INTEGRABILITY OF A CLASS OF N-DIMENSIONAL
LOTKA-VOLTERRA AND KOLMOGOROV SYSTEMS

JAUME LLIBRE!, RAFAEL RAMIREZ2 AND VALENTIN RAMIREZ3

ABSTRACT. We study the integrability of an N—dimensional differential Kol-
mogorov systems of the form

N
ij:mj (aj—l-Zajkzk)+zj\Il(a:1,...,mN), j:l,...,]\/7
k=1

where aj, and ajj, are constants for j,k = 1,...,N and ¥(z1,..., zn) is a
homogenous polynomial of degree n > 2, with either one additional invariant
hyperplane, or with one exponential factor. We also study the integrability

of the N—dimensional classical Lotka-Volterra systems (when ¥(z1,...,2n) =
0). In particular we consider the integrability of the asymmetric May—Leonard
systems.

1. INTRODUCTION AND MAIN RESULTS

For the N-dimensional nonlinear differential systems the existence of K < N —1
independent first integrals means that systems is partially integrable. The existence
of N —1 independent first integrals means that the system is completely integrable,
i.e. the intersection of the N — 1 hypersurfaces obtained fixing the N — 1 first
integrals provide the trajectories of the differential system.

Polynomial differential systems of the form
t; =xjfj(z1,...,xn), for j=1,...,N

is called the N-dimensional Kolmogorov differential equations, where f; = f;(x1, ...,
xn) is a given function for j =1,..., N.

We develop a method based in the study of the rank of convenient matrices
in order to determine the integrability of a class of N—dimensional Kolmogorov
systems of the form

N
(1) Tj =, aj—|—Zajkn;k +z,;9(z1,...,2N), j=1,...,N,
k=1
where ¥(z1,...,2y) is a homogenous polynomial of degree n, with either one ad-

ditional invariant hyperplane, or with one exponential factor.
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When U(xq,z9,23) = 0 systems (1) becomes the classical Lotka—Volterra dif-
ferential systems that describe the evolution of N conflicting species in population
biology, and appear in many different topics like neural networks, laser physics,
plasma physics, etc. (see for instance [3, 6, 11, 13]).

For simplicity we shall assume that all the functions which appear below are of
class C*° although most of the results remain valid under weaker hypotheses.

1.1. Integrability of N- dimensional Lotka-Volterra systems with an ad-
ditional invariant plane. We begin by studying the integrability of the N—
dimensional classical Lotka—Volterra systems, i.e. systems (1) with ¥(z1,...,2y) =
0.

We shall study the classical N- dimensional Lotka -Volterra systems.

N
(2) i = <ajN+1+Zajkxk> =X;, j=1,...,N,
k=1

Since populations can not be negative, the vector x = (x1,...,2y) is taken to be
non-negative, i.e., X is an element of

Rf:{x:(ml,...wz\;)eRN:xj207 for jzl,...7N}.

Hence any population might be zero. However if z; = 0 holds at certain point in
time, it holds for all time.

The Lotka -Volterra systems were introduced independently by Lotka and Volterra
in the 1920’s to model the interaction among species, see [11, 13].

Differential system (2) has N invariant hyperplanes g; = 0 with cofactors K for
7 =1,2,..., N namely

N
g; = Tj, Kj:ajN+1+Zajkxk, for 7=1,...,N.
k=1
Clearly that
N N
(3) divX = Z a; + 2a;;x; + Zajka:k
j=1 k£
)
where X = ZXja—xj.

j=1
The aim of this subsection is to study the problem on the integrability of system
(2) by considering that (z1,...,zy) € RY, with the additional invariant hyperplane
gn+1 = 0 and with the cofactor K11 such that
N N
4) gN+1 = UN41 + Z viz;, Kyi1=ansing1+ ZGN+1 KTk
j=1 k=1

First we introduce some definitions and notions which we will use in this paper.
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Let U be an open subset of RY. We say that a non-locally constant function
H : U — R is a first integral of the differential system

(5) j?j :Xj($1,$2,...,a;‘N),
for j=1,..., N, or its associated vector field
0 0 0
X=X1—+Xo—+...+ Xn—
1811,‘1 + 28.%‘2 + + N(’)a:N’

it H = H(x1(t),...,zn(t)) is constant for all values of ¢ for which the solution
(x1(t),...,xn(t)) is defined and contained in U. Clearly a C* function H is a first

integral of system (5) if and only if
. OH OH OH
H=XH)=—X1+ —Xo+...+=—Xny=0 inU.
0x1 0xo Oz n

IfH.:U. — Rforr=1,...,K are K first integrals of system (5), we say that
they are independent in U := Uy N Uz ... N Uk if their gradients are independent
in all the points of U except perhaps in a zero Lebesgue measure set.

First we characterize the integrability of the N—dimensional Lotka-Volterra sys-
tems with N + 1 invariant hyperplanes.

Theorem 1. The Lotka-Volterra systems (2) with the additional invariant hyper
plane gny1 = 0 with cofactor Kni1 given in (4) has the Darboux first integral

N
(6) H =1log ( lgna [+ [ Iz |,

Jj=1

if and only if the rank of the (N + 1) x (N + 1) matriz

ai1 cee N1 aAN+411
@12 ce. anN 2 AN+12
(7) B, =
aAiN+1 -+ ON—1,N OQN41N+1
has
(8) rankB; < N.

We say that system (5) is completely integrable in an open set Un_1 if it has
N —1 independent first integrals. In this case the orbits of system (5) are contained
in the curves

{H1 - hl} N {H2 - hz} ..N {HN_1 - hN_l}
where hy, hy...,hy_1 vary in R.

