ON THE LIMIT CYCLES OF A CLASS OF DISCONTINUOUS
PIECEWISE LINEAR DIFFERENTIAL SYSTEMS

JAUME LLIBRE! AND LUCYJANE DE A. S. MENEZES?

ABSTRACT. In this paper we consider discontinuous piecewise linear differ-
ential systems whose discontinuity set is a straight line L which does not
pass through the origin and it is formed by the two linear differential sys-
tems £ = Ax £ b. We study the limit cycles of this class of discontinuous
piecewise linear differential systems. We do this study analyzing the fixed
points of the return map of the system defined on the straight line L.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The theory of discontinuous piecewise differential systems is in constant
development due to its applicability in different areas of the knowledge such
as ecology, mechanic and electrical engineering, see for instance [6]. However
even in the planar case there are important questions unsolved for this class
of differential system as to know the number of their limit cycles.

In 2010 Han and Zhang [4] conjecture that piecewise linear systems with
only two regions have at most two limit cycles. In 2012 Huan and Yang [5]
investigate the number of limit cycles of planar piecewise linear systems with
two regions sharing the same equilibrium. Moreover they provide a numerical
example to illustrate the existence of three limit cycles, thus have a negative
answer to the conjecture by Han and Zhang. In 2012 Llibre and Ponce [10]
provide a rigorous proof of the existence of such three limit cycles. This was
the first example that a discontinuous differential piecewise linear systems with
two regions can have three limit cycles.

Many others researchers have analyzed the existence of limit cycles for a
piecewise linear systems with two regions separated by a straight line. In [3] is
proved that a such piecewise linear system has at most two limit cycles when
the singularities are both virtual focus or center. In [1] the authors consider a
piecewise linear system separated by a straight line with singularities of type
real saddle and prove that this system has at most two limit cycles.
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Consider the 2 x 2 real matrix AT and A~, and b™, b~ € R%. We define the
planar piecewise discontinuous linear systems

X(z)=ATx+b" if x>0,

(1) =

Y()=A"z+b" if z; <0,
where © = (11, 22) € R%. Note that L = h™1(0) = {x € R* x; = 0} split the
plane in two open regions ST = {z € R% z; > 0} and S~ = {z € R* z; < 0}.
We say that a limit cycle of system (1) is a crossing limit cycle if it share no
points with the sliding set of the system.

In [2] Cespedes studies systems (1) satisfying div(X)div(Y) > 0, i.e. the
product of the divergences of the subsystems X and Y is non—negative, and
show that such systems have at most two limit cycles. Moreover this author
exhibited an example with exactly two crossing limit cycles. In this paper we
consider S, = {(z1,73) € R*z.1 > 1} and S_ = {(x1,22) € R? : 7y < 1} and
piecewise linear systems with two zones given by

X(z)=Ax+b if z €5,

(2) =

Y(x)=Az—-b if z€85_,
where b € R?\ {0}. In this case the discontinuity of system (2) is the straight
line L = {(x1,79) € R? : z; = 1}. Assuming that there are no singularities of
system (2) in L we shall study the existence of crossing limit cycles.

Set @ (t,x) the flow of the system X and Y, respectively. The flow &, is
said transversal to L at point p if X (p) is not contained in L. If X (p) € L then
the point p is called a contact point of the flow with L. Analogous definitions
hold for system Y. We say that p € R? is a real singularity of system (2) if
p = (x1,z2) is such that either x; > 1 and X (p) =0, or z; < 1 and Y (p) = 0.
On the other hand p is a virtual singularity if p = (1, x2) is such that either
x1>1land Y (p) =0,orz; < 1and X(p) = 0. It follows that the discontinuous
system (2) can be of type virtual-virtual, virtual-real and real-real depending
if the singularities of the systems X and Y are virtual or real.

In this work d and ¢ denote the determinant and trace of the matrix A,
respectively. Our main results are the following.

Theorem A. Consider the discontinuous piecewise linear differential system
(2). If the contact points of system (2) with the straight line L coincides then
system (2) has no limit cycles.

Theorem B. Assume that the discontinuous piecewise linear differential sys-
tem (2) is of type virtual-virtual. If the contact points of the systems X and Y
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are distinct, then system (2) has at most one limit cycle. There exists necessary
and sufficiently conditions for the existence of exactly one limit cycle.

Observe that system (2) satisfy div(X)div(Y) > 0, but this work provides
new results with respect the ones obtained in chapter 2 of [2].

One of the most important tools in the study of the periodic orbits are the
Poincaré maps. These maps characterize the behavior of the flows in the neigh-
borhood of periodic orbits. Moreover, there exists a correspondence between
the limit cycles of a system and the fixed points of same Poincaré map. In [§]
Llibre and Teruel studied Poincaré maps for piecewise linear differential sys-
tems in R™. In [9] these authors determine the Poincaré maps and analyze the
existence of crossing limit cycles of planar piecewise linear differential systems
defined in three regions separated by two straight lines L, and L_ which are
symmetric with respect to the origin. In order to prove Theorems A and B we
determine the Poincaré maps of the subsystems X and Y of system (2) with
respect to the straight line L, and we use these maps to determine the return
map of system (2) in L. After that we analyze the existence of fixed points of
this return map.

The paper is organized as follows. In section 2 we provide the basic results
that we shall need to prove the mains results. Section 3 is split in three
subsections, in subsection 3.1 and 3.2 we study existence of the Poincaré maps
for the non—homogeneous systems X and Y, respectively. In subsection 3.3 we
define the return map for the discontinuous piecewise linear differential system
(2). In section 4 we study the existence of limit cycle for the discontinuous
system (2) and prove our main results.

2. PRELIMINARY RESULTS

Consider a linear differential system

(3) T = Ax,

where z = (z1,79) € R% Given p,v € R®let L = {p+ M : A € R} be a
straight line that does not pass through the origin, and let n be a unit vector
orthogonal to L such that n”p > 0, we say that n is oriented in the opposite
sense to the origin. Furthermore if ng # 0 the flow of system (3) is transversal
to the line L at a point ¢ € L, where ¢ denotes the vector field of the differential
system (3) evaluated at ¢q. Otherwise ¢ is a contact point of the flow with the
straight line L.

The following result is proved in Proposition 4.2.7 of [9].

Proposition 1. Consider the differential system (3) with A € GL(R?). Let L
be a straight line in the phase plane not passing through the origin, p a contact
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point of the flow in L, and x(t) the solution of the system such that x(0) = p.
Then

(a) if det(A) > 0 there exists € > 0 such that {z(t);t € (—e,¢)} C SopU L,
(b) if det(A) < O there exists € > 0 such that {x(t);t € (—¢,e)} C SUL,

where Sy and S are the half-planes bounded by the straight line L, being Sy the
half-plane containing the origin.

A transversal flow to L at a point ¢ € L is said to have outside orientation
if nT¢ > 0, and it is said to have inside orientation if n”¢ < 0. Thus we define
the following subsets in L

L'={q¢eL:n"4<0} and L° ={ge€ L:n"¢>0}.

If det A # 0 and there exists a contact point p of the flow of system (3) in
L, then L' and L® are two half-lines such that the flow over L’ and L° has
opposite sense and L' N LY = p. This is part of the next result that is proved
in Proposition 4.2.5 of [9].

Proposition 2. Consider the differential system (3) with A € GL(R?). Let L
be a straight line in the phase plane not passing through the origin.

(a) There exists at most one contact point of the flow with L.

(b) Let p be a contact point of the flow with L. If det A > 0, then LI =
p+Xp:A>0}and LO = {p+Xp : A < 0}. IfdetA < 0, then
LI={p+Xp: A<0} and L = {p+ Xp: A > 0}.

(¢) If LT # 0 and LC # 0, then there exists exactly one contact point of
the flow with L.

(d) If the flow has no contact points with L, then either L' = L and L° = 0),
or L' =0 and L° = L.

