case applying the
Euler-Jacobi formula to Loy, Lk, Li,k, with Ly, being parallel to Loy, we
reach to a contradiction. So, none of the configurations in (16) are possible.

In short the unique possible configurations are (2+, —, 24, —; +,2—) and
(3+7 ) +7 - +7 2_)
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Consider the cubic system (1) with
1

P(:v,y)=—%+w(y—w—1)(fv+y+1),

Qlr,y) = (2 + 4~ B)(y — 4z 1),

The cubic system (1) with P and @ given in (17) has the singular points

(0.60..,1.62), (0.02..,1.73), (—1.62..,0.60..),
(=1.62..,—0.60..), (0.02..,—1.73..), (0.60..,—1.62..),
(0.19..,1.27..), (—0.04..,0.30..), (—0.27..,—0.61..)

(17)

in the configuration (24, —, 2+, —; +,2—).
Consider the cubic system (1) with
1

) Ple,y) = 2 —y* + (@ + 1),
18
1 1 5 139
Qey) =+ 5+ -5 - P - 3o~ 120

The cubic system (1) with P and @ given in (18) has the singular points

(1.06..,1.53), (—0.74..,0.40), (—0.92..,0.29..),
(=0.96..,0.23..), (—0.96..,—0.23..), (0.34..,—0.42..),
(0.34..,0.42..), (—0.12..,0.18.), (—0.12..,—0.18..)

in the configuration (34, —,+, —; +,2—).

Configuration (5;4). We denote by {pi1,...,p5} = AN OA and take a conic
Q(x,y) through them. Since all these points are in the boundary of a convex
set, we have that the other four singular points are in the same connected
component R? \ {Q(z,y) = 0}. Now we denote by pg, p7, ps, Pe the points
in the 1st level ordered in counterclockwise sense. Now applying the Euler-
Jacobi formula successively to QLg7, QL7s, QQLgg and QQLgg we get that
ps and pg have different index, pg and pg have different index, pg and pr
have different index and p7; and pg have different index. In short we can
assume without loss of generality that pg = ]96+ , D7 =Dy, P8 = pg and pg =
Pg - Then the unique possible configurations are (24, —, 4+, —;+, —,+, —) or
(3+7 2_7 +7 ) +7 _)-

We will show that the configuration (34,2—;+, —,+, —) is not possible.
Indeed, without loss of generality we can assume that p; = pT, Py = p;,
p3 = pgr, ps = p; and ps = p;. We take the straight line L7zg and the
point py with k& € {1,2,3,4,5,6,8} being the closest point to Lzg. Apply-
ing the Euler-Jacobi formula to Lry9LyL4s with Lj being parallel to Lrg,
we reach to a contradiction. In short the unique possible configuration is
2+, —+,—;+,—,+,—).



18 J. LLIBRE AND C. VALLS

The cubic system (1) with

P(z,y) = 32% + 5z — 422 — 10y> — 45z + 90,

(19)
Q(z,y) = y(111 — 40z — 10y)(—97 + 40z — 10y).

The cubic system (1) with P and @ given in (19) has the singular points

(1.82..,3.80), (—4.10..,0), (1.62..,—3.19..),
(2.89..,—0.47.), (3,0), (2.60..,0.66..),
(2.58..,0.65..), (2.43..,0.04..), (2.43..,0)

in the configuration (24, —, +, —; +, —, +, —).

Configuration (5;3;1). We denote by {p1,...,p5} = ANOA ordered in coun-
terclockwise sense and take a conic Q(x,y) through them. Since all these
points are in the boundary of a convex set, we have that the other four
singular points are in the same connected component R? \ {Q(z,y) = 0}.
Now we denote by pg, p7, ps the points in the 1st level ordered in counter-
clockwise sense and by pg the point in the 2nd level. We consider the two
cases pg = p;{ and pg = pg .

Assume first that pg = py. Now applying the Euler-Jacobi formula suc-
cessively to QLg7, QL7s and QQLgs we get that pg = pg , pr = p;r and
pg = pg. So, the unique possible configurations are (2+,3—;3+;—) and
(+,2—,+, —;3+; —). We will show that none of the configurations are pos-
sible.

Consider first the configuration (24, 3—;3+; —). Without loss of general-
ity we can assume that p; = pi’, P2 = p;, p3 = ps, p4 = p, and ps = p; .
We take the straight line Lsg and the point py with k& € {1,2,6,7,8} being
the closest point to Lsg. Applying the Euler-Jacobi formula to LsgLyL3y
with L; being parallel to Lsg9, we reach to a contradiction.

Consider now the configuration (4,2—, +, —; 3+; —). Without loss of gen-
erality we can assume that p; = pf, P2 =Py, P3 =DPg,Ds= pj{ and p5 = p; .
We take the straight line Lsg and the point py with k& € {1,4,6,7,8} being
the closest point to Lsg. Applying the Euler-Jacobi formula to LsgLyLos
with L being parallel to Lsg, we reach to a contradiction. In short, none of
the configurations (2+,3—;3+; —) and (+,2—, 4+, —; 3+; —) are possible.

Assume now that pg = p;. Now applying the Euler-Jacobi formula suc-
cessively to QLg7, QL7g and QQLgg we get that ps = ps, pr = p; and
ps = pg - So the unique possible configuration is (4+, —;3—; +).

The cubic system (1) with

@0) Qw,y) = (4 — 2~ (2 — ).
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The cubic system (1) with P and @ given in (20) has the singular points

(1,5.20), (—0.79..,2), (—0.53..,—1.13.),
(0.53..,—1.13.), (0.79..,2), (1.33..,1.66..),
(=0.53..,1.13), (0,—1), (0.53..,1.13..)

in the configuration (44, —;3—;+).

