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Abstract We describe the dynamics of the 3-dimensional competitive Lotka–Volterra sys-
tems

ẋ = x(a − x − y − z), ẏ = y(b − x − y − z), ż = z(c − x − y − z),

providing the phase portraits for all the values of the parameters a, b and c with 0 < a <

b < c in the positive octant of the Poincaré ball.
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1 Introduction and Statement of the Main Results

We say that a polynomial vector field X = (P (x, y, z),Q(x, y, z),R(x, y, z)) in R
3 is

quadratic if the maximum of the degrees of the polynomials P , Q and R is 2. A Lotka–
Volterra system in R

3 is a quadratic polynomial vector field X with x a factor of P , y a
factor of Q, and z a factor of R.

The Lotka–Volterra systems, were initially proposed as a model for studying the inter-
actions between species in two dimension, developed independently by Alfred J. Lotka in
1925 [18] and by Vito Volterra in 1926 [25]. Later on in 1936 Kolmogorov [13] extended
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