Poincaré maps of a homogeneous linear system

Consider the system (3) and two parallel straight lines in the plane L, and
L_ which are symmetric with respect to origin. Notice that the lines L, and
L_ split the plane in three regions Sy, Sy, and S_, where Sy is the open strip
containing the origin and S, and S_ the half-planes bounded by L, and L_,
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respectively. Moreover, we can define the following subsets,

Dom, , = {q € L, : 3t, > 0 such that etsqg € L, and either
eftq C Sy or efgC Sy Vt e (0,t,) JUCP,,

Dom,_ = {q € L, : 3t, > 0 such that etag e L_ and
n eftq € Sy Vt € (0,t,) },
Dom__ = {q € L_:3t,>0 such that eteg € L_ and either

etlg C S_ or etfq C Sy V€ (0,t,)} UCP_,
Dom_. = {q€ L_:3t,>0 such that e*sg € L, and
etlq C Sy Yt € (0,t,)},

where C'P, and C'P_ are either empty, sets or consist of contact points of the
flow with the lines L, and L_, respectively. We have the following result that
is proved in Lemma 4.3.2 of [9].

Proposition 3. Let © = Az be a planar linear differential system with A non
identically zero. Consider L, and L_ two parallel straight lines symmetric
with respect to the origin and let Domj, be the sets defined in (4). Assume
that for some j, k € {+,—} the set Domj, # 0. Then there exists a unique
contact point p* of the flow in L., and p~ = —p™ is the unique contact point

of the flow in L_.

Provided that Domj, # 0, for j,k € {+,—}, we define the Poincaré map
IL;;, : Domg, C L;j — Ly, of the linear differential system (3) associated to the
lines L; and Ly as I1;x(q) = efaq. In what follows we present some results on
the domains of definition of these Poincaré maps and necessary and sufficient
conditions for the existence of these maps.

Notice that when Dom,, # () and Dom__ # (b, the contact points p, and
p_ split Ly and L_ into respective half-lines Lfr, Lg, L', and L2. We have
the following results.

Proposition 4. Consider a planar linear differential system © = Ax with A
non identically zero. Set L and L_ two parallel straight lines symmetric with
respect to the origin and let Domj, be the sets defined in (4). Suppose that
Domg # 0 for every j, k € {+,—}.
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(i) If det A > 0, then

H++ . D0m++ C Lg — Li,
I, : Dom;_ C LT — LO,
I__:Dom__cCL° — L.,

H_+ . DOm_+ C LI_ — Lg

I} : Domy, C LI — Lg,
Il._: Dom,_ C Lt — LO,
__:Dom__c Ll — L9,

I_;:Dom_, C LT — LY.

(iii) If det A =0 then Dom, = {p*}, Dom__ ={p~}, II__(p~) ={p~},
and Tl (p*) = {p*}

Il._: Dom;_ C Lt — LO,

(7)

I_;:Dom_, C LT — LY.

Proposition 5. Let & = Az be a planar linear differential system with A non
tdentically zero. Consider L. and L_ two parallel straight lines symmetric
with respect to the origin. The Poincaré maps which appear in the statement
of Proposition /4 are defined if and only if the flow of the system has a unique
contact point with L, .

The proofs of the two previous propositions can be found in Propositions
4.3.3 and 4.3.4 of [9], respectively.

2.1. Qualitative behavior of the Poincaré maps. In this subsection we
analyze the qualitative behavior of the Poincaré maps defined by the flow of
system (3) and associated to straight lines L, and L_.

Assume that the Poincaré maps Il are defined, for j,k € {+,—}. By
Proposition 5 there exists a unique contact point p of the flow of system (3)
with the straight line L, and, therefore —p is the unique contact point of the
flow of system (3) with the straight line L_. Thus L, = {p+ Ap: A € R} and
L ={-p+Xp:XeR}.
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Observe that, by Proposition 2(b), if det A > 0 then
LL={p+ap:a>0}, LY={p—ap:a=>0},
L' ={-p—ap:a>0}, L®={-p+ap:a>0},
and if det A < 0 then
Li={p-ap:a>0}, L9={p+ap:a>0},
LI ={-p+ap:a>0}, L®={-p—ap:a>0}.

(8)

(9)

It follows that given any point ¢ on L, or on L_ we can associated a unique
a > 0, called the coordinate of q.

Consider ¢; € L; and g» € Ly, such that I1;x(q1) = ¢2, where j,k € {+, —}.
Let a; and ay be the coordinates of ¢, and ¢o, respectively. Then we define
the Poincaré maps 7 by 7,;(a1) = as. Thus to know the qualitative behavior
of the map 7, is equivalent to know the qualitative behavior of the Poincaré
map I1;.

The next results, proved in Lemma 4.3.5 and Proposition 4.3.7 of [9], re-
spectively, provide some properties of the Poincaré maps ;.

Proposition 6. Consider the linear differential system (3) and let Ly and L_
two parallel straight lines which are symmetric with the respect to the origin.
Suppose that the Poincaré maps m;, with j, k € {+,—} are defined. Then

(a) the maps w4 and w__ coincides.
(b) the maps my_ and m_ coincides.
(¢) the Poincaré maps 77}, associated to the flow of the system @ = —Ax

and to the lines Ly and L_ are defined, and they satisfy 75, = 7rj_kl.

(d) mjx and 7Tj’k1 are analytic functions.

Proposition 7. Consider the linear differential system (3) and let Ly and L_
two parallel straight lines which are symmetric with the respect to the origin.
Assume that the Poincaré maps mj, with j,k € {+,—} are defined. If M €
GL(R?), then the maps ;) are invariant under the change of coordinates y =
Mzx.

Assume that the maps 7., and m,_ are defined. Since these maps are
invariant under linear changes of coordinates, see Proposition 7, in what follows
we consider A given in its real Jordan normal form. Moreover we denote the
eigenvalues of A by A\; and As. In what follows we characterize the behavior
of the Poincaré map 7., depending on ¢ and d. Moreover we characterize the
behavior of composition 7, = 7_, om__ om,_ when d > 0 and t*> — 4d < 0.

Saddle: d < 0.
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The next two results are proved in Proposition 4.4.15 and Corollary 4.4.16
of 9], respectively.

Proposition 8. Assume thatd < 0,t > 0. Then the eigenvalues of the matrix
A satisfy Ay > 0 > Xo. Let myy be the Poincaré map defined by the flow of the
linear system © = Ax and associated to the parallel straight lines L, and L_
symmetric with respect to the origin. Ift = 0, then m . is the identity map on
the interval [O, MY, and if t > 0, then

@) 7t 07 = 0 ef ™), e (0) = 0, lim 7es(a) = Pl and

a/ A
mir(a) > ain (0,\[1).
(b) if a € (0,A\]"), then 7', (a) > 1. Furthermore, (lli{‘r(l]wjﬁ(a) =1 and

lim 7', (a) = +oo.
a/ M

(c) ifa € (0, A7), then 7, (a) > 0.
(d) the graph of w4 has a vertical asymptote at a = A\;".
(e) myy is implicitly defined by the equation

(10)
t+Vt?2—4d
(2+ﬂ++<a><t— Ve —4d>)t— Fodd _ 2+ (a)(t+ VI —4d)
2 — a(t — V2 — 4d)  2—a(t+VPP—4d)

(f) The qualitative behavior of the graph of wy, is represented in Figure

1-(a).

2y

(b)

Ficure 1. Qualitative behavior of the Poincaré map 7w ;
(a) t >0and (b) t <0.

Proposition 9. Assume thatd < 0, t < 0. Then the eigenvalues of the matrix
A satisfy A\y > 0 > Xo. Let myy be the Poincaré map defined by the flow of the
linear system © = Ax and associated to the parallel straight lines L, and L_
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symmetric with respect to the origin. Ift = 0, then 7w, is the identity map on
the interval [(), MY, and if t > 0, then

(a) mop : [0,071) = [0, [Ao] ™), m44.(0) =0, BIAQIW++(@) = [A| 7!, and
a/ A
Tiy(a) < ain (0,A71).
(b) ifa € (0,\7"), then 0 < /. (a) <1 and ii{léﬂﬁr+(a) =1.