Configuration (4;5). Take the points {pi1,p2,p3,pa} = AN dA in counter-
clockwise sense at the vertices of a quadrilateral. Denote the remaining
points in the 1st level by ps, ps, p7, Ps, P9 in counterclockwise at the vertices
of a pentagon inside the previous quadrilateral. We claim that the unique
configurations are (34, —;+,2—,+,—), (+,—,+,—, 2+, —, +, —). Without
loss of generality we can assume that ps = p;. Applying the Euler-Jacobi
formula first to the cubic LisL34Lg7 we get that at least one of the indices of
ps and pg has different sign from the index of ps. So we have three possibili-
ties: either ps = pg, p9 = py , OF ps = Pg , P9 = Py , or ps = py and py = py .
Applying the Euler-Jacobi formula to LisL34Lsg and LisL34Lgg we get that
in the first case the unique possible configuration for the convex pentagon
formed by the points {ps, p, p7, ps, po} is (+,2—,+, —). In the second case
applying the Euler-Jacobi formula to Lo LsqL7s and LioL34L59 we get that
the unique possible configurations for the convex pentagon is (2+, —, +, —).
In the third case applying the Euler-Jacobi formula to Li2L34L5g we obtain
that at least one of the indices of pg and p7 is negative and this provides that
the unique possible configurations for the convex pentagon are (+,2—, +, —)

and (24, —, 4, —).

So, the possible configurations for (4;5) are
(3+77;+,277+77)) (2+727;2+)75+77)7 (+)75+77;2+)75+77)'

We will show that the configuration (24,2—;2+,—,+,—) is not possible.
Consider the straight line L7g. Denote by pg, with kg € {1,2,3,4,5,6,8}
the closest point to L7g. If py, has negative index then there is only one
more point in the O-level with negative index that we denote by pg,. In
this case applying the Euler-Jacobi formula to L7gLy,Ly, with L, being
parallel to L79 and Ly, being such that all the points in the 0 and 1st level
are on the same side of Ly, , we reach to a contradiction. If py, has positive
index then there are two consecutive points in the 0-level with negative in-
dex that we denote by py, and pg,. In this case applying the Euler-Jacobi
formula to L7zg Ly, Ly, k, with Ly, being parallel to L79 we reach to a contra-
diction. So, the unique possible configurations are (3+, —; +,2—, +, —) and
(4, =+, — 24, — +, —).
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The cubic system (1) with

P(x,y) = 1.20193 + 3.10832z — 64.6443y — 0.61824722 + 41.203zy
— 1.43166y> — 0.3178552° — 6.101512%y + >

Q(x,y) = 19.1338 — 11.4492x — 18.5024y — 0.54999522 + 18.2762xy
— 1.99188y% + 0.822778z> — 4.376172%y + zy>.

(21)

The cubic system (1) with P and @ given in (21) has the singular points
(1.82..,3.80..), (3,1), (—4.10..,0), (2.61..,0.66..),
(2.60..,0.66..), (2.48..,0.55..), (1.62..,—3.19..),
(2.49..,—0.27..), (2.4,—0.8)

in the configuration (34, —; +,2—, +, —).

The cubic system (1) with
P(z,y) = 32° 4 bxy? — 42> — 10y* — 452 + 90,
(22) 104 112
Q(z, )—y(7—8x+y)(y+8x—7)-
The cubic system (1) with P and @ given in (22) has the singular points

(1.96..,6.71), (—4.10..,0), (1.93..,—5.34..),
(3,0), (2.86..,—0.52..), (2.71..,0.67..),
(2.68..,0.68..), (2.43..,0), (2.52..,—0.57..)

in the configuration (4, —,+, —; 2+, —, +, —).

Configuration (4;4;1). Take the points {p1,p2,p3,ps} = AN A oriented
in counterclockwise sense. Denote the remaining points in the 1st level by
D5, D6, P7, ps (also oriented in counterclockwise sense) and the point in the
2nd level by pg. We consider two cases: either pg = p; or pg = pg -

Assume first that pg = p;{. Applying the Euler-Jacobi formula succes-
sively to LioLsqLsg, L1aL3aLe7, L1oL3qLrg and Lo L34 Lsg we get that there
cannot be two consecutive points with positive index. So, the possible con-
figurations are

(23) (4+;4*7+)7 (3+a*;+a3*;+)v (+773+)7;+775+77;+)

and (2+,2—; 4, —,+, —;+). We will show that the last configuration is not
possible. Indeed, without loss of generality we can assume that p; = pf,
P2 =1D3, P3=D3,DPa=DPs,P5=Pa,P6 =Dg, Pr = ps and pg = pg. Take
the straight line Lgg. Denote by pg, with kg € {1,2,3,4,7,9} the closest
point to Lgg. If py, has negative index then there is only one more point in
the 0-level with negative index that we denote by py,. In this case applying
the Euler-Jacobi formula to LegLy, Ly, with Ly, being parallel to Lgg and
Ly, being such that all the points in the 0, 1st and 2nd level are on the
same side of Ly, , we reach to a contradiction. If py, has positive index then
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there are two consecutive points in the 0-level with negative index that we
denote by pg, and pg,. In this case applying the Euler-Jacobi formula to
Les Ly Ly, 1, with Ly, being parallel to Lgg we reach to a contradiction. So,
only the configurations with pg = pg are the ones in (23).

Assume now that pg = py. Applying the Euler-Jacobi formula succes-
sively to L1’2L374L576, L1’2L3’4L6’7, L1,2L3,4L7,8 and L1’2L374L578 we get that
there cannot be two consecutive points with negative index. Therefore, the
possible configurations are

(24) (+)3_74+7_)7 (3+7_;+7_)+7_;_)7 (2+72_a3+7_7_)

and (+,—,+, —; 34, —; —). We will show that none of the configurations in
(24) are possible.

For the configuration (+,3—;4+;—), without loss of generality we can
assume that p; = p;. Take the straight line Lyg with k € {2,3,4} so that
it leaves three points with positive index on one side of the straight line (p;
and two points in the 1st level that we denote by l1,l3). Now applying the
Euler-Jacobi formula to LygLj, i, Lj, j, with 1,42 € {2,3,4}, 41,42 # k and
Ji,J2 € {5,6,7,8} with {ji,j2} # {l1,l2} we reach to a contradiction.

For the configuration (3+, —;+, —,+,—; —) we can assume without loss
of generality that py = pi, p2 = p5, p3 = p3, Pa = Py, D5 = D5, P6 = P »
p7 = p7, P8 = pg. Applying the Euler-Jacobi formula to LoLsgL7 or to
LoLsL79 depending on whether pg is closer to ps or to p; (here Lo is the
straight line passing through ps so that leaves all the points on the same
side of the straight line, L7 is the straight line passing through pr parallel to
Lsg and Ly is the straight line passing through ps parallel to L7g), we reach
to a contradiction.