Let J = J(z1,...,2n) be a non—negative function non-identically zero on an
open subset U of RY. Then J is a Jacobi multiplier of the differential system (5) if

/ J(l‘l,...,Z‘N)dZ‘l... dl‘N :/ J(1‘1,...,.13N)d.131... dmN,
Q ()

for all open subset Q of U, ¢; is the flow defined by the differential system (5), and
v (Q) is the image of Q under the flow ;.



4 J. LLIBRE, R. RAMIREZ AND V. RAMIREZ

Theorem 2. The Lotka-Volterra systems with N + 1 invariant hyperplanes has
N —1 independent Darbouz first integrals Hy, Hs, ..., Hy_1 if and only if rankB; =
2. Moreover the independent first integrals are

(9) Hj = log(|xllﬁlj|x2|n%|xj‘) for Jj=3,...,N,
Hyiy = log(|og|™ ¥+ zo]™ ¥4 gy 41])
where Kp; 15 a convenient constant, forn =1,2 and j =3,...,N.

Moreover completely integrable N—dimensional Lotka-Volterra systems (2) can
be written as

N

iy = | lgnerl [ ]l | {H1, Hooooo Hyov25}, for j=1,...,N,
j=1
-1
N
where J = | |gn41] H |z, is the Jacobi multiplier.
j=1
N
Theorem 3. Let J = |gn41]|7V+ H |z;|77 be a non-negative C* function non-
j=1

identically zero defined on an open subset dense in RN . Assume that the gy41 =0
is an invariant hyperplane with cofactor Kny1. Then J is a Jacobi multiplier of
the Lotka-Volterra systems (2) if and only if

(10) rank(B;) = rank(Bs) = rank(Bs3),
where
N
air ... any11 —2a11 — E ayj
J#1
N
a1 ... aNg12  —2a2 — E az;
By = 2
N
A1 N+1 --- OQN41,N+1 - E a5 N+1
Jj=1
a11 .. an,1 aAN+t11 —a11 +aN411
a1 ces an 2 AN+12 —a22 +aN412
Bs; =
aAiN+1 .-+ ONN+4+1 OGN+41,N+1 AN+1,N+1

Moreover if
(11) rank(B1) = rank(Bs) = rank(B3) < N,

then differential system (2) is completely integrable.
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Corollary 4. The N-dimensional Lotka-Volterra systems (2) with the invariant
N N

hyperplane gn4+1 = VN41 + Zujxj = 0, with the cofactor Kny1 = Z ajjx; has
j=1 k=1
the Jacobi multiplier

€H

J = ~ .
gl [ I
j=1

N
and the first integral H = log H (|lzillgn+1 )" .
j=1
Theorem 5. The Lotka-Volterra system (2) has the Jacobi multiplier
1

J = ~ ,
lgN+1] H EA
j=1

and N — 2 Darboux first integral

(12 Hy = log (jo1] |z sl [a;]) for j=4,....N,
12
Hyvn = log (] g2 o552 gy )

if and only if
(13) rank(B;) = rank(Bs) = rank(B3) = 3.

Moreover this differential system is completely integrable and the complementary
first integral Hy_1 can be determined from the equations

N
(14) {Hl,HQ,...,HN_l,xj}:J.’L‘j (ajNH—l—Zajkmk)
k=1

where j =1,..., N.
The proofs of these results are given in section 3.

1.2. Integrability of N- dimensional Lotka-Volterra systems with one ex-
ponential factor. We shall study the Lotka-Volterra system (2) with an exponen-
tial factor.

Let g and h be relative prime polynomials in the variables x1,x2,...,2n. Then
the function F = e//9 is called an exponential factor of the polynomial vector field

0 0 0
X=X1—+Xo—+...+ Xn=——, of degree m if X(F) = LE, where L is
ory Oxo Oz N

a polynomial of degree at most m — 1, L is called the cofactor of the exponential
factor E. Clearly the exponential factors do not define invariant hypersurfaces of
the flow of X.

In fact the exponential factor E = e"/9 appears when the hypersurface g = 0 is
invariant. There are exponential factor of the form E = e9, these appears when the
infinity has multiplicity larger then one. For more details see [9, 10].
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Analogously we can to study the problem on the existence of first integrals and
Jacobi multipliers for N- dimensional Lotka -Volterra with the invariant hyperplanes
g; = x; =0, for j =1,...,N and with the exponential factor £ = el/9 with

N
cofactor Lyy1 = b1 nt1 + Z bn+1 ;. Since the results of this subsection can
j=1
be proved exactly as the ones of the previous section using the cofactors, we do not
provide their proofs.

Theorem 6. Assume that the Lotka—Volterra system (2) has the exponential factor
E =¢eM9. Let Ty be the (N +1) x (N + 1) matriz

a1 ...  an1 bnyi1
a2 . an 2 bN+1 2
T =
GIN+1 --- AN—1,N ON41N41
Then the Lotka-Volterra system (2) has the first integral

( h)

puny1— | N
H=log|e 9 lzj[H |,
7l

if and only if rank(Ty1) < N. Moreover if rank(Ty) = 2, then the Lotka-Volterra
system (2) is completely integrable.

Example 7. Three dimensional Lotka-Volterra system

Qo — Qo A\
T = :17<014+012y+534224)z>,

24
(15) g= y(Ba+Prx+Psz),
Ay — ayg A
i, (Aﬁﬁlwxﬂr@ .
Baca
is completely integrable. Indeed in this case we have that
Ay — ag
0 By Byt CAtE
Bacva
_ Qo 0 A2 A2
Tl - ﬁ 044/\2 — 042)\4) 0 o 5
37)\254 203
Qyq Ba A4 0

It is easy to show that rank(T1) = 2. Then in view of Theorem 6 we get that
differential system (15) is completely integrable. The independent first integrals are

H, = log (|x|,6’4|y—oé4|e)\2,31I—/\2a2y+a2532)//\2) ,
H, = log (|x|—>\4|Z|ﬁ4e(61/\2x—a2>\2hy+0¢2[332)/042) .