(c) if a € (0,A7"), then 7'/ (a) < 0.

(d) the graph of T, has a horizontal asymptote at a = A\{' when a tends
to +00.

(e) miy is implicitly defined by equation (10).

(f) The qualitative behavior of the graph of wy, is represented in Figure
1-(b).

Diagonal node: d > 0 and t? — 4d > 0.

The following results are proved in Proposition 4.4.1 and Corollary 4.4.2 of
9], respectively.

Proposition 10. Assume that d > 0, t > 0, and t*> — 4d > 0. Then the
eigenvalues of the matriz A satisfy A\ > Ao > 0. Let my be the Poincaré map
defined by the flow of the linear system & = Ax and associated to the parallel
straight lines Ly and L_ symmetric with respect to the origin. Then

(a) Ty 2 [0,A71) = [0,400), m4(0) = 0, lim 7yy(a) = 400, and
a/ A"
Tyy(a) > ain (0,A1).
(b) if a € (0,\7"), then 7', (a) > 1 and }Li{‘%ﬂ'ﬁr+<a> =1

)
(c) if a € (0,A7"), then 7'/, (a) > 0.

(d) the graph of m,, has a vertical asymptote at a = \;".
(e) My is implicitly defined by the equation

C

(11)
t+ V2 —4d
24 i (a)t —VE—4d)\t — V12 —4d 2+ 74 (a)(t+ V2 —4d)
( 2 —a(t — /12 — 4d) )  2—a(t+V2—4d)
(f) The qualitative behavior of the graph of my, is represented in Figure
2-(a).

Proposition 11. Assume that d > 0, t < 0, and t*> — 4d > 0. Then the
eigenvalues of the matriz A satisfy Ao < Ay < 0. Let myy be the Poincaré map
defined by the flow of the linear system & = Ax and associated to the parallel
straight lines L and L_ symmetric with respect to the origin. Then
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b A

| 7H e e

2 Y

FicUrRE 2. Qualitative behavior of the Poincaré map m ;
(a) t >0and (b) t <O.

(a) mip 1 [0,400) = [0,[X2] ), 714 (0) =0, al/i‘inooﬂJrJr(a) = [Xo| 7!, and

Tit(a) <ain (0, A7),
(b) if a € (0,400), then 0 < 7', (a )<1and(lli\rxr(1)7rﬁr+(a):1.

)
(c) if a € (0,+00), then 7' (a) < 0.

(d) the graph of m, . has a horizontal asymptote at b = |Xo| L.

(e) myy is implicitly defined by equation (11).

(f) The qualitative behavior of the graph of m, . is represented in Figure
2-(b).

Non—diagonal node: d > 0 and t? — 4d = 0.

The next two results are proved in Proposition 4.4.6 and Corollary 4.4.7 of
9], respectively.

Proposition 12. Assume that d > 0, t > 0, and t*> — 4d = 0. Then the
eigenvalues of the matriz A satisfy Ay = Ay = X. Suppose that A does not
diagonalizable and let m,, be the Poincaré map defined by the flow of the
linear system © = Ax and associated to the parallel straight lines L, and L_
symmetric with respect to the origin. Then

(a) ey 2 [0,A71) = [0,+00), m1(0) = 0, B{Ifllﬂ++<a’> = o0, and
74 (a) > a in the interval (0, \71).

(b) ifa € (0,\71), then 7', (a) > 1 and }Li{‘%ﬂ'ﬁr+<a> =1.

(c) if a € (0,A7"), then 7'/, (a) > 0.
(d) the graph of ™., has a vertical asymptote at a = \~1.
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(e) myy is implicitly defined by the equation

2t(m44(a) + a)
(12) t7T+2+£@2l:‘ 2 _ ety (a) +2)(2 —at)

(f) The qualitative behavior of the graph of m, . is represented in Figure
2-(a).

Proposition 13. Suppose that d > 0, t < 0, and t* —4d = 0. Then the
eigenvalues of the matriz A satisfy A\a = Ay = X < 0. Assume that A does
not diagonalize and let . be the Poincaré map defined by the flow of the
linear system & = Ax and associated to the parallel straight lines L, and L_
symmetric with respect to the origin. Then

(a) 7y ¢ [0,400) = [0,[A[7"), m1(0) = 0, }Erﬂ mii(a) = [AI7Y, and

Ty (a) < a on the interval (0, +00).
(b) if a € (0,400), then 0 < 7, (a) <1 and Llli{‘I(l)Wf|_+(a) =1

(c) if a € (0,+00), then 7/, (a) <0 in (0,+00).

(d) when a tends to +oo, the graph of w1 has a horizontal asymptote at
b= A1

(e) myy is implicitly defined by equation (12).

(f) The qualitative behavior of the graph of m, . is represented in Figure
2-(b).

Degenerate node: d = 0.

In this case A has one null eigenvalue and other equal to t. Hence the matrix
A has two different real Jordan normal forms. One being for ¢t # 0 and the
other one for ¢ = 0. In any case the behavior of the Poincaré map is defined
only in a contact point, see Proposition 4-(i7i). Thus the map 7, is defined
only at zero and 7, (0) = 0.

Center and focus: d > 0 and * — 4d < 0.
The results for the centers and foci are proved on sections 4.4 and 4.5 of [9].

The following results are Proposition 4.4.11 and Corollary 4.4.12 of [9], re-
spectively.

Proposition 14. Suppose thatd > 0, t > 0, and t> —4d < 0. Then the matrix
A has a pair of complex eigenvalues. Let 7, be the Poincaré map defined by
the flow of the linear system © = Ax and associated to the parallel straight
lines Ly and L_ symmetric with respect to the origin. If t = 0 then m,, s the
identity in [0, +00), and if t > 0 then
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(a) myy @ [0,400) = [0,400), m14(0) = 0, lim 7,y(a) = +oo, and

a,/+oo
T4+ (a) > a on the interval (0,400).
(b) if a € (0,400), then @', (a) > 1 and llli{r(l)ﬂﬁr+(a) =1
(c) if a € (0,+00), then ©'[ (a) > 0.
(d) when a tends to +oo, the graph of m,. has an asymptote at b = ae’™ —

t(1+e)/d, where v =t/v/4d — t2.

(e) iy is implicitly defined by the equation

N (a+mii(a)B
1+triy(a) +dryy(a)? . e an<(7r++(a) —a)a+1-— ad7r++(a)>

1
(13) 1 — ta + da?
(f) The qualitative behavior of the graph of wy, is represented in Figure
3-(a).
b | b |
b=e" — 5(1 +e™m)
b=a
T+ (a)

=y

(a) (b)

Ficure 3. Qualitative behavior of the Poincaré map m,,;
(a) t>0and (b) t <O0.

Proposition 15. Suppose that d > 0, t < 0, and t> —4d < 0. Then the matrix
A has a pair of complex eigenvalues. Let m, be the Poincaré map defined by
the flow of the linear system & = Ax and associated to the parallel straight
lines Ly and L_ symmetric with respect to the origin. Then
(a) myy 1 [0,+00) = [0,400), m4(0) = 0, }m Tii(a) = +oo, and
a /400
T4 (a) < a on the interval (0,400).

(b) if a € (0,400), then 0 < 7', (a) <1 and (lli}lr(l)wﬁrJr(a) = 1.

(c) if a € (0,+00), then 7" (a) < 0.
(d) when a tends to +oo, the straight line b = ae?™ — t(1 4+ €’™)/d is an
asymptote of the graph of w, ., where v =t//4d — t2.
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(€) myy is implicitly defined by equation (13).
(f) The qualitative behavior of the graph of wyy is represented in Figure
3-(b).

Next results characterizes the behavior of 7, =7, _om__omw_,. The proof
can be found in Proposition 4.5.7 and Corollary 4.5.8 of [9], respectively.