For the configuration (34, —;+, —,+, —; —), we can assume without loss
of generality that ps = ps, ps = pér, p7 = D7, P8 = pg. Take the straight
line Lsg. Note that it leaves three points with positive index on one side of
the straight line (one of the points is either pg or pg and the other two points
are in the O-level that we denote by l1,lo. Without loss of generality we can
assume that the point in the 1st level is pg since if it is pg the argument
follows in the same manner). Now take L7 so that it leaves the three points
D6, D1, > D1, on the same side of the straight line and the point pg on the other
side of the straight line and Lsg(p;)L7(p;) > 0 with i € {6,1;,l2}. Denote by
l3,14 the remaining two points in the 0O-level different from [y, /5. Note that
they are consecutive. Now applying the Euler-Jacobi formula to LsgL7L;,,
we reach to a contradiction.

For the configuration (24,2—;3+,—;—) we can assume without loss of
generality ps = pg. Take the straight line Lgg and denote by py, with
ko € {1,2,3,4,5,6,7} the closest point to Lgg. If py, has negative index
then there is only one more point in the 0-level with negative index that we
denote by py,. In this case applying the Euler-Jacobi formula to Lgg Ly, Lk,
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with Ly, being parallel to Lgg and Ly, being such that all the points in the
0, 1st and 2nd level are on the same side of Ly, , we reach to a contradiction.
If pi, has positive index then there are two consecutive points in the 0-level
with negative index that we denote by py, and pg,. In this case applying the
Euler-Jacobi formula to Lgg Ly, L, r, With Ly, being parallel to Lgg we reach
to a contradiction. In short, only the configuration (+, —, +, —;34, —; —) is
possible.

The cubic system (1) with

P(z,y) = 1.7136 + 0.572791z + 3.00238z2 — 2% — 2.004772>
— 1.2864y + 0.0023849822%y + v°,

Q(x,y) = 1.09364 — 0.187289x — 0.406356y + 2.92225x> — 3.84449z3
+ 1.422252%y — 1.5y% + xy>.

(25)

The cubic system (1) with P and @ given in (25) has the singular points

(0.53..,1.13..), (=0.53..,—1.13.), (0,—1),

)
(15,2), (1.33..,1.66..), (0.79..,1.5),
(
(0.53..,—1.13.), (—0.53..,1.13..), (—0.22..,0.78..)

in the configuration (4+;4—;+).
The cubic system (1) with

P(x,y) = 11.2335 + 0.0522272 — 51.794y — 1.32865x% + 29.0751xy
— 1.64635y% — 0.1643142° — 3.308972%y + 3

Q(x,y) = 32.4222 — 17.1813x — 14.5172y — 1.26522% + 14.6159zy
—2.23433y% + 11811922 — 3.49778z%y + x>

(26)

The cubic system (1) with P and @ given in (26) has the singular points

(5.16..,3.14..), (1.82..,3.80..), (3,1), (—4.10..,0),
(2.60..,0.66..), (2.58..,0.55..), (1.62..,—3.19..),
(2.49..,—-0.47.)), (2.43..,—0.8)

in the configuration (34, —; +,3—;+).
The cubic system (1) with

P(x,y) = 1.19391 — 1.32373z — 0.901198y + 2.608132>

+ 0.876263zy — 1.0951y> + 1.157462° + —2.98422%y + 1,
Q(x,y) = 6.831 + 11.1318z — 2.08151y + 1.391622>

— 6.9797xy — 8.91252y% — 17.62762° + 19.46342%y + zy>.

(27)
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The cubic system (1) with P and @ given in (27) has the singular points
(—0.79..,2), (—0.53..,1.13..), (—0.53..,—1.13..),
(0,—1), (1.5,2), (1.31..,1.67..), (0.79..,1.3..),
(0.53..,1.10..), (1.33..,1.66..).
in the configuration (4, —, 4+, —;+, —, +, —; +).
The cubic system (1) with
P(x,y) = 3.74972 + 3.42597x — 0.418861y — 3.191562>
— 2.03937zy — 3.16858y> — 0.3385972> + 2.458952%y + y3
Q(xz,y) = —17.0041 — 31.7873x — 4.1965y + 42.18112>
+ 18.9981zy + 12.8076y% + 4.42362> — 33.55192%y + zy?.

(28)

The cubic system (1) with P and @ given in (28) has the singular points
(—13.18..,—0.39.), (1.5,2), (1.33..,1.46),
(0.79..,1.44), (0.53..,1.40..), (—0.79..,2)

(0,—1), (=0.53..,1.13..), (0.53..,—1.13..)

in the configuration (4, —,+, —; 3+, —; —).

Configuration (4;3;2). Take the points {p1,p2,ps,pa} = AN dA oriented
in counterclockwise sense. Denote the remaining points in the 1st level by
Ps, D6, p7 (also oriented in counterclockwise sense) and the point in the 2nd
level by ps, pg. We consider three cases: either pg = pg, Py = p;; ; Or pg = pg ,

P9 =Py ; Or ps = pg and pg = pq .

Assume first that pg = pg, pg = p;{ . In this case applying the Euler-
Jacobi formula successively to LisL34Ls6, L12L34Le7 and L12L3sLs7 we get
that ps = ps, ps = pg and pr = p;. In this case, the unique possible
configuration is (44, —; 3—; 2+).

Assume now that ps = pg, p9 = py. In this case applying the Euler-
Jacobi formula successively to LioL3sLss, L1 2L34Le7 and L1aL34Ls7 we get
that ps = p;r, Pe = pg-“ and py = p?. In this case , the unique possible
configurations are (2+,2—;3+4;2—) or (+,—,+, —;3+;2—). We will show
that the configuration (24,2—;3+;2—) is not possible. Take the straight
line Lgg and denote by pg, with ko € {1,2,3,4,5,6,7} the closest point to
Lgg. If pi, has negative index then there is only one more point in the 0-
level with negative index that we denote by pg,. In this case applying the
Euler-Jacobi formula to LggLy, Ly, with Ly, being parallel to Lgg and Ly,
being such that all the points in the 0, 1st and 2nd level are on the same side
of Ly,, we reach to a contradiction. If pg, has positive index then there are
two consecutive points in the 0-level with negative index that we denote by
Pk, and pg,. In this case applying the Euler-Jacobi formula to Lgg Ly, L, k,
with Ly, being parallel to Lgg we reach to a contradiction.
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Finally, consider the case in which pg = pg and pg = p;. We consider
different cases: either ps = p;, Pe = pg and py = p?, or p5s = Ps, P6 = Dg
and p7 = p7, or ps = p5, ps = pg and py = p7, or ps = pi, ps = pg and
p7 = p; . In the first case the configuration must be (4, 3—;3+; +, —). In the
second case the configurations must be (4+;3—;+, —), in the third case the
configuration must be (34, —; +,2—; 4+, —) and in the fourth case the config-
urations can be (2+,2—;2+, —;+,—) and (+, —, +, —; 24, —; +, —). We will
show that configurations (+, 3—;3+; +, —) and (2+,2—; 2+, —; +, —) are not
possible.

