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ABSTRACT. We study the family of piecewise linear differential
systems in the plane with two pieces separated by a cubic curve.
Our main result is that 7 is a lower bound for the Hilbert num-
ber of this family. In order to get our main result, we develop
the Melnikov functions for a class of nonsmooth differential sys-
tems, which generalizes, up to order 2, some previous results in
the literature. Whereas the first order Melnikov function for the
nonsmooth case remains the same as for the smooth one (i.e. the
first order averaged function) the second order Melnikov function
for the nonsmooth case is different from the smooth one (i.e. the
second order averaged function). We show that, in this case, a new
term depending on the jump of discontinuity and on the geometry
of the switching manifold is added to the second order averaged
function.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In recent years, there has been a growing interest in studying non-
smooth differential systems, motivated mainly by their engineering ap-
plications. In particular, piecewise linear differential systems have been
used to model many real processes and different modern devices, for
more details see, for instance, [7] and the references therein. In the
smooth differential systems many results have been derived under con-
venient smoothness assumptions. Thus, the following natural questions
arise: What results from the smooth differential systems theory extend
to the nonsmooth ones? How we must modify the results from the
smooth differential systems theory in order that they work for the non-
smooth ones? These questions are not merely academic because the
nonsmooth differential systems appear in a natural way in the context
of many applications, see for instance [5], 27, 30, [31].

Here, we are mainly interested in studying the existence of limit cy-
cles for piecewise linear differential systems with two pieces separated
by a nonlinear switching curve. The Aweraging Theory is a classical
method to attack this problem. It has been developed also for non-
smooth differential systems (see [15, I8, 19, 23]). However, in the pre-
vious works it is assumed some strong conditions on the switching set,
which do not hold when it is a cubic, for instance. So here, we also de-
velop the bifurcation functions of first and second order for computing
periodic solutions of a wider class of nonsmooth differential systems.
Usually, these bifurcation functions are called Melnikov Functions. Ad-
ditionally, we compare them with the Melnikov functions of first and
second order for smooth systems.

Usually, piecewise linear differential systems have been considered
when a straight line separates the plane in two half-planes. In each
of the half-planes we have a linear differential system. If both linear
systems coincide in the switching line we call it a continuous piecewise
linear differential system. Otherwise we call it a discontinuous piece-
wise linear differential system. In recent years, many authors have
studied intensively the number of limit cycles of discontinuous piece-
wise linear differential systems with two zones separated by a straight
line, see for instance [11 4, 6] [8] 9L 10} 12} 13 14} 17, 1), 22], 24], 25], 26]
and the references quoted in these papers. Up to now all results of
these papers provide examples of at most 3 crossing limit cycles for
this class of discontinuous systems. It remains the open question: Is 3
the maximum number of crossing limit cycles that such discontinuous
differential systems can exhibit?
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In this paper, we consider the family L£; of piecewise linear differ-
ential systems in the plane with two pieces separated by the curve
¥ = h7Y(0), h(z,y) = y — 3. More precisely, we shall study the class
of discontinuous piecewise linear differential systems obtained by per-
turbing up to order N € N in the small parameter £ the linear center
T=y,y=—x,ie.

(

N
y+ Y e'P(x,y), y>a?
l" — < i;l
y+2 el (zy), y<a®
\ =1
(1) ) N
—r+ > 'Qf (z,y), y=>a?
y — iEI
—r+ > 'Q; (z,y), y<a?
=1

\ 7

where the functions P (x,y) and QF(z,vy) are the following polynomi-
als of degree one

P (z,y) = ap; + ayx + asy,
P (z,y) = boi + b1z + by,

Qi (z,y) = ag; + oz + oy,
Q; (z,y) = Boi + Brix + Poiy.

We shall assume that N =1, 2.

As usual, we denote by H,, the maximum number of limit cycles
that piecewise linear differential systems in £;, can have. This number
is called Hilbert number. Previous results show that H,, > 3, when
A : R? — R is a linear function. Our main result provides a lower
bound for Hg,, when h(z,y) =y — 2°.