Proposition 16. Consider a matriz A € GL(R?) such that d > 0, t > 0, and
t?—4d < 0, and a vector b € R*\ {0}. Let 7, be the Poincaré map defined by
the flow of the linear system © = Ax 4+ b and associated to the parallel straight
lines Ly and L_ symmetric with respect to the origin. Ift = 0 then 7, is the
identity in [0,+00). On the other hand if t > 0 then

(a) there exist a value b* > 0 such that T4y : [0,+00) — [b*,+00) and
T4+4+(0) = b*. Furthermore, aginoo Tit(a) = 400 and T 4(a) > a in
(0, +00).

(b) if a € (0,400), then 7, (a) > 0 and ii{l(l)%ﬁrJr(a) = 0.

(c) if a € (0,+00), then 7 (a) > 0.

(d) the graph of T, has an asymptote at b = ae?’™ + t(1 4+ €'™)/d when a

tends to +o00, where v = t//4d — t2.
(e) myy is implicitly defined by the equation

B B - (a+7ii(a))B
(14) 1—t7,y(a) +dri(a)? . e an((%++(a) —a)a—1+ ad?f++(a)>
1+ ta + da?

(f) The qualitative behavior of the graph of map T, is represented in Fig-
ure 4—(a).

Proposition 17. Consider a matriz A € GL(R?) such that d > 0, t <0, and
t?—4d < 0, and a vector b € R*\ {0}. Let 7,1 be the Poincaré map defined by
the flow of the linear system x = Ax + b and associated to the parallel straight
lines Ly and L_ symmetric with respect to the origin.

(a) there exist a value a* > 0 such that T,y : [a*,+00) — [0,+00) and
Ti+(a*) = 0. Furthermore, gm Tit(a) = +o00 and T4 (a) < a in
a /400
(a*, 4+00).
(b) if a € (a*,400), then 7, (a) > 0 and ali\rzl* T, (a) = +oo.
(¢) if a € (a*, —I—os), then 7/, (a) < 0.
(d) the graph of T4 has an asymptote at b = ae?™ + t(1 4+ €'™)/d when a

tends to +o00, where v = t/+/4d — t2.
(e) Ty is implicitly defined by equation (14).
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(f) The qualitative behavior of the graph of map 7, is represented in Fig-

ure 4—(b).
b A b:evﬂa_i_cil(l_i_ewr) b
’7%++(a),:’"' b= ?wa +g(L+e™m)

a

(a)

FIGURE 4. Qualitative behavior of the Poincaré map 7, ;
(a) t>0and (b) t <O0.

3. RETURN MAP OF DISCONTINUOUS DIFFERENTIAL SYSTEM

Consider the following discontinuous piecewise linear differential system
Azr + b, if T > 1,
Ax — b, if T < 1,

(15) i =

where x = (71, 23) € R? and b € R? \ {0}. The discontinuity of this system is
the straight line L = {(x1,73) € R* x; = 1}. Assume that the singularities of
system (15) not belong to L. If d = 0. In this section we analyze the Poincaré
maps defined by the flow of system (15) and associated to the straight line L
and we define the return map for this system.

In what follows we denote by n the unit orthogonal vector to the line L
which is oriented in the direction opposite to the origin, and S = {(x1,23) €
R? xy > 1} and S_ = {(z1,72) € R? z; < 1} denote the half-planes bounded
by L.

In the study of the Poincaré maps associated to the flow of the linear differ-

ential systems & = Ax + b with respect to the straight line L it by we denote
L. to specify what system we are considering.

3.1. Poincaré maps of linear differential system i@ = Ax+0b. In this sub-
section we study the Poincaré maps defined by the flow of the linear differential
System

(16) T=Ax+b
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and associated to the straight line L. Since L, does not pass through the
origin it can be split into the subsets L = {qg € L:n"¢ <0} and LY = {q €
L :n"¢ > 0}, where ¢ = Ag+ b. Then the set CPy = L1 N Lg consists of
contact points of the flow of system (16) with L.

Set @, (t,q) the flow of system (16) such that ®,(0,q) = g. Define in L,
the subset

Domyy = {qeLf:3t,;>0,®,(ty,q) € LY and P, (t,q) C SVt € (0,4,)}
UCP;.

Assuming that Dom_, # () we define the Poincaré map of the linear differ-
ential system (16) associated to the straight line L, by

II,: Dom,, CcL? — LI
(17) + ++ + +
q —— (I)—i- (tq7 Q) .

Suppose that the flow of system (16) has a unique contact point p with L.
We have that II (p) = p because p € LL and p € LY.

Let e, = —A~'b be the singularity of system (16). Applying the translation
y = x — ey we rewrite system (16) as

(18) y = Ay,

and the straight line L is transformed into the straight line L7 . If the Poincaré
map I, given in (17), is defined then it induces a Poincaré map II% | asso-
ciated to the flow of system (18) and to the straight line L7 . Clearly the
converse statement is also true and, therefore the behavior of the map Il can
be obtained from the behavior of the map I, . We have the following result
that are proved in Propositions 4.5.1 of [9].

Proposition 18. Consider L, a straight line in the plane not passing through
the origin and such that e, = —A~'b & L. The Poincaré map 11, associated
to the flow of system & = Ax + b and to the straight line Ly is defined if and
only if there exists a unique contact point p* of the flow with L, and Lfr and
Lg are non—empty half-lines such that Ly = L1 U L?.

Since e, ¢ L, we have that L’ does not pass through the origin, and we
can define the symmetric line —L% = L* = {—q;q € L%}}. Therefore the
results of section 2 can be applied to study the Poincaré maps of system (18)
associated to the straight lines L7 and L* symmetric with respect to the origin.
Set II7  the Poincaré map induced by translation y = x — ey, and IL;;, with

J, k € {+, —} the Poincaré maps defined for homogeneous case, see Proposition
4.
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Proposition 19. Consider L, a straight line in the plane not passing through
the origin and such that e, = —A7'0 ¢ L. Assume that the Poincaré map
[T, associated to the flow of system © = Ax + b and to the straight line L, is
defined. Let 1I'., be the Poincaré map of system (18).

(i) Suppose that e, € S_.
— Ifdet A > 0, then 1I'__ is the Poincaré map Il .
— Ifdet A <0, then II'__ is triwial, i.e. the map I _ is only defined
in a contact point of the L7 .
(ii) Suppose that e, € Sy.
— Ifdet A >0 and * — 4d > 0, then II% , is trivial.
— Ifdet A >0 and t* — 4d < 0, then II*. coincides with the compo-
sition I1_, oIl__ oI, .
— Assume that det A < 0. Then II%_ is the Poincaré map Il .

Proof. (1) We have that the translation y = z — e transforms L’ into L*'
and L? into L*© because e, € S_, see Figure 5-(a). Furthermore the domain
Dom. . of IT%, | is contained in L.

Assuming that det A > 0, we have that the Poincaré map defined by a linear
flow having the domain contained in L2© is the map I, defined in subsection
2, see Proposition 4(i). On the other hand if det A < 0 then, by Proposition
4(ii), the domain of the map IT% , is contained in L*' and, therefore the domain
of definition of the map II* | is contained in the intersection Lj‘f N Ljo. That is
the map IT% | is defined only in the contact point. Consequently the behavior
of II7 | is trivial.

L= ry Ll =10
A A
S s, S S,
b I
¢ p+ . p+‘ e Cy R

- >

ey / /

(a) . (b) .

L9 =10 L9 =1y

FIGURE 5. Relation between the half-lines LY, L., L9, and
L! depending on (a) ey € S_, (b) e € S,
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(ii) By hypothesis we have that e, € S, thus the translation y = z — e
transforms L) into L3° and LY into LY, see figure 5-(b).