Differential system (15) can be written as follows

. 1 . 1 . 1
x:j{Hl?Han}a y:j{HlaH27y}7 Z:j{H17H252}7

where J = ——, and o is a non-zero constant.

olzyz|’
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Theorem 8. Assume that the Lotka—Volterra system (2) has the exponential factor
E = el/9. Let J be a non-negative C* function non-identically zero on an open

subset dense in RN. Then
(5)
oNt1— | N
J=e g 5]
j=1

is a Jacobi multiplier of the Lotka-Volterra systems (2) if and only if
rank(T;) = rank(T3) = rank(T3),

where
N
air ... an,1 byyi1 —2a11 — E a1
izl
N
a1 ... an2 byyi2  —2a22 — E aj2
T = A2 )
N
@1Nf1 --- AGN,N41 ONpiNy1 E AN+1;
Jj=1
and
aiy .. an,1 bn411 —ai1 +bny11
az1 e an 2 bnyi2 —ag +bnyi2
T5 =
AIN+41 --- AGN,N+1 ON41,N+1 bN+1,N+1

Moreover if rank(T1) = rank(T3) = 3, then the Lotka-Volterra system (2) is com-
pletely integrable.

As we observe the proofs of these results can be obtained from the proof of the
o ey,
results given in the previous section, by putting e h/ instead of gn1.

1.3. Integrability of a class of N- dimensional Kolmogorov systems with
one additional invariant hyperplane. Now we shall study the class of Kol-
mogorov differential systems

N

(16) &; =z, (ajN+1—|—Zajka:k> +2,;9(z1,...,2n) =X;, j=1,...,N,
k=1

where U(zq,...,2x) is a homogenous polynomial of degree n > 2, and system (16)

has N + 1 invariant hyperplanes.

Differential system (16) has N invariant hyperplanes g; = 0 with cofactor K for
j=1,..., N, namely
N
g =5  Kj=ajnn+ Y apa+ ¥,
k=1
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where j =1,..., N.

Clearly in view of Euler Theorem for homogenous polynomials we get that

(’)(xl\I/) 8(1‘2\11) 8(a:NlI/)
0 + Og +...+ R T (N +n)0.
Then
N N
(17) divX = Z aj + 2ax; + Zajkxk + (N +n)W.
=1 k]

Theorem 9. The differential system (16) with the invariant hyperplanes x; = 0 for
j=1,...,N, and with the additional invariant hyperplane gn1+1 = 0 with cofactor
K11 given by
N N
gN+1 = VUN41 + Z Vi, Kni1=anyiN+1 + Z an+1kTk + P,
k=1 k=1
has the Darbouzx first integral

()
(18) H =log < J )
Jl;[l lgN+1]
if and only if the matriz (N + 1) x N
if and only if the R(N + 1) X N matriz

a11 —AaN+11 aGN1 — GN+11
12 —AN412 aGN2 —GN+12
Wy = .
@1 N+1 —AN+1N+1 .-+ AN—-1,N —OGN4+1N+1

is such that

(19) rank W; < N.

Theorem 10. Let
|9N+1|

lgn41|™ H |51
j=1

be a non-negative C' function non-identically zero on an open subset dense in RY.
Then J is a Jacobi multiplier of differential system (16) if and only if

rank(W;) = rank(Ws),

where
1 .. 1 1 -n+1
a1l aN1 aN+11 —a11 +aN+11
a12 an 2 aN+12 —a22 +an+12
Wy =
aN ... QNN GN+1N  —aNN +taN41N

GIN+1 --- OGNN41 OAN4+1N+1 OGN+1N+1
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Theorem 11. Differential system (16) with the additional invariant hyperplane
N

gN+1 = UN41 + Zuj:cj = 0 with cofactor
j=1

N

(20) KN+1 = Zajjxj + \I/,
k=1
has the Darbouzx first integral

N j
-5 \gvl

and the Jacobi multiplier

(21) J=
lgna|™ H |51
j=1
if and only if
rank Wy = rank Wy < N.

Corollary 12. Differential system (16) has a Jacobi multiplier and N —2 Darboux
first integrals if and only if

rank W, = rank Wy = 3.

Moreover this differential system is completely integrable with the N — 2 first inte-
grals
Hj = log (|w1|*]wa|" |xs|"™ |as])  for j=4,...,N,

Hyy1 = log (fay | ¥+t |zg "2 N+t 2] s N4t gy 1 q]),
1

and with the Jacobi multiplier J = ~ .
g™ [T I
j=1

The proof of these results are given in section 4

2. PRELIMINARY RESULTS

The following result of Whittaker [15] plays a main role for detecting a Jacobi
multiplier.

Theorem 13. Let J be a non-negative C* function non—identically zero defined
on an open subset of RN . Then J is a Jacobi multiplier of the differential system
(5) if and only if the divergence of the vector field JX is zero, i.e.

9(JX1) n 9(JXn)

A A

div(JX) := e T

The following result goes back to Jacobi, for a proof see Theorem 2.7 of [5].
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Theorem 14. Consider the differential system (5) and assume that it has a Jacobi
multiplier J and N — 2 independent first integrals Hy, Hs,...,Hn_o. Then the
system admits an additional first integral functionally independent of the previous
ones given by

Hy_ = /g (dem - X1d172) )

where = denotes quantities expressed in the variables (x1,x2,h1,...,An_o) with
Hj=nhj forj=1,...,N =2 and

0H, 0H, 0H,

8%‘3 8134 o 8%‘]\/

0H> 0H> O0H>

A= Oxs 0xy o oxn
OHy_, OHy_,  OHy_

8.%‘3 (9.1'4 o 8.’17]\]

Then system (5) is completely integrable.