Theorem A. For |g| # 0 sufficiently small, there exist piecewise linear
differential systems of kind () admitting at least 7 limit cycles, which
bifurcate from the periodic orbits of the linear center. Consequently,
for h(z,y) =y — 2 we have Hg, > 7.

Theorem [A] is proved in Section Bl Its proof is mainly based on
the Chebyshev Theory, recently extended for Chebyshev systems with
positive accuracy (see [29]), and Melnikov Theory. In order to prove
Theorem [Alwe develop the Melnikov functions for a class of nonsmooth
differential systems (see Theorem [Bl in Section [), which generalizes,
up to order 2, the results of [15], 19].
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It is important to mention that at this moment in the literature the
maximum number of limit cycles exhibited by piecewise linear differen-
tial systems in two zones separated by a straight line is three. Theorem
[A] shows that the nonlinearity of the switching curve X is responsible
for the increasing of the number of limit cycles. In fact, this phenom-
ena has already been observed in [2, 28]. Indeed, in [28] it was proved
that the number of limit cycles can increase arbitrarily with the num-
ber of oscillations of the switching curve . By oscillations of I, one
can think as the transversal intersections of ¥ with the straight line
x = 0. For instance, in [28] the authors considered the switching curve
Y ={(0,y)if y <0} U{(h(y),y) if y > 0}, where

: 2n+1
ksin(ry),0 <y < 25,

h(y) =

It was shown that the number of limit cycles of a particular piecewise
linear differential system corresponds to the number of zeros of the
function h, which corresponds to the intersections between Y and the
straight line z = 0.

2. MELNIKOV FUNCTIONS FOR A CLASS OF NONSMOOTH SYSTEMS

In order to state our results for the nonsmooth differential systems,
we need some notations and definitions. Let D be an open set of R?,
S!' = R/T for some period T' > 0, and N a positive integer. We consider
a finite set of C" (r > N + 1) functions §; : D — S fori =1,2,..., M,
satisfying 0 < 6y(x) < ba(x) < --- < Opy(x) < T for all x € D. For
completeness, we take 0y(z) =0 and Oy (x) = T.

We consider the following nonsmooth differential system
N
(2) i = Z e'F(t,x) + eV TIR(t, 2, €),
i=1

with )
FP(t,z), 0<t<b(r),

1
Rt z) = Fl(t,x), 601(z) <t <Oy(x),

\ F;M(th)a HM(z) <t< T>
and
([ R(t,z,¢), 0<t<bz),

1
Rta.e) = | BGm0), i) <1< ba(x),

RM(t,z,e), Oy(x) <t<T,
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where F/ : S' x D — R% R/ : S' x D x (—gg,60) — R?, for i =
1,2,...,N and j = 0,1,..., M, are C" functions, r > N + 1, and
T-periodic in the variable ¢. Notice that, the switching manifold is
given by ¥ = {(0;(z),x) : ® € D, i =0,1,..., M, M + 1}. Through-
out the paper we shall also denote Fi(t,x,e) = SN & F/(t,x) +
eNTIRI(t, z, €).

The Melnikov Theory and the Averaging Theory are classical tools to
investigate the existence of periodic solutions of perturbative systems
of kind (@)). In short, both theories provide a sequence of functions A,
1=1,2,...,k, which “control” the existence of isolated periodic solu-
tions of (2). These functions are called Melnikov Functions or Bifurca-
tion Functions. In [19], the averaging theory at any order was developed
for systems of kind (2) assuming that the functions ;, i = 1,2, ..., M,
were constant. It was shown that in this case the bifurcation func-
tions coincide with the averaged functions, denoted by f;’s, for smooth
systems (see [20]). In particular, for i = 1,2, we have

filz) = /OT Fi(s,z)ds and
®) ) 5
fz(ZB):/O {DxFl(s,x)/o Fi(t,x)dt + Fy(s,z)|ds.

Nevertheless, in [1§] it was observed that higher order averaged func-
tions, f;,7 > 2, do not always control the bifurcation of isolated periodic
solutions for nonsmooth differential systems, and a strong degenerate
condition on the switching manifold was stablished in order that f,
stands as the bifurcation function of order 2 (see hypotheses (Hb2) of
[18, Theorem B]).