For the configuration (+,3—;3+;+, —) without loss of generality we can
assume that p; = pf and po = p, . Take the straight line Log and denote by
Do With ko € {1,3,4,5,6,7,9} the closest point to Lrg. If py, has negative
index then there is only one more point in the O-level with negative index
that we denote by pg,. In this case applying the Euler-Jacobi formula to
Log Ly, Ly, with Ly, being parallel to Log and Ly, being such that all the
points in the 0, 1st and 2nd level are on the same side of Ly,, we reach
to a contradiction. If py, has positive index then there are two consecutive
points in the 0-level with negative index that we denote by pg, and pg,. In
this case applying the Euler-Jacobi formula to LogLy, L, k, with Ly, being
parallel to Lag we reach to a contradiction. So, this case is not possible.

Now we show that the configuration (24,2—;2+, —; +, —) is also not pos-
sible. Take the straight line L7g and denote by p, with ko € {1,2,3,4,5,6,9}
the closest point to L7g. If py, has negative index then there is only one
more point in the O-level with negative index that we denote by pg,. In this
case applying the Euler-Jacobi formula to L7g Ly, Ly, with Ly, being parallel
to L7g and Ly, being such that all the points in the 0, 1st and 2nd level
are on the same side of Ly, , we reach to a contradiction. If py, has positive
index then there are two consecutive points in the 0-level with negative in-
dex that we denote by pg, and pg,. In this case applying the Euler-Jacobi
formula to L7gLy, Ly, x, with Ly, being parallel to L7g we reach to a con-
tradiction. In short the unique possible configurations are (4+;3—;+, —),
(3+> -3 +7 2_7 +> _) and (+7 ) +7 ) 2+7 ) +7 _)

The cubic system (1) with

P(z,y) = 1.9467 + 0.106601z — 1.0533y + 2.18655z2 — 2>
— 0.3731052% — 0.813448z%y + 1,

Q(x,y) = 1.44598 — 0.8919622 — 0.0540188y + 1.68907x% — 1.5¢°
— 1.37813z3 + 0.1890662%y + zy>.

(29)
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The cubic system (1) with P and @ given in (29) has the singular points
(3.91..,4.38.), (1.5,2), (1.33..,1.66..),
(0.79..,1.3), (—0.53..,—1.13..), (0.53..,1.13..),
(0,—1), (-0.53..,1.13.), (0,53..,—1.13..)
in the configuration (44;3—;+, —).
The cubic system (1) with
P(z,y) = 4.44579 — 3.87209z — 93.8975y + 0.077274622 4 70.385xy
—1.27865y2 + 0.3131122% — 13.21762%y + v,
Q(z,y) = 31.5935 — 17.6604z — 19.6577y — 1.0935522 + 19.65951y
— 2.18944y% + 1.239482% — 4.707532%y + xy>.

(30)

The cubic system (1) with P and @ given in (30) has the singular points
(1.82..,3.80..), (3,1), (—4.10..,0), (2.60..,0.66..),
(2.58..,0.55..), (1.62..,—3.19..), (2.52..,0.26..),

(2.43,0), (2.49..,—0.47..)
in the configuration (34, —; +,2—;+, —).
The cubic system (1) with
P(z,y) = 3.15504 + 2.30642z — 0.515948y — 2.0779422 — 1.44045zy
— 2.67189y> + 0.2001562° + 1.2055722y + v°,
Q(a,y) = —12.0555 — 22.457x — 3.38738y + 32.900222 + 14.0066zy
+ 8.66815y> — 0.0663528z3 — 23.1063z2y + x1°.

(31)

The cubic system (1) with P and @ given in (31) has the singular points

(1.5,2), (1.33..,1.46), (0.79..,1.41)
(0.53..,1.40..), (0.53..,1.40.), (—0.79..,2),
(0,1), (=0.53..,1.13.), (0.53..,—1.13..)

in the configuration (4, —, 4+, —; 2+, —; +, —).

Configuration (3; 6) Take the points {p1,p2, p3s} = AN A oriented in counter-
clockwise sense. Denote the points in the 1st level by C' = {p4, ps, s, P7, P8, D9}
Applying the Euler-Jacobi formula to L12L3L45 we get that there cannot be
four consecutive points being all positive or all negative. So at most, there
can be three consecutive points with the same index. Moreover, we cannot
have the configuration (3+,3—) in the 1st level because then, if we denote
by p7, ps, pg the three consecutive points with negative index, applying
the Euler-Jacobi formula to LisL3L79 we reach to a contradiction. Hence,
the unique possible configuration for the convex hexagon formed by the
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points in C'is (3+, —,+,—), (2+,—,24+,—), (24, —,+,2—), (2+,2—,+, —),
(+a2_a+72_)7

(32) (+7_7+’_a+7_) and (+33_7+a_)-

We claim that the unique possible configurations for the convex hexagon
formed by the points {p4, s, ps, p7,Ps, P9} are the ones in (32). Now we
prove the claim. We will consider the other five cases separately.

If the configuration for the convex hexagon formed by the points in C
is (3+,—,+, —) then the total configuration must be (+,2—;3+, —, +, —).
Without loss of generality we can assume that py = p; and pg = ps . Con-
sider the straight line Ly and denote by py, with ko € {1,2,3,5,7,8,9} the
closest point to Lye. If pg, has negative index then there is only one more
point in the O-level with negative index that we denote by py,. In this case
applying the Euler-Jacobi formula to L4¢Ly, Ly, with Ly, being parallel to
L4 and Ly, being such that all the points in the 0, 1st and 2nd level are on
the same side of Ly, , we reach to a contradiction. If py, has positive index
then there are two consecutive points in the 0-level with negative index that
we denote by pg, and py,. In this case applying the Euler-Jacobi formula to
LagLyy Ly, k, with Ly, being parallel to Lig we reach to a contradiction.