Theorem 15. Suppose that a polynomial vector field X defined in RY admits M
invariant algebraic hypersurfaces g; = 0 with cofactor K; for j =1,..., M, i.e. the
following equations hold

g, dg, g,
Xgi=X—L + Xo—L 4+ ... +X L =K. g,
9gj 18(E1 + 261’2 + + NaxN i 9j,

forj=1,...,M. If there exist n; € R not all zero such that

M
> wiKj +divk =0,
Jj=1
M
if and only if the function H|gj\”j is a Jacobi multiplier.
j=1

For a proof of Theorem 15 see [4].

The following result is proved in [?].

Theorem 16. A differential system (5) is completely integrable with C? first inte-
grals H; for j =1,...,N — 1 if and only if it can be written as

_!
T

.’kj {Hl,HQ,...,HNfl,SUj}:Xj fOT’ j:1,2,3,
where J = J(x1,x2,...,2N) is a Jacobi multiplier and {Hl,Hg,...,HN,h*} 18

the Nambu bracket (see for instance [8, 12]), i.e.
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0H, OH, O0H,
a$1 8902 8xN
OH,  0H, OH,
81'1 8%2 81‘1\/
{H13H27"'7HN—17*} = : : :
OHy_1 OHn_1 OHN_1
(91'1 8%2 &nN
9 9 9
61‘1 8952 63:1\;

Theorem 16 extends results of [14] and [1]. From Theorem 16 it is immediate to
prove the following result (see [7]).

Corollary 17. Assume that differential systems (5) has N — 2 independent first
integrals Hy, Ho, ..., Hn_o and a Jacobi multiplier J, then another independent
first integral Hy_1 can be obtained as a solution of the partial differential equation

{Hl,HQ,...,HN_Q,HN_l,xj}ZJXj, fOT ]21,,N

Theorem 18. Suppose that an N —dimensional polynomial vector field X admits
p invariant algebraic hypersurface g; = 0 with cofactors K; for j =1,...,p and q
exponential factors E; = ehi/9i with cofactors L; for j =1,...,q. Then there exist
complex numbers ji; for j =1,...,p+ q not all zero such that

p q
Do+ Y il =0,
=1 j=1

p 4 <l¢j+p%>
if and only function H = log H lg;]" H e J , is a first integral of the
j=1 j=1

vector field X.

For the proof of Theorem 18 see [4].

3. PROOF OF THEOREMS 1,2 3, 5 AND COROLLARY 4

Proof of Theorem 1. First we suppose that H given in (31) is a first integral of

N+1
system (2), then by Theorem 18 we have Z w;i; = 0, with not all the p; are
j=1
zero. Hence
piain + p2az1 + ..o+ pnian+11 = 0,

piar2 + peag, + ...+ pypiang12 = 0,
(22)

H101 N+1 + p2a2 y+1+ ..+ puNy1anyi N+ = 0.
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Consequently Bipu = 0 where p = (u1, pt2, ..., un+1)?, where By is the matrix

given in (7). Since p is a non-zero vector we obtain condition (8).

Now we suppose that (8) holds and we shall prove that there exists the Darboux
first integral (31). Indeed, if (??) holds then (for example)

aN4+11 = 7a11 +72021 + ... +FYNAN T,
GN4+12 = 71012 + 72022 + ... +YNAN 2,
:’
GN+4+1N+1 = 7101 N+1 +7Y202N+1 + ... +YNAN N+1,
where 1, 72,...,7n are convenient constants. Hence we get that the cofactor of

the invariant plane gy4+1 = 0 becomes

N N

Kni1=ansin41 + ZQN-H KTk = Z’YjKj-
k=1 j=1

Thus from the equation

OgnN+1 IgN+1
X o
0x1 Lt oxnN

Y YN
Xv=Knyigng1 = <1X1 +...+ XN> IN+15
X1 TN
we deduce that

0 0
( IN+1 9N+1’71) Xy 4.+ < IN+1 9N+1’YN> Xy =0,

ox 1 Oxn TN
Hence
N N
alogH || 8logH ||
OGN +1 j=1 IN+1 =1
—_— — — | X4 ..+ = — — | Xy =0,
81'1 IN+1 E)xl 1t + 8xN IN+1 a%N N
OH oH - -
which is equivalent — X7 +...4+ —— Xy = H = 0, where H = log M
0x1 oxn N
IT 0
j=1
Thus H is a first integral. Hence taking v; = _ M after some computations we
HN4+1 NJN+1
get H = H 1 . In short the theorem is proved. O

Vi=—
HN+1

Proof of Theorem 2. By assumption the Lotka —Volterra system has N+1 invariant
hyperplanes. Then by Theorem 1 the system (2) has a Darboux first integral of the
form (31) because rank B; = 2 < N. Thus (22) holds.

Since the rankB; = 2, by the Rouche— Frobenius Theorem the set of solutions of
system (22) form a subspace of dimension N — 1. Then without loss of generality
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we can assume that
(23) a, = —RKipadl — Kopag, for n:3,...,N+1,

where a, = (@in,a2n,...,ant10) for n = 1,...,N 4+ 1, and ki1, and kg, are
convenient constants.