As the main result of this section, Theorem [Bl shows that the Mel-
nikov functions of first and second order, A; and As, of system (2
write

(4) Ai(z) = filz) and  Ay(z) = folz) + f3(2),
where f; and f, are given by ([B]), and

M ‘ ‘ 0;(x)
fia) = Y (V65 (a).) = F6,(0)0)) Dito) [ Fatsia)ds.
i=1 0
This generalizes up to order 2 the results of [15], [19] for a wider class
of nonsmooth differential equations. In what follows, JA;(x) denotes

the corresponding Jacobian matrix of A; evaluated at x.
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Theorem B. Consider the nonsmooth differential system ([2)) and the
functions Ay and Ay defined in {l). So, the following statements hold.

i. (First Order) Assume that a* € D satisfies Ai(a*) = 0 and
det (JAi(a*)) # 0. Then, for |e| # 0 sufficiently small, there
exists a unique T-periodic solution x(t,e) of system (2)) such
that x(0,e) — a* as ¢ — 0.

ii. (Second Order) Assume that Aq(x) = 0 and that a* € D
satifies Aq(a*) = 0 and det (JAz(a*)) # 0. Then, for |e| #
0 sufficiently small, there exists a unique T-periodic solution
x(t,e) of system (2) such that x(0,e) — a* as e — 0.

From statement (i) of Theorem [Bl we see that the first order Mel-
nikov function A;(z) for nonsmooth differential systems coincides with
the corresponding one fi(z) for smooth differential systems. This had
already been observed in [I8]. The second order Melnikov function for
smooth differential systems is equal to f(x). Indeed, for smooth differ-
ential systems the Melnikov functions are, in some sense, equivalent to
the averaged functions at any order (for more details, see [11]). Nev-
ertheless, from statement (ii) of Theorem [B] the corresponding second
order Melnikov function for nonsmooth differential systems of kind ({2I)
has the extra term f;(z), which depends on the jump of discontinuity
and on the geometry of the switching manifold measured, respectively,
by the expressions

, , 6;(x)
F{=N0;(x), 2) — F}(0;(x),z) and Dwﬁj(:c)/ Fi(s,x)ds.
0

We notice that, in particular, if either the vector field F} is con-
tinuous, or if the the switching manifold 3 is “vertical”, i.e. D,0;(z)
vanishes identically for j = 1,2,..., M, then the extra term f; van-
ishes. Under one of these two last assumptions Theorem [B] provides the
known results given in [3, 20] for smooth systems, and in [15] [18] (19} 23]
for nonsmooth differential systems.

In what follows, before the proof of Theorem [Bl, we provide a general
geometric interpretation for the increment fJ. In short, the next result
states that f; # 0 stands as a kind of transversal condition between the
switching manifold ¥ and the average of the perturbation Fi, which is
highly related to hypotheses (Hb2) of [18, Theorem B]. Accordingly,
given p = (t,, x,) € ¥, we define the vector

o(p) = (0, % /0 v Fl(t,xp)dt) |
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Notice that the second component of v(p) is the average of the first
order perturbation Fj of (2)) computed on the backward orbit {(¢,z,) :
t € [0,t,]} of the unperturbed differential equation (IZI)}E:0 with initial
condition (¢(0),z(0)) = p.

Proposition 1. If f; # 0, then there exists p € 3 such that v(p) is
transversal to Y at p.

Proof. We know that, for p = (¢,,z,) € X, t, = 0;(x,) for some j €
{0,1,..., M, M + 1}. Notice that

0 (zp)
D,0;(xp) / Fi(s,x)ds =0
0

is equivalent to v(p) € T,X. Consequently, v(p) € T,X for every p € X
implies that f5 = 0. O

Proof of Theorem[B. We denote the solution of (2) by

SO()(t,flf,g), 0 S t S Oél(l',g);

(5) ot ze) = 4 PETE), (@ e) St ar(w,e);

om(t,x,e), ay(r,e) <t <T.
In the above expression, «a;(z,¢) is the flying time that the trajectory
wi_1(-,z,€), starting at ¢p,;_1(aj_1(z,¢),x,e) € D for t = a;_1(z,¢),
reaches the manifold {(6;(z),z) : x € D} C X (see Figure[d]), that is,
Oéj((L’, 6) = Hj(goj—l(aj(xv 5>7 Z, 6))

for j=1,2,..., M, ap(x,e) =0, and aps41(x,€) = T. Moreover,

9¢;

ot
(6) { 900(07'%76) =T,

QOj(Oéj(l’,c?),iU,éf) = (Pj_l(aj(x,&f),l’,é), fOI'j =1,2,..., M.