If the configuration for the convex hexagon formed by the points in C' is
(24, —, 24, —) then the total configurations must be (+,2—;2+, —, 2+, —).
Let pg,, pr, denote the points in the 1st level with negative index that
are between two points with positive index. Denote by pg, with ko €
{1,2,3,4,5,6,7,8,9} with ko # ko, k2 # ki closest to Ly,k,. If py, has
negative index then there is only one more point in the 0-level with negative
index that we denote by py,. In this case applying the Euler-Jacobi formula
to Lok, Lk, Ly with Ly, being parallel to Ly, and Ly, being such that
all the points in the 0 and 1st level are on the same side of Lj,, we reach
to a contradiction. If py, has positive index then there are two consecutive
points in the 0-level with negative index that we denote by pg, and pg,. In
this case applying the Euler-Jacobi formula to Ly, Ly, Lk, With Ly, being
parallel to L, we reach to a contradiction.

If the configuration for the convex hexagon formed by the points in C
is (24, —,4+,2—) or (2+,2—,+, —) then the total configurations must be
(24, =24, —,+,2—) or (2+,—;2+,2—,+,—). Without loss of generality
we can denote by py = pJ, ps = pi, P = Pg, P = Pi, P8 = D5, P9 = Dy -
Take the straight lines Lgg, Lgg for the first configuration and Lyg, Lgg for
the second one. Note that there exists a point, pi, with positive index
in the O-level that is on the same sides of both straight lines (taking the
corresponding straight lines depending on the configuration). Denote by
Dk, Dk, the remaining points in the O-level. Now applying the Euler-Jacobi
formula to LsgLegLy,k, for the first configuration and to LsgLegLy,k, for
the second one, we reach to a contradiction.
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Finally, if the configuration for the convex hexagon formed by the points in
C'is (+,2—,4,2—) then the total configuration must be (3+;+,2—,+,2—).
Without loss of generality we can denote by ps = pz, D5 = D5, D6 = Dg »
pr = p?, ps = pg and pg = py (oriented in counterclockwise sense). Take
the straight lines Lsg9 and Lgg. Note that there exists a point py, in the
0O-level so that it is in both sides of Lsg9 and Lgg. Denote by pg,,pr, the
remaining points in the 0-level. Then applying the Euler-Jacobi formula
to LsgLesLy,k, we reach to a contradiction. In short we have proved the
claim and the unique possible configurations are (2+, —;+,—,+,—,+, —)
and (3+;+,3—,+,—).

The cubic system (1) with
P(z,y) = 0.07001142 — 0.820177y + 0.618091z% — 2.34582xy
+ 0.0637765y2 4 1.07808z> — 0.866707x%y + v°,
Q(z,y) = 0.428369x — 3.72284y + 2.001562% — 1.86912zy
— 3.67881y? + 0.02661532> + 1.509492%y + zy/>

(33)

The cubic system (1) with P and @ given in (33) has the singular points
(1.7,1.3), (1.2,0.64), (0.2,—1.2), (0.6,0.2), (—0.5,0.1)
(—1.63..,1.29..), (=0.75..,0.28..), (—1.1,0.65), (0,0).

in the configuration (24, —;+, —, +, —, +, —).

The cubic system (1) with
P(z,y) = 11.0069 — 3.24192 — 30.9182y — 2.426782% + 22.21052y
+ 0.826471y% + 0.7614732° — 4.033782%y + y°,
Q(z,y) = 6.50717 — 1.60833x — 15.4643y — 1.390922 + 11.6013zy
— 2.61894y% + 0.401328z3 — 2.16772x%y + x>

(34)

The cubic system (1) with P and @ given in (34) has the singular points
(4.96..,2.71..), (2.86..,0.61..), (2.71..,0.67..),
(2.68..,0.68..), (3,0), (—2.10..,0),

(2.86..,—0.52..), (2.52..,—0.57.), (1.93..,—2.34..)

in the configuration (3+;+,3—, 4, —).

Configuration (3;5;1). Take the points {p1,p2,p3} = AN OA oriented in
counterclockwise sense. Denote the remaining points in the 1st level by
P4, Ps, P6, P7, Ps also oriented in counterclockwise sense and the point in the
2nd level by pg. We consider two possible cases pg = pg+ and pg = pqg .

When pg = pgr, applying the Euler-Jacobi formula to LisL3Lys5, L12L3Lsg,
LioL3Lg7, L1oL3L7g and L1oL3L4g we obtain that there cannot be 3 consecu-
tive points in the 1st level with positive index. So the possible configurations
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are (2+7 ) 2+7 3_, +)7 (+7 2_7 2+7 ) +> ) +)7 (2+7 ) +7 2_7 +7 ) +) and
(3+;+,4—;+). We will show that the configurations (+,2—; 2+, —, +, —; +)
and (24, —;4,2—,+, —; +) are not possible.

For the configuration (+,2—;2+, —, 4, —;+), without loss of generality
we can assume that py = pY, po = py, p3 = D3, pa = Dy, P5s = Dy, P6 = Dg »
pr = p;r, ps = pg. Take the straight line Lgg and denote by py, with
ko € {1,2,3,4,5,7,9} the closest point to Lgs. If pg, has negative index
then there is only one more point in the 0-level with negative index that we
denote by py,. In this case applying the Euler-Jacobi formula to Leg Ly, L,
with Ly, being parallel to Lgg and Ly, being such that all the points in the
0 and 1st level are on the same side of Ly,, we reach to a contradiction. If
Dk, has positive index then there are two consecutive points in the 0-level
with negative index that we denote by pg, and pg,. In this case applying
the Euler-Jacobi formula to Leg Ly, L, k, With Ly, being parallel to Lgg we
reach to a contradiction.

For the configuration (2+, —; +,2—, 4+, —; +) we note that without loss of
generality we can assume that py = p; and py = p;, p3 = p;{. Moreover,
P4 = Dy, P5 = p;, D6 = Dg, P7 = py and pg = pg and there exists k €
{0,5,8} (if kK = 0 then Lyy = L4 chosen in a convenient way) so that
C = Le7Ljy satisfies C(p1)C(p;) < 0 for j € {5,8,9} with j # k. Then,
applying the Euler-Jacobi formula to Lg7Li4Log we reach to a contradiction.