Substituting (23) in system (22) we get
al(m - (’ﬁSMB +...+ I<J1N+1HN+1)) + a2(ﬂ2 - (’@3#3 +...F H2N+1MN+1)) =0,

where p; for j = 3,..., N + 1 are arbitrary constants. Hence since a; and ay are
independent vectors we obtain

M1 = Kigp3 + ...+ KIN+1IUN+1, P2 = Kagpt3 + ... + KaN+1UN+1-
Consequently the Darboux first integral H becomes

H = log (lo | zal .. Jon ¥ ]gn a3+ )

— log (|1,1|n11u3+...+mw+1#zv+1 |x2|n23#3+...+f<21\7+1u1\1+1 |$3|#3 |xN|lLN |gN+1|#N+1)

KN

M3
log (|12 |22 g]) " + ... + log (Jon ¥ a2 fo ] )

N+1
+1og (Jaa [ ¥+ 2o %241 gy )N = S gy H;.
j=3

In view of arbitrariness of us, ..., un+1 we have that H;” forj =3,....,N+1
are independent first integrals (9). Thus, under the assumption rankB = 2 the
N-dimensional Lotka-Volterra systems is completely Darboux integrable.

The reciprocity it is easy to obtain. Indeed, from Theorem 18 and 1 if Hy =
N

log \gN+1|“IICV+1 H \a;j|“? for k = 1,...,N — 1 are independent first integrals,
j=1
then the following relations hold

N-1
1O K+ K+ S wVK =0, for k=1,...,N-1.
j=1

We consider that the matrix I' = (,ug-k)‘ i ) is a non-degenerated matrix.
Gk=1,..,N—1
Hence after some computations we prove that

KQZQNKN+QN+1KN+1, fOI‘ a:l,...,N—l.
Consequently if we denote by a,, = (a1n,a2n,...,an41,n) forn=1,..., N +1, we
get

a, = kyay + KN+1aN+1, for n=1,...,N —1.
for convenient constants ky and k1. Hence we easily obtain that the matrix B;

is such that rankB; = 2. In short the corollary is proved. (]

Example 19. Three dimensional Lotka-Volterra systems with the invariant plane
not passing through the origin g4 = 11a + voy + v3z + vg = 0 with cofactor Ky =
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a1 + Boy + A3z, is
. oLV v —a
T = x( ! 4+a1x+(52—2(521)>y+a32>7
1

141
Ao —
(24) Y=y (621/4 + Bz + oy + <)\3 - M) Z> )
Vo Vo
A - A
T = Z( 3V4+<a1_1/1(0133)>x+>\2y+)\3z)
V3 V3
The matrixz B; under the conditions o1, becomes
vi(ag — A
- 5 0o las—s)
V3
v —
B2 — w B2 A2 B
B = ! \
@ s — v3(A2 — B2) s s
1P)
Q1Vy Bavy A3vy 0
%1 Vo Vs

By considering that

det (By) = — (V1B2()‘3 —ag) + vodg(ar — 1) + vsar (Ba — )\2))2.

ViVal3
we get that if det By = 0, then it is easy to prove that rank (By) = 2, hence in view

of Theorem 2 differential system (24) has two independent Darbouzx first integrals
H, and Hsy. In particular if

_ azfBa + A3(B1 — P2)
A3 =X+ Py

(25) V) =V =v3=—1y = —1,

we get that the first integrals are

H, = log (|m‘*>\3(>\3*>\2+52|Z|a352+>\3(51*52)‘1 —r—y— Z|(a3+52*51)/\3*0¢3>\2) ,
H, = 1Og (|x‘—ﬁ2()\3—>\2+52)|y‘04352+>\3(51—52)|1 —x—y— Z‘(ﬁQ—ﬁl)(A3—>\2+52)) ,

After some computations we obtain that differential system (24) under the con-
ditions (25) can be written as

. 1 . 1 1
x:j{H17H27x}7 y:j{HlaH%y}a z:j{HlvH%z}v

1
where J = , is the Jacobi multiplier, and o is nonzero con-

olryz(1 —z —y — 2)|

stant.

Proof of Theorem 3. From Theorem 13 we get that system (2) has a Jacobi multi-

plier if and only if
N
dlog J .

Jj=1
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N N+1
Consequently, if J = |gn41|7V+ H |;|? then we get that Z o;Kj +divX = 0.
j=1 j=1

In view of (3) we get that this equation holds if and only if

N
o1a11 +02a2, +...+0Nt1ON+11 = —2011 — Zalja
j#1
N
01012 + 0202, + ... F ON1ONy12 = —2022 — ZGQJ‘,
(26) i#2
N
0101 N+1 + 0202 y4+1+ ...+ ON+1AN+1N+1 = —Za;w
j=1

After the change 0; = =14 p; for j =1,..., N 4+ 1 we obtain that

pia11 + 202, + ...+ UN+1GN+11 = —G11 +AN+11,
piarz + peaz, + ...+ UNy1aGN+12 = —G22 +aN+12,
(27)
b
pror N + peaz y + ...+ UNH1AN N+1 = —GNN T AN41IN,
U101 N+1 + 202 41+ oo+ UNFI1ANFIN+L = AN+1NA+1-

Consequently in view of the Rouché-Frobenius Theorem we get that system (27)
has solution if and only if (10) holds. On the other hand if (11) holds then in view
of Theorem 1 we obtain that there exists the first integral (31), consequently from
Theorem 14 we get that the Lotka-Volterra system is completely integrable. In
short the theorem is proved. ([l

Proof of Corollary 4. The proof of this corollary is obtained from the proof of The-
orem 3. Indeed, from (26) we get that if ayy1; = a;;, and an+1 v+1 = 0 then

N

J = |gN 1[N+ H B

1
J o1=—14p1,....oNy1=—14+pN4t1

N
lgn g1 |V H |2
j=1 ) e

N N ’
lgn| [T I lgna] I ;]
j=1 j=1

H
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where p1, ..., un+1 are solutions of (27), i.e.,

piai1 + peaz, + ...+ pypian41i1 = 0,

p1a12 + p2az, + ...+ punti1anv+12 = 0,
piar N + poag y + ..o+ pypray Ny1 = 0,
H101 N4+1 + p2a2 y+1+ ...+ pNy1an+i N+ = 0.
N
Hence in view of Theorem 1 we obtain that H = log [ |gn41[#V+! H |zj[#9 ] is the
j=1
Darboux first integral see [?]. In short the corollary is proved. (I
Proof of Theorem 5. If rank(B;) = 3 < N, hence
(28) a, = —K1,a] — Kopds — Kk3pas, for n=4,...,N+1.
where a; = (a1;,...,an41;) for j =1,...,N + 1, and Kip, K2, and ks, are con-

stants.