Assuming that det A > 0 Proposition 4(i) implies that there is no Poincaré
map Il associated to the flow of a homogeneous linear system and to two
parallel straight lines L, and L_ symmetric with respect to the origin, defined
on L with the image contained on LY. This implies that either the behavior
of IT% , is trivial or II* | =1I_; oII__ o II,_. Notice that in the last case the
orbits have to surround the origin. It follows that II* | is trivial for t?—4d >0
and IT* | =TI, oIl__ oI, _ for t* — 4d < 0.

Assuming that det A < 0 we have that II} | coincides either with the
Poincaré map I, , or with the composition II_, oll__ oI, _, see Proposition
4(ii). But, in the last case we need that the orbits surround the origin and this
is a contradiction with det A < 0. Therefore, II" | is the map II . g

By Proposition 19 the behavior of the map II* | depends on whether e, €
S_,ore;, € S, and t*—4d < 0. In order to distinguish between these situations
we will denote ﬁ++ the map II_, oIl__ oI, . Consequently we reduce the
study of the Poincaré map I1, associated to the flow of system (16) and to the
straight line L, to study the Poincaré maps I, and ﬁ++ defined by the flow
of the homogeneous linear system (18) and associated to the lines L% and L*.
Therefore, to know the qualitative behavior of the Poincaré map II, defined
by system (16) is equivalent to know the behavior of Poincaré maps 7, and
T4y =ML OM__ O _.

3.2. The Poincaré maps of the linear differential system = = Ax — b.
In this subsection we consider the linear differential equation

(19) = Ax — b,
which is defined in the region S_ and we study the Poincaré map defined by
the flow of the system and associated to the straight line L = L_.

Notice that L_ does not pass through the origin, thus we split it into the
the subsets LL = {g € L : nT¢ < 0} and LY = {q € L : nT¢ > 0}, where
g=Aq—b. The set CP_ = L' N LY consists of contact points of the flow of
system (19) with L_.

Set ®_(t,q) the flow of system (19) such that ®_(0,¢) = ¢. Then we define
in L_ the following subset

Dom__ = {qe€ L';3t,>0,9_(t5,q) € LY and P_(t,q) C S_Vt € (0,¢,)}
UCP_.
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Suppose that Dom__ # () then we can define the Poincaré map of the linear
differential system (19) associated to the straight line L_ by

In_: Dom__cLf — IL°
(20)
q — D_(t4,9).

Suppose that the flow of system (19) has a unique contact point p with L_.
We have that II_(p) = p because p € L and p € L°.

Let e_ = A7'b be the singularity of system (19). Notice that the translation
y = = — e_ transform system (19) in

(21) y = Ay,

and the line L_ is transformed into the straight line L} . Therefore if the
Poincaré map II_, given in (20), is defined then it induces a Poincaré map
IT% | associated to the flow of system (21) and to the straight line L. Of
course the converse statement is also true. Moreover, the behavior of the map
II_ can be obtained from the behavior of the map II* . We have the following
result that can be proved in a similar way to proof of Proposition 18.

Proposition 20. Consider L_ a straight line in the plane not passing through
the origin and such that e = A7'b ¢ L_. The Poincaré map 11_ associated
to the flow of the system © = Ax — b and to the straight line L_ is defined if
and only if there exists a unique contact point p~ of the flow in L_, and L
and L° are non-empty half-lines such that L_ = L' U L9.

Since e_ ¢ L_ then L% does not pass through the origin and we can define
the symmetric line L* = {—q;q € L% }. Therefore the results of section 2 can
be applied to study the Poincaré maps II;;, with j,k € {4, —}, associated to
the system (21) and to the straight lines L% and L* symmetric with respect
to the origin.

Set II' | the Poincaré map induced by translation y = x — e_, we have the
following proposition.

Proposition 21. Consider L_ a straight line in the plane not passing through
the origin and such that e = A7'b ¢ L_. Assume that the Poincaré map I1_
associated to the flow of the system © = Ax — b and to the straight line L_ is
defined. Let 11% | be the Poincaré map induced by the translation y = x — e_.

(i) Suppose thate_ € S_.
— Ifdet A > 0 and t> —4d < 0, then II% | coincides with the compo-
sition I1_, oIl__ oI, _.
— Ifdet A >0 and t* —4d > 0, then 1%, is trivial.
— Suppose that det A < 0. Then II* _ is the Poincaré map 11, ..
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(ii) Suppose thate_ € S,.
— If det A > 0 then II _ is the Poincaré map 11, .
— Ifdet A <0, then II _ is trivial.

Proof. In case (i) the translation y = z — e_ transforms L’ into L% and L°
into L*?, and in case (ii) the translation y =  — e_ transforms L’ into L*©
and LY into L*+I . The rest of proof is similar to proof of Proposition 19. [

By Proposition 21 the behavior of the map II* | depends on whether e_ €
S_,ore_ €S;. Inorder to distinguish between these situation we will denote
themap II_, oIl__ oIl by IL,,.

We reduce the study of the Poincaré map II_ associated to the flow of system
(19) and to the straight line L_ to study the Poincaré maps 11, and II,
defined by the flow of the homogeneous linear system (21) and associated to
two parallel lines L* and L% . Then to know the qualitative behavior of the
Poincaré map I1_, defined by system (19), is equivalent to know the behavior
of of Poincaré maps 7,y and 7, , =7_,om__om, _.

Remark 22. By Proposition 6, we have that myy =7__ and 7oy =7__. In
order to not confuse the Poincaré maps m;,, where j,k € {+,—}, associated
to system (19), with the maps studied on the previous section, we will use the
notation m__ and T__.

3.3. Return Map of the discontinuous system (15). In this subsection we
describe the return map II defined by the flow of the discontinuous piecewise
linear differential system (15) and associated to the straight line L as the
composition of the Poincaré maps I, and II_ defined in subsections 3.1 and
3.2.

Notice that the half-lines L, LY, L’ and L9 are contained in the straight
line L. Furthermore, when the Poincaré map Il is defined we have that its
domain is Dom, C L?L and its image is contained in L!. Moreover, when
the Poincaré map II_ is defined we have that its domain is Dom__ C L! and
its image is contained in LY. Then, consider the subset LY NL! and Lg N LY
of the straight line L and define

Dom = {qe€ LY¢NL%3t,>0,®(t,,q) € LY N LY and Vi € (0,1,),
(t,q) ¢ Lg n LQ} )

where ®(¢,¢) is the solution of the discontinuous system (15). Observe that
if d = 0 then Dom = () and therefore the return map is not defined. In what
follows we assume that A € GL(R?).
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When Dom # () we define the return map associated to the flow of the
discontinuous system(15) and to the straight line L by

(22 II: DomcL¢NL® — L2NLC
q — (I)(tq,q).

In what follows we refer I, and II_ the restriction of the Poincaré maps
define in subsections 3.1 and 3.2 to subsets LY N LY and L N L’ respectively.

Theorem 23. Consider the discontinuous piecewise linear differential system
(15). Assume that the return map 11 associated to the flow of system (15) and
to the straight line L is defined.

(i) Suppose that e, € S_ ande_ € S,.
— Ifdet A >0, then Il =11_oIl,.
— If detA < 0, then the return map Il is not defined.

(ii) Suppose that ey € S_ ande_ € S_.
— Ifdet A > 0 and t*> — 4d < 0, then the map 11 =11_o Il .
— Ifdet A < 0 ordetA > 0 and t*> — 4d > 0 then return map II is

not defined.

(iii) Suppose that e, € Sy ande_ € S_.
— Ifdet A< 0 ordetA >0 andt?>—4d <0, then [I =11_oIl,.
— Ifdet A > 0 and t> —4d > 0, then the return map 11 is not defined.

Proof. Notice that Dom # () implies that Dom, # () and Dom__ # (). Thus
there exists a contact point p™ of the flow of system (16) with the line L and
a contact point p~ of the flow of system (19) with the line L. Therefore the
Poincaré maps I, and II_ are defined, see Propositions 18 and 20. The result
follows from Propositions 19 and 21. U

In what follows we assume that the return map of the discontinuous system
(15) is defined. That is Dom # 0.