(t,z,e) = Fi(t, p;(t,x,¢),¢e), for j =0,1,..., M, where

From ([6) and from the differential dependence of the solutions on the
initial conditions and on the parameter, we can see inductively that
aj(z,e) and @;(t, z, ) are C" functions, for j =0,1,..., M.

We notice that the recurrence (@) describes initial value problems.
Therefore, it is equivalent to the following recurrence:

t
800(t>517a5) = I+/ FO(S,(po(S,ZL’,E),E)dS,
0
t

on(tvxv‘g) = (pj—l(aj(xvg)vxv‘g) _'_/ Fj(‘S?(pj(vav‘g)v‘g)dsv

aj(z,e)
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x
/ Or(z) - 0j_1(z)
p QP(T>ZEO"€)
Toe
> 1
0 a;j_1(xo,€) a;j(xo, €) T

FIGURE 1. Illustration of a solution (B]) of system (2))
starting at xy and crossing the switching manifold

for j=1,2,..., M. So, we may compute

oM ta:e-x+z Fjlsgpjl(sxe)s)ds

Qj— 1(E€

+/ FM (s, pp(s,x,€),€)ds.
O!]\/[(SC E)

The displacement function is given by
(7) Az, e) =@(T,z,¢e) —x = (T, x9,€) — .

Notice that, from the above comments, A(x,¢) is a C" function. Then,
expanding ([7) around € = 0 we have

Az, ) = Ng(x) + Ay () + 2 Ay (2) + O(e?).

We observe that Ag(x) = 0, because Ag(x) = A(z,0) = (T, z,0) — .
The functions A;(z) and Ay(z) are called Melnikov functions of first
and second order, respectively.

The displacement function reads

M+1

(8) A(z,e) = poyu(T,x,6)—x = Z/ FJ Y(s,0j-1(s,7,¢),€)ds.

3150&‘
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In what follows, we compute the expansion, around € = 0, of the M +1
summands of (8). For the first one we obtain

ai(x,e)
/ FO(S>¢O(Sax>€)>€)d8
0

1((2,6)
= / [eF (s, p0(s,1,€)) + 2 FY (s, po(s, x,€)) + O(e*)]ds
0

(9) 0:(@) 01() D0
=€ / FY(s,x)ds | + & / {DFlo(s,x)—(s,x,O)
0 0 Oe

+ F(s, x)] ds + F}(0:(x), x)%(x, 0)> + O(&%).

In order to finish the computation of the second summand we have to

compute the terms %(s, x,0) and %(1’, 0). Expanding the equation

t
SOO(taIaE) = I+/ FO(Sa(pO(&IaE)aE)dS
0

around £ = 0 we obtain

t
o+ eS200,0) + O = a2 [ Fi(s.a)ds + O().
0

So, we get

t
(10) 920 (4 .0y = / FO(s, z)ds.
Oe 0

In the same way, expanding the equation o (x,€) = 0 (wo(ay(z,€), x,€))
around £ = 0 we obtain

ai(x,0) + 8%(% 0) + O(e?) =
0,(2) + 2D, 0, (2) (%(91 (2), 2, 0)%(:5, 0) + %(91 (2), 2, 0)) L O,

Since o (t, xz,0) = x for all t we get

01(x)
(11) %(m) = D,0,(z) /0 FO(s, z)ds.
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Substituting (I0) and (1) in (@) we have the expression for the first
summand of ()

a1 (z,e) 01(x)
/ FO(s, ¢0(s,7,¢),€)ds = € (/ FY(s, :c)ds)
0 0

(12) +52</091(m) leF{](s,x) / FP(t,x)dt+F§(s,x)}ds

01(x)
+ FO(6y(x), 2) Doty () /0 Ff(s,x)ds> + O,

The other summands of () can be computed in a similar way and they
are given by

aj(ze) 0i(x)
[ P () s - ( / Ff—1<s,x>ds>
a [4

j—1(x¢) i—1(x)

j—1(z) 0

0;(x) ) s )
—|—52</ {Dfo_l(s,:E)/ Fl(t,at)dt+F2]_1(s,x)]ds
13 f
( ) , 0;(x)
—l—Ff_l(Hj(x),x)DmHj(x)/ Fi(s,x)ds
0