Take now pg = pg. Proceeding as above, we obtain that there cannot
be 3 points in the 1st level with negative index. So, the possible config-
urations are (2+, = 3+, 2—; ), (34 +,2—,+, = =), (+,2—;4+, —; ) and
(24, —; 24, —, +, —; —). We will show that configurations (24, —; 3+, 2—; —)
and (+,2—;44, —; —) are not possible.

For the configuration (2+, —; 3+,2—; —) we can denote p; = p; and p; =
p7, ps = pg (note that the rest of the points in the 0-level and in the
1st level are positive). Now we consider the straight lines Lgg, Lx7 where
k € {2,3,4,5,6} so that there are no points in {2,3,4,5,6} between these
two straight lines. Now applying the Euler-Jacobi formula to LiLggLy7 we
reach to a contradiction.

For the configuration (+4,2—;4+, —; —), without loss of generality denote
by p5 the point with negative index in the 1-st level. Take the straight line
Lsg and denote by pg, with ko € {1,2,3,4,6,7,9,8} the closest point to Lsg.
If pr, has negative index then there is only one more point in the 0-level with
negative index that we denote by pg,. In this case applying the Euler-Jacobi
formula to Lsg Ly, Ly, with Ly, being parallel to Lsg and Ly, being such that
all the points in the 0 and 1st level are on the same side of Lj,, we reach
to a contradiction. If py, has positive index then there are two consecutive
points in the 0-level with negative index that we denote by pg, and pg,. In
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this case applying the Euler-Jacobi formula to LsgLy, Ly, k, With Ly, being
parallel to Lsg we reach to a contradiction.

The cubic system (1) with

P(x,y) = —25.835 + 15.2203z + 25.4367y + 0.3999672% — 20.647xy
— 2.07302y% — 0.9158522° + 4.319942%y + °,

Q(x,y) = 3.15824 — 1.75253x — 3.00217y — 0.04680472% + 3.13052zy
— 2.40622y% + 0.09543552% — 0.782147x2%y + x>,

(35)

The cubic system (1) with P and @ given in (35) has the singular points
(7.95,2.50..), (3,1), (2.4,1.2),
(2.39,1.05), (2.38..,1.04), (—4.10..,0.1),
(2.67..,—0.14..), (2.49..,-0.27..), (2.4,—0.25)
in the configuration (24, —; 2+,3—;+).
The cubic system (1) with
P(x,y) = —0.0231623z + 0.433626y — 0.09380622% — 0.789841zy
+ 1.38804y> + 0.41578523 — 1.3556622y + 45,
Q(z,y) = 0.213746x — 0.83474y + 0.3617262% + 1.71502xy
— 0.628414y* — 1.498972° + 0.3831942%y + xy>.

(36)

The cubic system (1) with P and @ given in (36) has the singular points
(1.7,1.3), (1.2,0.81), (0.2,-1.2), (0.6,0.2), (0,0),
(0.55..,0.12..), (-0.5,0.1), (—1.63..,1.29..), (—1.1,0.65)

in the configuration (3+;+,4—;+).

The cubic system (1) with
P(z,y) = —0.101538 — 0.011492z — 0.36926y + 0.642709z>
— 005291552y + 0.892157y2 + 0.052586523 — 1.358132%y
(37) +y°,
Q(z,y) = —0.382507 + 0.1213362 — 2.02418y + 2.09432
+ 6.76853zy — 0.5582y> — 3.836562° — 0.3417462%y + xy>.

The cubic system (1) with P and @ given in (37) has the singular points

(1.7,1.3), (1.2,0.64), (0.2,—1.2), (0.39..,0.45.), (0,—0.2)
(0.6,0.2), (—0.5,0.1), (—1.63..,1.29..), (—1.1,0.65)

in the configuration (3+;+,2—, 4+, —; —).
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The cubic system (1) with

P(z,y) = —4.0025 + 12.0174z — 4.7607y — 6.24871x% — 0.249178zy
— 1.15051y2 + 0.8603092° + 0.819933z2y + 1,

Q(z,y) = 13.008 — 14.4565x + 0.0233284y + 5.11221x% + 1.06544zy
— 2.13972y% — 0.5731512> — 0.4475142%y + zy>.

(38)

The cubic system (1) with P and @ given in (38) has the singular points

(1.82..,1.80..), (4.20..,0), (3.34..,0.46..),
(2.8,0.7), (2.60..,0.76..), (2.48..,0.79)
(2.59..,—0.27), (0.62..,—1.79.), (2.4,—0.8)

in the configuration (24, —; 2+, —, +, —; —).

Configuration (3;4;2). Take the points {p1,p2,p3} = AN OA. Denote the
remaining points in the 1st level by p4, p5, pg, p7 and the points in the 2nd
level by pg,pg. Clearly we can have either pg = pg, pg = p; , OT P8 = g,

P9 =Py, OF ps = pa and pg = py .

When pg = pg, Py = p;. Assuming that the points pg4, ps, pg, pr are
oriented in counterclockwise sense, applying the Euler-Jacobi formula to
LisL3Lys, LioL3Lsg, LiaLsLgr and to LisL3L47 we get that only the fol-
lowing configurations are possible

We will show that the last two configurations are not possible.

For the configuration (3+;4—;24) we note that there exist k € {1,2,3}
(that without loss of generality we name p1) and ko, k1 € {4,5,6,7} being
consecutive (that without loss of generality we name p4,ps) so that the
straight lines Loy, and Lg,, satisfy: the points pg,p7,ps,p9 are between
them and the point p; is in the opposite side of these points for both straight
lines. Now, applying the Euler-Jacobi formula to Loy, L3p; L7 we reach to a
contradiction.

For the configuration (+,2—; 4, —, +, —; 2+) we note that without loss of
generality we can assume that p; = pf and py = pi, D5 = D5, D6 = pg and
p7 = p; . We observe that there exists k € {5, 7} so that Lj separates either
po or ps from the rest of the points. Without loss of generality we can assume
that the point that separates Lj is po. Then applying the Euler-Jacobi
formula to LyLi3L; with j € {5,7}, j # k, we reach to a contradiction. So
this case is not possible.