Let p™ and p~ be the contact point of the system & = Ax =+ b, respectively.
By definition of L*© and L*! and from Figure 5 we have the following:

o Ifdet A>0,e, €S ande_ €S5,, then

LiZ{p++ap'+:a20}, Lfﬁ:{er—ap'*:azO},

(23) . ,
Lt ={p~—ap=:a>0}, LO={p~ +ap :a>0}.
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o Ifdet A>0,ey €S ande_ €S_, then

LL = {p* +ap*:a >0}, L?={pt —ap*:a>0}

Ll ={p 4ap :a>0}, LO={p —ap :a>0}.
o lfdetA>0,e;. €5, ande_ € S_, then

(24)

LY ={pt —apt:a >0}, LY ={p* +apt:a>0},
Lﬂz{p‘+ap":a20}, L?Z{p_—ap._:a>0}.
o IfdetA<0,e;. €5, ande_ €S_, then

(25)

LiZ{p++ap.+:a20}, Lﬁ)r:{p+—ap.+:a>0},

(26) . :
LI ={p —ap :a>0}, L®={p +ap :a>0}.

Since the behavior of maps I, and II_ are determined by the Poincaré
maps w4y, 7__, 744 and 7__, we will study the behavior of the map II via
so—defined Poincaré maps mj;, where j, k € {+, —}. Note that the behavior of
those maps were studied in subsection 2.1.

We will use 7+ to identify which of the linear system @ = Ax 4+ b define the
maps 7 and we denote p* the respective contact points with respect to the
straight line L. Thus either 7, = 7, or 71, = 7y, and either 7_ = 7__ or
T_ = T__.

Given ¢ € Dom, let r and ry be the coordinates of ¢ and II(g) on the half-

line Lg, respectively. We define the return map 7 as w(r) = rg, that is the

return map transforms the coordinate of ¢ into the coordinate of I1(g).

Consider p € LY N L and g € LY N LY, set r and s the coordinates of p on
the half-lines Li and L’ respectively, and m and n the coordinates of ¢ on
the half-lines LY and L2, respectively. By previous definition of L} we have
that

eifdet A>0,e, €S ande_ €5, then
p=p*+rpt =p —sp and ¢=p"—mpt=p +np .
Thus we can define the maps

Hp‘ —(p++rp'+)H Hp+—(p‘+np")H
(27) fi(r) = ‘ , hi(n) = . .
al al

e ifdet A>0,e, €S5S ande_ €S | then

p=pt+rpt=p +sp- and ¢=p* —mpt=p —np-.
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Thus we can define the maps

H(p+ +rpt) —p*H Hp+ —(p - np")”
9 )= e - .

7|

o ifdet A>0,e; €5, and e_ € S_, then

p=pt—rpt=p +sp~ and q=p*+mpt=p —np.

Thus we can define the maps

o i | —ne) -t
(29) ) 3(”) =
|| Hp*H
e ifdet A<0,e,. €5, ande_ € S_, then
p:p++7‘p'+:p_—5p._ and q:p""—mp.*':p_—l—np'_.
Thus we can define the maps
o~ = @+ )] |t =+ )]
(30) fa(r) = , ha(n) = -
|| |7

Remark 24. The map f; transform the coordinate of p in L. into the coordi-
nate of p in L and h; transform the coordinate of q in LY into the coordinate
of ¢ in L°. Clearly the inverse maps f;*(s) and h;'(m), i = 1,2,3,4, are well
defined.

Suppose that the contact points satisfy p~ # p*. If p~ belongs to LI then
the maps f; and h; satisfy

(31) fi:[r*,00) — [0,00), h;:[s*,00) — [0,00),
where

(32) R Tt 0 | N 12t |
7] i

are the coordinates of the contact points p~ and p* with respect to the straight
lines L, and L_, respectively. On the other hand, if p~ belongs to L(j then
the maps f; and h; satisfy

(33) fi:[0,00) — [s%,00), h;:[0,00) — [r*,00),

with 7* and s* given in (32).
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Finally, assuming that p~ = p™ we get
(34) fi:[0,00) — [0,00), h;:[0,00) — [0,00),
Observe that f; and h;, i = 1,2, 3,4, are increasing linear maps that tends

to infinity when r and s tends to infinity, respectively. Moreover, we have the
following results.

Lemma 25. Consider the inverse map of h; fori=1,2,3,4. If p~ = p* then
hit(r) = fi(r). If p~ #p* and

o p= € LY then fi(r) > h;'(r) for every r € [r*,00).

e p~ € LL then fi(r) < hi'(r) for every r € [r*,00).

Proof. Consider e, € S_ and e_ € S_. In this case we have

» Hp* — (- Tﬁ*)“
hy () = : .
||

Therefore p~ = p* implies that hy'(r) = fa(r), see (28). On the other hand,
if p= # pT, ‘taking r € [r*,00) we have that py = p* + rpt € L. and
py = pt —rpt € LQ are symmetric points with respect to contact point p*.
Furthermore

flr) = s = p7I1 hil(r) = Ip '—pzll'

a a

It follows that, if p~ € L? we get that |[p~ — paf| < [[p1 —p~|| and there-
fore hy'(r) < fo(r). Otherwise, if p~ € LL we get ||p1 —p~|| < |lp™ — pal.
Therefore fo(r) < hy*(r).

The others cases can be proved in a similar way. U

The following result provides the return map m as compositions of the
Poincaré maps 7., m_ and the maps f; and h;, i =1, 2.

Theorem 26. Consider the discontinuous piecewise linear differential system

(15).

(1) Assume that ey € S_ ande_ € S,. If d > 0, then
m(r) = ha(m(fi(m14.(r))))-
(2) Assume that e € S_ and e € S_. Ifd > 0 and t* — 4d < 0, then
(r) = ha(T—(fa(m14.(r))))-
(3) Assume that e, € Sy ande_ € S_.
o Ifd>0 and t* —4d < 0, then 7(r) = ha(T__(f3(T14(r)))).
o [fd <0 then m(r) = ha(m__(fa(mis(1)))).
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In the others cases we have that the return map m does not defined.

Proof. Given ¢ € Dom, we have that ¢ € LY N LY 1. (q) € LL. N L, and
I(q) = II_(I1(q)) € LY N LP. Assume that r and ry are the coordinate
of ¢ and II(g) in LY, respectively. By definitions of 7, and remark 24, it
follows that m (r) and f;(m(r)) are the coordinates of I1,(¢) in L! and L',
respectively. Furthermore, by definitions of 7_ and remark 24, we have that
7_(fi(m(r))) and hi(7m_(f;(7(r)))) = ro are the coordinates of II(g)) in L°
and Lg, respectively. Consequently, the return map = is given by 7(r) = ro =
hi(m-(fi(m4(r))))-

Assume that e, € S_ and e € S,. By Theorem 23-(i) the return map
of the discontinuous system (15) is given by IT = II_ o IT, for d > 0 and
it is not defined when d < 0. Furthermore Proposition 19 implies that the
behavior of the Poincaré map Il is equivalent to behavior of Il for d > 0
and I1, is trivial for d < 0. The Proposition 21 and remark 22 implies that the
behavior of the Poincaré map Il_ is equivalent to behavior of II__ for d > 0
and II_ is trivial for d < 0. Passing to Poincaré maps 7, j, k € {4+, —}, we
have that 7, =7, and 7_ = 7__ for d > 0 and 7_, 7, are defined only at
zero for d < 0. Since e, € S_, e € S, and d > 0, we have that the maps
f1, hi are defined, see equation (27). Therefore the return map is given by
7(r) = ha(m——(fi(m44(r)))) for d > 0 and it is not defined for d < 0. We have
proved the statement (1).

The others cases can be proved in a similar way and the result follows. [J

4. EXISTENCE OF LIMIT CYCLE FOR DISCONTINUOUS SYSTEM (15)

From the definition of the return map 7 we have that the existence of periodic
orbits for system (15) is equivalent to the existence of a fixed point of .
Moreover any limit cycle is associated to an isolated fixed point of 7.