From Theorem 1 it follows that there exists the first integral (31). Consequently
inserting (28) into (22) we have that

N+1 N+1 N+1
ar(pu — Z K1) + az(pe — Z Kojp;) + as(ps — Z K3jp;) = 0.
j=4 j=4 j=4

On the other hand from (13) we obtain that rank(B;) = rank(Bs) = rank(B3) = 3,
thus in view of Theorem 3 we obtain that there exists the Jacobi multiplier

N
J = |gnsa|+ [ gl
j=1 oj=—1+p;
Then from (27) we have

N+1 N+1 N+1
0=ai(m — Y Kijuy) +aslpe = Y rojuy) +as(ps — Y kajpg) = —an+1+b,
j=a j=4 j=4

where b = (ay1, ass,...,ann,0). Hence by considering that a;, as and aj are
independent vectors we get that

N+1 N+1 N+1
H1 = Z Rijpg, H2 = Z Rajfy, M3 = Z K3jHgs
j=4 j=4 j=4
and ayy1 = b, thus ayy1; = a;5, for 7 =1,...,N, anyiny1 = 0, where

l4, ..., iN+1 are arbitrary constants. Consequently the Darboux first integral H



INTEGRABILITY OF A CLASS OF N- DIFFERENTIAL SYSTEMS 17

becomes
H = log(|z1|" |zl ... [zn|"¥ |gN4a[FY+1)

— log (|x1|ﬁ11ﬂ3+~-+l€1 N+1UN+1 ‘x2|’i23ﬂ3+~~+ﬁ2N+lﬂN+l |x3‘f€33/1«3+-~+ﬁ3 N+1HUN41 |£L'4|“4)

+... +log (|zn|*N[gng1]NH)

Hs

Ha
= log (ool sl o] )+ log (w05 ]2 g 52

u
... +log <|x1|K1N|x2|H2N|x3"‘€3N|.’L'N|)

KUN+1
log (|1 v+ ol gl gy )= S g H,
j=4

which in view of arbitrariness pig4, ..., un11 we get the existence of first integral

(12). The proof of (14) follows from Corollary 17. The reciprocity it is easy to
obtain. Thus the theorem is proved. ([

4. PROOFS OF THEOREMS 9,10 11 AND COROLLARY 12

N
Proof of Theorem 9. Let H = log H
Jj=

il \™ :
| be a first integral of (16).
1

9N+1\

Then by Theorem 18 we have

N N N
YK=Y Ky =Y py (K — Knp) <=
j=1 j=1 j=1

N N
Zﬂj (aj N+1 — AN+1N+1 T+ Z (ajk — an+1k) mk) =0.

j=1 k=1
Hence
N N N
D =0, pi(ajni—ansing) =0, > ps(ajk —aniix) =0,
j=1 j=1 j=1

N N
for k =1,..., N, which is equivalent to Zuj =0 and Z/,Lj (ajk —ant1k) =0,

J=1 i=1
for k=1,...,N + 1, or equivalently
(a11 —any11)p1 + ...+ (a1 —any11)pn = 0,
(a2 —anyi2)1 + ...+ (an2 —any12)un = 0,
5,
(a1 N+1 — an+1 N4+ -+ (a1 N — ant1 N41)un = O,

This system can be written in matrix form Wi = 0, with g = (p1,...,un)T #0
and 0 = (0,...,0) € RN¥*L. So since W; is a (N + 1) x N matrix. From the
Rouche-Frobenius Theorem we get that this linear system has a nontrivial solution
if and only if rank (W) < N.
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Now we suppose that (19) holds and we shall prove that then there exits the
Darboux first integral (18). Indeed, if (19) holds then

N
a; —any1 = E Aj(a; —an41),
Jj=2

N
—a] + Z )\jaj
Jj=2

where a, = (a1n,..-,aN+1n). Hence ayy; = ———————. Consequently we

N
D -1
j=

~K1+ Y NK; N N
j=2 : IN+1 Z1 Zj
get that Ky = , i.e. Ai—1] =—+ Aj—=,
- N IN+1 ; ! Al ; ! Ly
2 %1
Jj=
N
J A1y
After some computations we obtain that = e |71 H lz; |7 | =
j=2

N . —kj

0. Thus the function H = | 1] | H < il |> is a first integral. By choosing
IN+1| IN+1

j=2

Aj for j =2,..., N, properly we get the first integral (18). O

N
Remark 20. If we suppose that H = log | |gn 1[N+ H |z;|H9 | is a first integral
j=1

of (16) then

N+1 N+1 N
ZMKJ': Z”j ajN+1+Zajkxk+\If =0.
j=1 Jj=1 J

1

Hence
N+1
d =0
j=1

(29) N1

Z“jajk: 0, for k=1,...,N+1.
j=1

Clearly this system can be written in matrix form

WQ[L = 0,
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where = (p1,...,pn11)7, and 0= (0,...,0) € RN*2 and

1 - 1 1
a11 cee anN 1 GN+11
Wy = a12 e an 2 AN412
A1 N+1 -+ AQN—I,N OAaN41N+1

From the last equations we obtain the system Biu = 0, where By is the matriz (7)
and p = (p1, ..., uns1)T, is a non-zero vector, 0 = (0,...,0) € RN+ Hence in
view of Theorem 1 we get that there exist the fist integral given by formula (31) if
and only if rankB; < N.. Consequently

(30) rankB; = rankWy < N.