When pg = pg, p9 = py. Assuming that the points p4,ps,ps,pr are
oriented in counterclockwise sense, applying the Euler-Jacobi formula to
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L12L3L45, L12L3L56, L12L3L67 and to L12L3L47 we get that only the fol-
lowing configurations are possible

(+52_74+a2_)7 (2+7_73+7_72_)7 (3+a+7_>+a_72_)
We will show that none of these configurations are possible.

For the configuration (+,2—;4+;2—) we take the straight line Lgg and
denote by pg, with ko € {1,2,3,4,5,6,7} the closest point to Lgg. If pg, has
negative index then there is only one more point in the 0-level with negative
index that we denote by p,. In this case applying the Euler-Jacobi formula
to LggLy,Ly, with Ly, being parallel to Lgg and Ly, being such that all
the points in the 0 and 1-st level are on the same side of Lj,, we reach to
a contradiction. If pg, has positive index then there are two consecutive
points in the 0-level with negative index that we denote by p, and pg,. In
this case applying the Euler-Jacobi formula to LggLy, Lk, k, With Ly, being
parallel to Lgg we reach to a contradiction.

For the configuration (2+,—;34,—;2—) we can denote p; = p; and
ps = p; (note that the rest of the points in the O-level and in the 1st
level are positive). Now we consider the straight lines Lyg and Ly where
k€ {2,3,5,6,7} so that there are no more points in {2,3,5,6,7} between
these two straight lines. Now applying the Euler-Jacobi formula to Ly L4gLyg
we reach to a contradiction.

Finally, for the configuration (3+; 4, —, 4+, —; 2—). Without loss of gener-
ality we can assume that py = pz, D5 = P, D6 = pér and p7 = p, . Consider
the straight lines Lsg and Lyg (we can rename pg and pg so that the above
straight lines do not intersect). Note that there exists k € {1,2,3} so that
pi is on the same side of both straight lines Lsg and Lyg. Then applying
the Euler-Jacobi formula to LsgLzgL;; with 4,5 € {1,2,3} and i,j # k we
reach to a contradiction. In short, no configuration of the form (3x;4x%,2—)
is possible.

Assume now that pg = pg and pg = p;{. The possible configurations are
(B3+;+,3—+,—), (24, —;2+,2—;+,-),
and
2+, =+, -+, =+ ), B—d++,-), (+,2—33+,—4,-)
We will show that the last three configurations are not possible.

For the configuration (3—;4+; 4, —), note that there exists k € {4,5,6,7}
so that Lgg leaves two points of the 1st level and pg in one side and one point
(that we denote by p,) on the other side. Moreover, there exists £ € {1,2, 3}
so that Ly, leaves all the points in the 1st and 2nd levels of the configuration
on one side of the straight line. Now applying the Euler-Jacobi formula to
LypLigLi; with 4,5 € {1,2,3} with 4, j # ¢ we reach to a contradiction.
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For the configuration (24, —;+, —, +, —; +, —), denote by py = pJ, ps =
D5 » P6 = pg and p7 = p; (assume that the points p4, ps, ps, p7 are oriented
in counterclockwise sense). Take the straight lines LsgL7g9. Note that the
point p4 is on the same side of the straight lines Lsg and L9, and the same
happens for pg. Now note that there exists k € {1, 2,3} with p; = p: so that
it is also on the same side of the straight lines Lsg and L7g. Then applying
the Euler-Jacobi formula to LsgLzgL;; with 4,5 € {1,2,3} being ¢,j # k we
reach to a contradiction.

For the configuration (+,2—;3+, —; +, —) we denote by p; = p, the point
in the 1-st level with negative index. Take the straight line Lyg and denote by
Dk, With ko € {1,2,3,4,5,6,9} the closest point to Lrg. If pg, has negative
index then there is only one more point in the O-level with negative index
that we denote by pj,. In this case applying the Euler-Jacobi formula to
LzgLy, Ly, with Ly, being parallel to L7zg and Ly, being such that all the
points in the 0 and 1-st level are on the same side of Lj,, we reach to
a contradiction. If py, has positive index then there are two consecutive
points in the 0-level with negative index that we denote by p, and pg,. In
this case applying the Euler-Jacobi formula to L7gLy, L, k, With Ly, being
parallel to Lyg we reach to a contradiction.

The cubic system (1) with

39
( P)(x, y) = —19.06 + 14.078x — 27.9208y + 0.1331692% + 12.6251xy
— 1.14841y% — 1.07942> — 0.559453z%y + ¢°
Q(z,y) = —1.07288 4 0.925648z — 7.18843y — 0.01379712? + 5.40235zy
— 2.5207y% — 0.073858z> — 1.0092922y + zy>.

The cubic system (1) with P and @ given in (39) has the singular points

(4.82..,2.80.), (3,1), (—4.10..,0),
(2.60..,0.66..), (2.51..,0.69), (2.55..,0.63..),
(2.48..,0.55..), (2.49..,—0.27..), (2.4,—0.8)

in the configuration (24, —; +,3—;2+).
The cubic system (1) with

P(x,y) = 0.07900212 — 0.108409y + 0.322009z% — 1.080662y
+ 0.865459y% + 0.502493z3 — 1.241442%y + y°,
Q(x,y) = 0.457237x — 1.43742y + 1.050872% + 2.19319zy
— 1.10469y% — 1.821552° + 0.3062452%y + 2.

(40)
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The cubic system (1) with P and @ given in (40) has the singular points
(1.7,1.3), (1.2,0.64), (0.2,—1.2), (0,0), (0.3,0.2),
(0.40..,0.31..), (=0.5,0.1), (—1.63..,1.29..), (—1.1,0.65)

in the configuration (3+;+,3—; 4, —).

The cubic system (1) with

(41)

P(z,y) = —41.9913 + 30.0846z — 49.7037y + 0.450059z2 + 19.3914xy
— 2.85838y% — 2.284582° + 0.3064962%y + 3

Q(z,y) = —4.41011 + 3.25512z — 10.3585y -+ 0.032320422 + 6.387052y
— 2.76956y% — 0.249252> — 0.8832712%y + x1°.

The cubic system (1) with P and @ given in (41) has the singular points
(4.82..,2.80..), (3,1), (—4.10..,0),
(2.58..,0.75..), (2.61..,0.66..), (2.60..,0.66..),
(2.48..,0.55..), (2.49..,—0.27..), (2.4,—0.8)

in the configuration (24, —; 2+, 2—;+, —).