Theorem 27. Consider the discontinuous piecewise linear differential system
(15). If one of the statements below is satisfied, then system (15) has no limit
cycles.

(1) ex € S_,e_ €84, andd < 0.
(2) ey €S, e €S, and either d <0 ord >0 and t* — 4d > 0.
(3) €+€S+, G_GS_,d>OCLTLdt2—4dZO.

Proof. On these assumptions the return map 7 is not defined, see Theorem 26.
Then system (15) has no limit cycles. U
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In the rest of this paper we assume that the return map 7 for the discontin-
uous piecewise linear differential system (2) is defined.

Consider the following maps

(35)  g(r) = 7_(fi(ms(r)) = hi (1), gu(r) = films(r)) — 7= (ki (),
1=1,2,3,4.
We have the following result.

Lemma 28. The maps g and g1 have a zero at ro if and only if ro is a fived
point of the return map .

Proof. Suppose that 7y is a zero of the map g(r). Then 7_(fi(m1(rg))) =
h; (o) and this implies that 7(ro) = hi(7_(fi(74(r0)))) = hs(h; (o)) = 7o.

Reciprocally, if rq is a fixed point of 7 then h;(m_(f;(7y(r0)))) = ro from
which follows that 7_(fi(7(r0))) = h; (o).

The proof to g is similar. O

Suppose that p~ = p*, that is the contact points of system (16) and (19)
coincide. We have the following results.

Theorem 29. Consider the discontinuous piecewise linear differential system
(15), assume that p~ = p* and the return map w is defined.

o [ft # 0 then ™ has not fixed points.
o [ft =0 then 7 is the identity map.

Proof. According to Theorem 26 we should consider the following cases: (i)
e, € S_ande_ € S5y, (i) ep € S_ and e € S_, and (iii) e, € Sy and
e_eS_.

We shall prove the case (i), the others cases can be proved in a similar way,
observing that the behavior of the maps 7, is characterized in Propositions

16 and 17.

(7) In this case the return map is given by 7w (r) = hi(m__(fi(mov(1)))),
see Proposition 26-(1) if d > 0, and it is not defined if d < 0. Furthermore
by Lemma 25 we have that fi(r) = h;'(r). Then we can define g(r) =

T (fulmys (r)) — by (r).
Observe that if d > 0 the singularities of the piecewise linear differential

system (15) can be diagonal nodes, non—diagonal nodes, centers or foci.

Assume that the singularities of system (15) are diagonal nodes, i.e. d > 0,
t? —4d > 0, and ¢t # 0. If ¢ > 0 then Proposition 10 implies that 7, (1) > r
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and m__(r) > r. Thus

(36) T (fi(my (1)) > filmii(r) > filr),

in the second inequality we have used that f; is increasing. It follows that
g(r) > 0. On the other hand if ¢ < 0 Proposition 11 implies that 7, (r) < r
and m__(r) < r. Thus

(37)  (Fi(mes (1) < Filmes(r) < ()
and it follows that g(r) < 0.

Assume that the singularities of system (15) are non—diagonal nodes, i.e.
d>0,1t—4d = 0, and t # 0. If t > 0 then Proposition 12 implies that
iy (r) >rand 7__(r) > r. Thus

(38) T (fi(miy (1)) > filmii(r) > fi(r),

in the second inequality we have used that f; is increasing. It follows that
g(r) > 0. On the other hand if ¢ < 0 Proposition 13 implies that 7, (r) < r
and 7__(r) < r. Thus

(39) T~ (fi(m4 (1)) < fi(mii(r)) < filr),
and it follows that g(r) < 0.
Finally assume that the singularities of system (15) are centers or foci, i.e.

d > 0and t* — 4d < 0. If t > 0 then Proposition 14 implies that 7, (r) > r
and 7__(r) > r. Then

(40) T (fi(my (1) > filmii(r) > fulr),

in the second inequality we have used that f; is increasing. It follows that
g(r) > 0. On the other hand if ¢ < 0 Proposition 15 implies that 7, (r) < r
and 7__(r) < r. Thus

(41) T (filmir(r)) < fi(mei (7)) < filr),
and it follows that g(r) < 0.

If t = 0, by Proposition 14 we have that the Poincaré maps m__ and m,
are the identity map. Moreover by Lemma 25 we have that fi(r) = hy'(r).
Therefore g(r) = fi(r) — hi*(r) = 0 and 7(r) = r, i.e. the return map is the
identity, see Lemma 28.

Consequently if ¢ # 0 then either g(r) > 0, or g(r) < 0. Therefore the return
map has not fixed points, see Lemma 28. U

Proof of Theorem A. By Theorem 29 we conclude that either system (2) has
no closed orbits, or it contains a continuum of closed orbits. Therefore system
(2) has no limit cycle. O
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In what follows we assume that p~ # p*.

Observe that if f; and h; ' are defined at 7 then fi(r) = fo(r) = fi(r) =
hy'(r) and fo(r) = hy'(r) = hy'(r) = hy'(r).

Suppose that A = (a;;) and b = (b1, b2)”, we can rewrite the maps f» and
hy' as

(42) falr) =

|(a11a22 — a12a21 — G12bs + G2251)T + 251|

Y

|G11a22 — a12a21 + a12b — a22b1|

(43) h;l(r) _ |(a11a22 — a12a21 — a12by + a22b1)r - 2b1|

10116122 — a12a21 + a12by — a22b1|

Then if the singularities of system (15) are such that e, € S_ and e_ € Sy,

we get that

a12bs — a99b
1202 20 _ 4

11022 — A12G21
Therefore
11022 — Q12021 + A12by — ag2b; < 0,
11022 — 12021 — G12ba + azby > 0.
Since f; and hy' are increasing maps, we conclude that
a1122 — Q12021 — G120 + a22by

44 "(r) = (hiY) (r) = .
(44) Jilr) = () () —a11a22 + @12021 — @12b2 + a22b;
Ife, € S_ and e_ € S_ we have that

a12bs — agaby

—-1< < 1,
A11Q22 — A12G21

from which it follows that

(11022 — A12021 + A12bs — ageby > 0,

11022 — Q12021 — 12b2 + ageb; > 0.
Therefore
45 J(r) = (hy)'(r) = .
( ) f2< ) ( 2 ) ( ) a11Q22 — Q12021 + a12by — a99by

Finally assume that e, € Sy and e_ € S_, thus

@112 — Q12021 — A12b + ag2by

a19bs — a99b
1202 201 4

)
a11A22 — Q12021

and this implies that
11022 — Q12021 — G12b + ageb; < 0.
Furthermore if d > 0 we obtain

a11Q22 — Q12021 + @122 — ageby > 0
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and if d < 0 then
11022 — Q12021 + @12bs — ageb; < 0.
Since f; and h;l, 1 = 3,4, are increasing maps, we conclude that

(46) falr) = (hg")'(r) =

—@11G22 + Q12021 + a12by — a2by
b
a11G22 — A12G21 + a12by — a2y

—@11G22 + Q12021 + a12by — a22by
—@11G2 + Q12021 — A12by + a22by

(47) falr) = (hi ")/ (r) =

4.1. Virtual—virtual case. In this subsection we assume that the singular-
ities of discontinuous piecewise linear differential system (15) are such that
er € S_ and e_ € S; and we analyze the existence of limit cycles.

On the next results we study the existence of limit cycle for the discontinuous
system (15).

Theorem 30. Suppose that d > 0 and p~ € L?. Ift > 0, then m has not fized
points. Ift <0, then w has one fized point.

Proof. By Theorem 26 we have that the return map 7 is given by = (r) =
hy(m__(fi(m+4(r)))). Then we get that

(48) g(r) = 7 (fulmy(r)) = by (r).

Observe that, by equation (33), the map f; is define on the interval [0, c0)
and its image is [s*,00). Moreover, the map h; ' is defined in [r*, 00) whose
image is the interval [0, 00).