On the other hand from the firs equation of (29) we get that pyy1 = —Zuj.

Inserting this relation into the first integral we obtain

N

N
) X
H = log | [gn41["~* H |25 N =log H ( il )

i=1 i=1 lgn+1l
UN+1=— Hj
Jj=1

Proof of Theorem 10. From Jacobi’s Theorem we get that (16) has a Jacobi mul-
tiplier if and only if

N
Olog J
e aog + div = 0.
=1 v
N
Consequently, by considering that J = |gn41|7V+? H |;]°7, where o = p; — 1 for
j=1
N
j=1,...,Nand oyt = —n — Z,uj , from Theorem 15 we obtain that
j=1
N+1
(31) Y 0K, +divk = 0.

Jj=1
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In view of (17) and by considering the coefficients of the polynomial (31) we get
that (31) holds if and only if

N+1

E szfan,
j=1

N
o1a11 + 0202, + ... +FOoNf1ONF11 = —2011 — E aij,
J#1
N
01012 + 0202, + ... + ONy1aN+12 = —2a22 — E azj,
J#2
)
N
o141 N + 0202y + ...+ ONJ1GN N41 = —2aNN — E aj,
J#N
N
0101 N+1 + 0202 y41 + ... +F ONF1ANFI N41 = —20N41 N+1 — g AN+135)
j#EN+1
After the change 0 = p1; — 1 for j =1,..., N + 1 we obtain that
N+1
j=1
pia11 + p2021 + ...+ UN+1GN+11 = —011 +AN+11,
(32) p1a12 + poao, + ...+ UNF1ANF12 = —G22 + ANL12,
b
piar N + p2a2 v +... + UNF1GNN+1 = —aNN T AN+1IN,
U101 N1+ 202 N+1 + - -+ UN+1ON+IN+1 = OAN+1N+1

Consequently in view of Rouché—Frobenius Theorem we get that system (32) has
solution if and only if (10) holds. In short the theorem is proved. g

Proof of Theorem 11. Clearly, by Theorem 9 and (30) it follows that rank By =
rank W1 < N, then there exists the first integral H (see Theorem 1). Hence (22)
holds. On the other hand from (32) follows that

an+1N+1 =0, any15 =aj; for j=1,...,N
N
and Zuj = 1 — n. Since the cofactor of gnt1 = 0 is (20). From the relation
j=1
rank W7 = rank W5 it follows that there exist a Jacobi multiplier which in view of
Theorem 10 becomes (21). In short the theorem is proved. ]
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Proof of Corollary 12. 1t is analogously to the proof of Corollary 5 and by consid-
N

ering that o; = —1 4 p; and Zuj =1-—n. O
j=1

Remark 21. [t is possible to study the Kolmogorov systems (16) with rankW; = 2
and proved that this system is completely integrable and we can study Kolmogorov
systems with an additional exponential factor, analogously the study the Lotka-
Volterra systems (2) with and additional exponential factor.

Example 22. A three dimensional cubic Kolmogorov differential system with com-
plementary invariant plane g4 = x +y + z = 0 with cofactor six + soy + Ss3z +
Uo(z,y,2) can be written as

= z(s1x+ (s2+s1—01)y+ (s1+s3—A1)z) +2Va(x,y, 2),
(33) = y(Brx+s2y+ (s3+ 52 — A2)2) + y¥a(z,9, 2),
Z= z(Mz+ Ay +s32) +2Vs(2,y, 2),

where Uq(x,y,2) = K122+ ko + K322+ Raxy+rstz+reyz is such that rank W, = 3.
Hence system (33) has a first integral given by

H = log (VC)SZAZ (?/|>Alsl <|Z|>Slﬂ1 ,
|gal |94 |94

Ay 5o —
If s1 = 1;’\%51837 then rank Wy = rank Wy = 3. Therefore system (33) is com-

3
pletely integrable with the first integral H and the Jacobi multiplier
J = ly[7*|2]79a] 7,

where
(A 4+ A2 — s3)s2 + (A1 + 53 — B1)s3 — A2(283 + A1)

o1 = ;
! (A2 — 52)(A2 — s3)
o (61 + 282 + S3 — )\2))\2 — (283 + )\1)82
g2 = )
(A2 = s2)(A2 — 83)
oy = (s3+ 2524+ A1 — 1 — 3X2) (A2 — s3)

(A2 = 52)(A2 — s3)
5. INTEGRABILITY OF THE ASYMMETRIC MAY-LEONARD MODEL.
5.1. Asymmetric May-Leonard model with four invariant planes. A par-
ticular 3—dimensional Lotka—Volterra system is
t= z(l—z—a1y—bz) =Xy,
(34) y= y(l—y—asz—box) =X,
2= z(l—2z—a3x—bsy) = Xs.
This system is known as the asymmetric May—Leonard model (see for instance

[3]). This model describes the competitions between three species and depending
on six non-negative parameters a; and b; for j = 1,2, 3. The state space is the set

R} = {(z,y,2) eER*:2>0 y>0and z>0,}.
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We shall study the integrability of system (34) under the condition that it has
an additional invariant plane.