- 0j_1(x)
— Fj]~ (Hj_l(x),:v)DIQj_l(:E)/O Fl(s,at)ds> + O(?).

From (I2)) and (I3), we have that the Melnikov functions of first and
second order are given by

Aq(x) = /OT Fi(s,z)ds

and
Aq(r) = falx) + f5(2),
where
falz) = /OT [DxFl(s,:v) /OS Fi(t,z)dt + Fg(s,z)} ds
and
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From the definition of the displacement function in (), it is clear that
the T-periodic solutions x(t, €) of system (2)), satisfying 2(0, ) = z, are
in one-to-one correspondence to the zeros of the equation A(z,¢e) = 0.

Now, define A(z,¢) = Az,¢)/e = Ay () + O(¢). From hypotheses,
we have that

A(a*,0) = Ai(a*) =0, and det (g—ﬁ(ﬁ,O)) = det (JA;(ax)) # 0.

Therefore, from the Implicit Function Theorem, we get the existence
of a unique C" function a(e) € D such that a(0) = a* and A(a(e),e) =
A(a(e),£) = 0, for every |e| # 0 sufficiently small. This completes the
proof of statement (i).

Finally, assuming that A;(z) = 0, define A(z,e) = A(z,¢)/e? =
As(z) + O(e). So, the proof of statement (ii) follows analogously to
the proof of statement (i). O

3. BIFURCATION OF LIMIT CYCLES

In this section we shall apply the Melnikov functions developed in

the previous section to study the bifurcation of limit cycles of system
() for |e| # 0 sufficiently small. Then, Theorem [Al will be a direct
consequence of Proposition [5l

A useful tool to study the number of isolated zeros of a function is
the Chebyshev Theory. We recall that the Wronskian of the ordered
k + 1 functions uyg, . .., ug is

(14) Wi(x) = Wi(uo, . .., ux)(x) = det (M(uo, . ,uk)(:z)),

where

u%a:% ujfgl”;
M(uo, ..., u)(x) = 0: ki
u (@) o ul (@)

We say that F = [ug, uy,...,u,] is an Extended Complete Chebyshev
system or an ECT-system on a closed interval [a,b] if and only if
W(ug, uy,...,ug)(z) # 0 on [a,b] for 0 < k < n, see [16]. In what
follows, Span(F) denotes the set of all functions given by linear combi-
nations of the functions of F. A classical result concerning ECT-system
is the following:

Theorem 2 ([10]). Let F = [ug,uy,...,u,] be an ECT-system on
a closed interval [a,b]. Then, the number of isolated zeros for every
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element of Span(F) does not exceed n. Moreover, for each configuration
of m < n zeros, taking into account their multiplicity, there exists
F € Span(F) with this configuration of zeros.

In [29], the above result was extended for Chebyshev systems with
positive accuracy. In what follows, we say that a zero of a function
is simple if its Jacobian matrix evaluated at the zero is a nonsingular
matrix.

Theorem 3 ([29]). Let F = [uo, u1, ..., u,] be an ordered set of func-
tions on |a, b]. Assume that all the Wronskians Wy(x), k=0,...,n—1,
are nonvanishing except W, (x), which has exactly one zero on (a,b) and
this zero is simple. Then, the number of isolated zeros for every ele-
ment of Span(F) does not exceed n+1. Moreover, for any configuration
of m < n+1 zeros there exists F' € Span(F) realizing it.

As a first application of Theorem [B] we consider piecewise linear
differential systems ([Il) with N = 1. The next result shows that in this
case the first order Melnikov function A; has at most 3 isolated zeros.
From statement (i) of Theorem [Bl this means that the differential
system (I) has at most 3 limit cycles bifurcating from the periodic
orbits of the linear center. Moreover, we shall see that this maximum
number is reached by particular examples.