In order to prove the result we consider two cases: (i) t* —4d > 0; (ii)
2 —4d < 0.

(i) Assume that ¢ > 0, by Propositions 10 and 12 there exist «; > 0 and
oy > 0 such that

Tyt o [0,00) —> [0,00), 7__[0,2) —> [0,00) .

Observe that the return map is only defined if »* < a; and s* < ay because r*
and s* is the coordinate of p~ and p™ with respect to L, and L_, respectively.
Thus g is defined for r € (r*,a), where a = 7% (f; *(az)). Furthermore the
maps satisfy 7y, (r) > r and 7__(r) > r and, therefore

T (fi(Ts (1) > fi(mis(r) > fi(r) > hy'(r),

where we use that f; is an increasing map and Lemma 25. This implies that
g(r) > 0, and by Lemma 28 there are not fixed points of 7.
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Now, if t < 0 then Propositions 11 and 13 imply that there exist oy > 0 and
o > 0 such that

Tyt [O’OO) — [0,()41) y T—— [07 OO) — [OaO@) :
Furthermore, 7, and m__ are increasing maps and satisfy m (r) < r,

__ < li = d li __ = . It foll that th
T_(r) <, T/lgloo7T++(7”) ar and lim 7 (r) = ag ollows that the

map ¢g(r) is defined for r € (r*, 00) and satisfies

lim g(r) = 7 (fi(my4(r))) > 0,

N\
Jim o) = T w(flm () Ay ) = —oe.

Therefore there exists a ry € (r*, +00) such that g(rg) = 0. Since h; " is linear,
Propositions 11-(c) and 13-(c¢) imply that ¢”(r) < 0.

(ii) If t = 0, by Propositions 14 and 15, we have that 7, and m__ are the
identity in [0, +00). Then g(r) = fi(r) — hi'(r) is defined for r € (r*, +00)
and, by Lemma 25, g(r) > 0. Therefore the return map 7 has no fixed points,
see Lemma 28.

In what follows we assume that ¢t # 0. In this case we have that
Tt - [0700) — [0,00) y T—— [0,00) — [Oa OO) )

are increasing maps such that }m myy(r) = +oo0 and }m m__(r) = +o0
r /400 T/ +00

see Propositions 14 and 15. Then it follows that the map g(r) is defined for
r e (r,00).

Assume that t > 0, by Proposition 14 we get that 7, (r) > r and 7__(r) >
r. Therefore

T (fi(myq (1)) > filmg(r)) > fi(r) > hi'(r),

where we use that f; is an increasing map and Lemma 25. This implies that
g(r) > 0 and, by Lemma 28 there are not fixed points of 7.

Now, for ¢ < 0 Proposition 15 implies that 7, (r) <r,7__(r) <r, 7 (r) <
1, and 7" _(r) < 1. It follows that

(m—o fromiy)'(r) = 7l _(fi(ms (r) fi(mir (r)) 7 (r) < fl(mes (7)),
where f/(my.(r)) = fi(r) = (h;')(r) is a constant, see equation (44). Conse-
quently,

dim_g(r) = lim [r—(fi(mes (r)) = by ()] = =00,
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Furthermore, we have that li\m* g(r) =m__(fi(my4(r*))) > 0. Therefore there

exist 79 € (r*,00) such that g(ry) = 0. By Proposition 15-(c) we have that
g"(r) < 0, and therefore ry is unique. By Lemma 28, we conclude that the
return map 7 has a unique fixed point. Il

Theorem 31. Suppose that d > 0 and p~ € L. Ift > 0 then the return map
m has one fized point, and if t < 0 then m has not fixed points.

Proof. By Theorem 26-(1) we have that the return map 7 is given by n(r) =
hy(m—_(fi(m++(r)))). Then we get that

(49) g(r) = 7 (fi(mas (r))) = by (r).

By equation (31) the map f; is defined on the interval [r*, c0) and its image is
[0, 00). Moreover the map hj*' is defined in [0, 00) whose image is the interval
[s*, 00).

In order to prove the result we consider two cases: (i) t* —4d > 0; (ii)
t* —4d < 0.

(1) In this case we have that ¢ # 0. Assume that ¢ > 0, Propositions 10 and
12 imply that there exist a; > 0 and as > 0 such that

Tyt 2 [0,00) — [0,00) , 7 [0,a2) — [0,00) .
Moreover 7, and m__ are increasing maps and satisfy 7 (r) > r, 7__(r) >
r, I{‘m i1 (r) = oo and l{‘m m__(r) = oo. So it follows that the map ¢ is
defined for r € (a,b), where a = 7% (r*) and b = 7% (f; ' (az)), and satisfies
li{%g(r) = —h{'(a) <0,

ligll)g(r) = l%ﬂ——(fl(?f%(ﬂ)) — hy'(b) = +oo.

Then there exists rq € (a,b) such that g(rp) = 0. Moreover, Propositions
10-(c) and 12-(c) imply that ¢”(r) > 0, thus we conclude that ry is unique.
Therefore, by Lemma 28, the return map 7 has one fixed point 7.

If ¢ < 0 then there exist a; > 0 and ay > 0 such that
Tt - [0700) — [07a1> y T—— [07 OO) — [07052) )

see Propositions 11 and 13. It follows that the map g(r) is defined for r €
(a,00), where a = w;}(r*). Furthermore 7,, and 7__ are increasing maps
which satisfy 7,4 (r) <r, m__(r) < r and, therefore

T (fi(ra (1) < fulmar () < fulr) < hy'(r).
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On the last inequality we use the result of Lemma 25. Consequently g(r) < 0
for every r € (a,00), and the return map has not fixed point, see Lemma 28.

(ii) If ¢ = 0 by Propositions 14 and 15 we have that 7, and 7m__ are the
identity in [0, +00). Then g(r) = fi(r) — hi'(r) is defined for r € (r*, +00)
and, by Lemma 25, g(r) < 0. Therefore the return map 7 has no fixed point,
see Lemma 28.

Assume that t # 0 then we have that the maps
Tyt o [0,00) — [0,00), 7__[0,00) — [0,00),
are increasing, }m T4 (r) = +o0 and Em m__(r) = 400, see Propositions
r 400 r /400

14 and 15. Then it follows that the map g(r) is defined for r € (a, 00), where
a=my(r).

If ¢ > 0 Proposition 14 implies that 7, (r) > r, m__(r) > r, 7/ (r) > 1,
and ' (r) > 1. It follows that

(m—o fromiy)'(r) =7l _(fi(ms (M) fi(mir (r)) 7 (r) > fi(mes (7)),
where fi(mi.(r)) = fi(r) = (hy")'(r) is a constant, see equation (44). It
follows that

dim g(r) = lim fr—(fi(m (7)) = 7 ()] = o

Furthermore we have that li\lzn g(r) = —h7'(a) < 0 and, therefore there exists

ro € (a,00) such that g(ry) = 0. Since ¢”(r) > 0, see statement (c) of Propo-
sition 14, we conclude that ry is unique. By Lemma 28 we conclude that the
return map 7w have one fixed point.

Finally if ¢ < 0 then 7y, (r) < r and 7__(r) < r for every r € [0,00), see
Proposition 15. Therefore

T (filmes(r)) < fi(mis(r)) < fi(r) < hy'(r),
where we use that f; is an increasing map and Lemma 25 on the second and
third inequality, respectively. This implies that g(r) < 0 and, by Lemma 28
there is no fixed point of 7. O

Proof of Theorem B. Observe that if the contact point of X satisfy p~ € LY,
by Theorem 30 we have that the discontinuous piecewise linear differential
system (2) has one limit cycle if ¢ < 0, and it has no limit cycles if ¢t > 0. On
the other hand, if the contact point of vector field X satisfies p~ € L% then
Theorem 31 implies that the discontinuous piecewise linear differential system

(15) has one limit cycle if ¢ > 0, and it has no limit cycles if ¢ < 0, respectively.
So Theorem B follows. O
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