Proposition 23. Differential system (34) under the conditions

ag(ag — 1)—a2b3—|—1 “ azb; —bybs + b3 —1
1 =

35 by =
( ) 2 ].—bg ’ a3—1 ’

i.e. the differential system

. < a3b17b1b3+b371
T= x|(l—a—
CL3—1

Y- b12> = Xla

Clg(ag - 1) — agbg + 13} _ Xg,
1—b3

y= y<1—y—azz—
2= z(l—2z—azx—bsy) = Xs.
has the additional invariant plane

g:=g(x,y,2) = (1 —a3z)(aa — 1)z + (1 =by)(bs — Dy + (az — 1)(by — 1)z =0,

with cofactor K = 1 —x —y — z. Moreover this differential system is completely
integrable with the first integral Hy and the Jacobi multiplier J given by

1 a9 s ﬁQ ,63

(36) Hl—log(‘x 212 ) J—‘y = gl
g g g g
where
a1 = (a3 — 1)(b3 - 1)((12 — 1), g = (1 — ag)(bg - 1)(b1 - 1),
1—a2—b1 (L3(b1+b3—1)—b1b3
= (1—az)(by—1)(ag—b =2 1 B=

a3 = (1 —az)(by —1)(as —bs), B2 o1 Ps A= bs)as—1)

Proof. After some computations we can check that X(g) = (1 —  —y — 2)g, thus
g = 0 is an invariant plane with cofactor K = 1 — z — y — 2. The existence of the
first integral and of the Jacobi multiplier given in (36) follows from Theorem 3 by
considering that in this case (see condition (11))

rank((B1)|,) = rank((B2)|,) = 3,

where by o we denote conditions (35), and

-1 —b2 —as -1 -1 —bQ —as -1 0

_ —ay -1 71)3 —1 _ —a —1 71)3 -1 0
Bi=1 4wy -1 1|0 P2 o w1 10
1 1 1 1 1 1 1 1 1

5.2. Asymmetric May-Leonard model with five invariant planes.
Proposition 24. Differential system (34) under the conditions
(37) a,1:27b2, (13:27171, a2:2—b3
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i.e. the differential system
= xz(l—z—(2-by)y—b12),
(38) y= y(l—y—(2-b3)z—box),
2= z(l1—z—(2-="b1)x —b3y),
has the five invariant planes namely
g = =, Ki=1—2—(2—bo)y— bz,
g2 = v, Ky=1-y—(2-b3)z —box,
g3 =z, Kz=1-2z—(2—b)z — by,
go= l—xz—y—2z, Ky=z+4+y+z
gs = T+y-+z, Ke=1—z—y—z

Proof. Tt is follows from the relations

(39)
% (z+y+2)=1—2—y—2)(xt+y+2), % (1-—z—y—2)=(z+y+2)(l—z—y—2).

O
Remark 25. From (39) it follows that

1
t t t)=1+ ———.
20+ y(0) +2() =1+ ———
Hence we get that

m (a(t) +y(t) + 2(1) = 1,

s lim __(z(t) +y(t) + 2(t)) = 0.

t—
Thus the a-limits are in the plane x +y + z = 0 and the w- limits are in the plane
r+y+z=1

Proposition 26. Differential system (38) having the invariant plane vy—x—y—z =
0 with cofactor x +y + z + s4, where v4 and o4 are constants such that vysy = 0,
is completely integrable if and only if (s3 + (by + ba + b3 — 3)?) (1 — s4) = 0.

(i) If by 4+ ba + bs = 3 and s4 = 0, then system (38) has two independent first

integrals
(40)
|z| ||
Hy =1 Hy =1 .
' Og(Lu(l—ﬂc—y—Z)“’zl ’ P\ A ey 2]
(ii) If s4 = 1, then system (38) has the following first integral and the Jacobi
multiplier

H = log (|z|>s=|y|Pr 7 z|P27 o + y + z[370r70270s)

_ 10g< Ed )”( ly] )”( 2] )”
(41) |z 4y + 2| |z 4+ v+ 2| |z 4y + 2] ’

1
lryz(z +y+2— 1)’

J:
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Proof. First we observe that the matrix B; and Bs in this case are

-1 —by —24+b -1
B | _ —2 + b2 —1 —b3 —1
1) —by  —2+by -1 -1 |’
1 1 1 S4
-1 —by -24+b -1 0
Bl _ -2+ by -1 —bs -1 0
2@ — ~by  —2+b3 -1 -1 0
1 1 1 1 1
After some computations we obtain that
(42)
-1 —by 240 -1
cank —2+ by -1 —bs -1 _ { 2, ifsy =0 andb; + by +b3 =3
—by —2+ b3 -1 -1 3, if s4=1.
1 1 1 Sa

Hence from Theorem 2 we obtain the proof of the first statement. The indepen-
dent first integrals are given by formula (40). Differential system (38) under the
conditions by + by + b3 = 3, and s4 = 0, can be written as

',I.;:{HlyH27m}/J7 y:{H17H27y}/J7 2:{H17H27Z}/J7
where J = 1/|zyz(z +y + 2 — 1)|.

Now we prove statement (ii). From (42) we get that if s4 = 1, then rank (31 |(37)) =
3. On the other hand

-1 by —24+b —1 0
B —2+b -1 —bs -1 0 | _
1 1 1 11

Thus in view of Theorem 5 we get that there exits a Darboux first integral and a
Jacobi multiplier which in this case are given in (41). In short the proposition is
proved. (Il

Remark 27. Differential system (34) under the conditions
ap =ay=az3=a, by =by=0b3=0,
becomes the so called symmetric May-Leonard model
= z(l—xz—ay—bz),
(43) y= y(l—-y—az—bz),
2= z(1—z—ax—by).

The integrability of system (43) was study in [2] . Condition (35) in this case
becomes a®> +b* —ab—a—b+1=0 witha # 1 and b # 1, which have not solution
in R. Condition (37) becomes a+b =2 then if s4 =0 and b= a = 1, then the first

integrals (40) can be written as Hy = log m and Hy = log :ZI Ifa+b=2 and
Y

|yl
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sq = 1 then first integral (41) is H = log ryz and the Jacobi multiplier is
rT+y—+z
1
J =
lzyz(l -2 —y —2)|
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