Proposition 4. Consider the piecewise linear differential system ()
with N =1, and let Ay be its first order Melnikov function (d). Then,
the number of isolated zeros of A1 does not exceed 3. Moreover, there
exist linear differential systems (Il) such that Ay has exactly 3 simple
zeros.

Proof. In order to apply the Melnikov method, we must write the dif-
ferential system ([I]) in polar coordinates. Performing the change of
variables (z,y) = (rcosf,rsin#) and taking 6 as the new independent
variable, the differential system ([IJ) is transformed into the differential
equation

% = eFE(0,r) + 2 F5 (0, r) + O(%),
where
F7(0,7) = —(ag; cos B + by sin ) — g(all + bgl)—
L((a11 — bar) cos(260) + (as1 + by1) sin(26))
and

Fy(0,r) = —(ao1cos + Borsind) — 5 (an + far)—
L (o1 — Par) cos(20) + (a1 + Br1) sin(26)).
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The switching curve Y is given in polar coordinates by sinf =
r? cos® 0. Tt means that for each r > 0 there exist two angles 6;(r) €
[0,%] and 65(r) = 61 (r)+7 € [m, 2] such that the circle 22 +y* = r? in-
tersects X at the points (r cos 61(r), rsin 6, (r)) and (r cos O5(r), 7 sin 65(r))
(see Figure [2]).

FIGURE 2. Identities involving x, r and 6.

According to the theory developed in Section 2 the Melnikov func-
tion of first order is given by

1 01(r) 01(r)+m 27
M) =5 /0 F(0,r)d0 + /6 FE (0, r)d0 + /9 F(0,r)d0

1(r) 1(r)+m

= Y9 cos b1 (r) + 11 + Yo sin 0y (1),
where

Yo = —2(bo1 — Bo1),
(15) 1 = F(a11 + by + a1y + Par),
Y2 = Qo1 — Q1.

From Theorem [B] each isolated zero of A;(r) = 0 corresponds to a
limit cycle of ([Il). We prove now that the maximum number of positive
zeros Aq(r) = 0 is three. As we can see in Figure [ the variables z, r
and 0, are related by the identities

3
T T

(16) r? = g? +:L’6, cosy =—, and sin# = —.
T T
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For r > 0 we have that A;(r) = 0 if and only if 7A;(r) = 0. So,
the maximum number of limit cycles of () obtained by the first or-
der Melnikov method is the maximum number of positive zeros of the
polynomial

(17) p1(z) =70 + 7z +2°) + 2’

Consider the ordered set of functions F = [ug, uy, ug], where ug(x) = 1,
uy(z) = z + 2° and uy(x) = 2% We have that the Wronskians, defined
in ([4), are Wy(z) = 1, Wi(z) = 1 + 5z* and Wy(z) = 2 — 302*. The
Wronskians Wy (z) and Wi (x) do not vanish in R and W (z) has exactly
one positive zero. So, according to Theorem [3] three is the maximum
number of positive roots of polynomial (I7)) and there is a choice for
Y0, 71 and 7y, such that pi(x) has exactly three zeros. From (I3, it is
clear that for any choice of 7’s it is possible to obtain the corresponding
perturbation. This concludes the proof of Proposition [l O

Example 1. In what follows, we exhibit a concrete perturbation pre-
senting three limit cycles for |e| # 0 sufficiently small. For vy = —0.05,
v = 1 and vo = =2, the polynomial (IT) has three positive roots (see
Figure[3). It is clear that the linear system

0.2}
0.1

RN

702 0406 08 10

FIGURE 3. Graph of py(z) = 25 — 22% + x — 0.05.

—2(bo1 — Bo1) = —0.05,
S (a +bor +agg + Bor) =1,
ag — Qo1 = —2,

has infinity many solutions. For example, we can take agy = —2, a3 =
—2/7, boy = 1/40 and all other coefficients equal to zero. So, for |e| # 0
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sufficiently small, system

i = y—25(1+%flf), ny2x37
Tyt e ify <,
PR

has three limit cycles.