Configuration (3;3;3) Take the points {p1,pa2,p3} = AN OA. Denote the
remaining points in the 1st level by py4, ps, pg oriented in counterclockwise
sense and the points in the 2nd level by pr7,ps, pg also oriented in coun-
terclockwise sense. Clearly, in the 2nd level we can have either p; = p}L,
P8 = Pg, P9 = Dg; OF pr = Py, Ps = Pg, P9 = Pg; OF Pr = Pi, Ps = Py,
Py =Py, OF P7 =Py, Ps =Dy, P9 = Dy -

We will show that the cases p7 = p-, ps = pg, P9 = pg, Or p7r = p;r,
ps = pg, pg = pg+ are not possible. Assume that the closest point of the
set {p4,p5,p6} to p1 is ps. Then either the straight line Li5 or Lig leaves
the other two points of the set {p4,ps,ps} on the same side. Assume that
it is the straight line Lj5, otherwise the proof follows in a similar way.
Then applying the Euler-Jacobi formula to C = Li5LogL3s we get to a
contradiction because Log and L3y also leave the points of the set {ps, ps,p5}
on the same side.

Assume now that p; = p,, pg = pg and pyg = p;. The unique pos-
sible configurations in this case are (3—;34;2+,—), (+,2—;2+, —; 24, —),
(34+;3—;24,—), and (2+, —;+,2—;2+, —). We will show that the configu-
rations (3—;3+;2+, —) and (+,2—;2+, —; 24, —) are not possible.

For the configuration (3—;34;2+,—), we take the straight line L; so
that it leaves four points with positive index on one side of the straight
line and two points with positive index on the other side of the straight
line (if the three points p; = po, pg = pg and pg = p;{ are on a straight
line then the straight line Lrgg leaves at least two points of the 1st level
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on one side of the straight line and we denote the third point by p,. Now
there exists k& € {1,2,3} so that Ly, leaves all the points of the 1st level
on one side of Ly,. Then applying the Euler-Jacobi formula to L7ggLy,L;;
with 4,5 € {1,2,3} and 4,j # k we reach to a contradiction). Denote by
p € {4,5,6} the unique in the 1st level that is on one side of the straight line
L7. Then there exists k£ € {1,2,3} so that Ly, leaves all the points of the
Ist level on one side of Ly,. Applying the Euler-Jacobi formula to L7Lyy,L;;
with 4,7 € {1,2,3} and i, j # k we reach to a contradiction.

We will show that the configuration (4,2—;2+, —; 2+, —) is not possible.
Indeed, denote by p; = pf in the 0 level and ps = pg in the 1st level.
Take Lgg. Then there exists k € {1,4,5,7,8} so that taking Lj passing
through the point p, and being parallel to Lgg, there is no other point
of {1,4,5,7,8} between the straight lines Ly and Lgg. Then applying the
Euler-Jacobi formula to LjLggLos we reach to a contradiction.

Finally, assume that p7 = p-, ps = pg and pg = p; . The unique possible
configurations in this case are (+,2—;3+;+,2—), (24, —; 2+, —;+,2—) and
(34+;+,2—;+,2—). We will show that the configuration (+,2—;3+;+,2—)
is not possible. Indeed, denote by p; = p{r and take the straight line Lrysg.
Then there exists k € {1,4,5,6,9} so that taking L; passing through the
point p; and being parallel to Lrg, there is no other point of {1,4,5,6,9}
between the straight lines Lj and L7g. Then applying the Euler-Jacobi
formula to LjL7gLs3 we reach to a contradiction.

The cubic system (1) with
(42)
P(z,y) = 0.507522 + 0.477393x — 3.07401y + 0.4950412% — 13.8065xy
— 4.07675y> + 6.203862> + 1.58957x2y + 1>,
Q(z,y) = 2.71688 + 2.609172 — 15.7881y + 1.342842% — 63.2208zy
— 25.844y% + 27.4662> + 14.65852%y + 1.

The cubic system (1) with P and @ given in (42) has the singular points

(1.7,1.3), (1.2,0.64), (0.2,-12), (0.6,0.2), (—0.5,0.1),
(=0.15..,—0.41..), (—1.63..,1.29..), (0,0.14), (—1.1,0.65)

in the configuration (3+;3—;2+, —).
The cubic system (1) with

P(x,y) = 2.75306 4 1.56901z — 30.609y — 0.575369z2 + 17.882xy
— 0.84234y% — 0.1935472° — 2.25008z%y + °,

Q(x,y) = 2.13916 — 0.916338x — 7.58429y — 0.118131x2 + 6.17644xy
— 2.47563y2 + 0.05658612°> — 1.258242%y + zy?.

(43)
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The cubic system (1) with P and @ given in (43) has the singular points
(4.82..,2.80..), (3,1), (—4.10..,0),
(2.60..,0.76), (2.51..,0.69), (2.35..,0.66..)
(2.48..,0.55..), (2.49..,-0.27.), (2.4,-0.8)
in the configuration (24, —; +,2—;2+, —).
The cubic system (1) with
P(z,y) = (z — 201/100)(z% + 4?) + z,

(44)

16 16
Qz,y) = y(g — 4z + 2y)(—€ + 4z + 2y).

The cubic system (1) with P and @ given in (44) has the singular points
(1.74..,—1.89.), (1.10..,0), (0.85..,—0.10..)
(0.90..,0), (0.69..,—0.21..), (0.85..,0.10..)
(0.69..,0.21..), (1.74..,1.89.), (0,0)
in the configuration (24, —; 2+, —; +,2—).
The cubic system (1) with
P(z,y) = 0.846752 — 2.84767z — 2.03307y + 3.14962>
+ 5.47874xy + 0.173954y2 — 1.14572% — 3.6452922y
+y°,
Q(z,y) = 0.392774 — 0.320917x + 0.244422y — 0.5490282:>
— 0.427336zy — 1.92931y° 4 0.4685582> + 0.1645352%y
+ a:y2.

(45)

The cubic system (1) with P and @ given in (45) has the singular points
(1.74.,1.89..), (1.74..,—1.89..), (1.10..,0)
(0.85..,0.10..), (0.90..,0), (0.1,0.5)
(0.85..,—0.10..), (—0.19..,0.53..), (0.69..,—0.21..)

in the configuration (3+;+,2—;4,2—).
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