As a second application of Theorem [Bl, we consider piecewise linear
differential systems (I) with N = 2. We impose conditions on the
coefficients of P* and Q7 in order that the first order Melnikov function
A; vanishes identically. The next result shows that in this case the
second order Melnikov function Ay has at most 7 isolated zeros. From
statement (ii) of Theorem [B], this means that the differential system
() has at most 7 limit cycles bifurcating from the periodic orbits of
the linear center. Moreover, we shall see that this maximum number
is reached by particular examples. This proves Theorem [Al

Proposition 5. Consider the piecewise linear differential system ()
with N = 2, and let Ay and As be its first and second order Melnikov
functions ({@l), respectively. In addition, assume that Ay = 0. Then, the
number of isolated zeros of Ay does not exceed 7. Moreover, there exist
linear differential systems (Il) such that Ag has exactly 7 simple zeros.

Proof. In order to apply the Melnikov method of second order it is
necessary that the Melnikov function of first order A; be identically
zero. So, we impose that the 4’s defined in (IH]) are identically zero. It
is enough to take

ajn = —(bar + 11 + Ba1),
(18) bor = Box,

Qo1 = Qo1-

Again, we use polar coordinates (z,y) = (rcosf,rsinf) and take 6 as
the new independent variable to transform system (Il) into the differ-
ential equation
dr + 2t 3 pt
i eF7(0,r) +e°F5-(0,1) + Ry (0,1, ¢),

where

FE(6,1) = 5(6) +rF00),
FE0.7) = F5(6) + F(0) + rf35(6),
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with

f12(9) = C110 + C112 cos(20) + 5112 sin(20),

f21(9) = 202 cos(20) + 5202 sin(20),

f22(9) = 211 cos B + 3211 sin 0 + 0213 cos(36) + 3213 sin(36),

f23(9) = 220 + 0222 cos(20) + 0224 cos(460) + 8222 sin(260) + 5224 sin(46),
and

+ + 1
Cio1 = —Qo1, 3101 = —Bo1, Cl10 = 5(0411 + 521)7
1 1
¢y = 5(2521 + a1 + Ba), Stis = 5(—a21 — by1),
1
0;02 = —00150175;02 B (%1 501)

1
i = 5(—2@02 + as101 — bt + 11801 + Po1Sa),

5;11 = 5(@1501 — 2bge — 511501 — p10011 — 0401521),

Ch3 = %(—0210401 — briaor + 2021 Bo1 + 11801 + Bo1Bar),

3;13 = %(—amﬁol — b1 Bor — 2ba1cigr — oy — 0401521)7

oo = i( —2a13 — ag0q1 — a1 21 + birons + b1 S — 2b92),

oo = %( a1z — ag1ba1 + bi1bay + brany + b1 far + baa),

3;22 = i (@31 — 2a92 — bfl — 2b1g + 2bg10111 + 2b91 B + (o1 + 521)2) ,
ooy = i(am + 611) (2021 + 11 + Bar),

5304 = % (—a3, — 2a21b11 — by + (2b21 + a1 + Bo1)?)

C101 = —Qo1, S101 = —Po1, C110 = %(_O‘H — Ba1),

Crig = %(521 — amn), S112 = %(2521 + a1 + Bar1),

Co02 = —01 P01, S202 = % (0‘01 501)

_ 1
Co11 = 5(04010421 — a1 811 — 2002 — a1 801 — 501521)7
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1
So11 = 5(0401(0411 + Ba1) + 21801 — Bo1 P11 — 2602),

1

Co13 = 5(501(521 —an) — agi (@ + Bi)),

So13 = %(%1(0411 — B21) — Bor(@zr + Bi1)),

1

Co9g = 1(04110421 - 0411511 — 2012 + 0421521 - 511ﬁ21 - 2522)7

Co99 =

2
B 1
S920 = 1

Cooy =

1
(—a11 B — a1z — @91 021 + Pa2),

(af; + a3y — 200 — B} — 2812 — 53,)

—i(&n — Bo1) (21 + Bi1),

So94 = 3 (afl — 2011801 — a3y — 2091811 — 57 + ﬁ%l) .

17

According to Section [ the Melnikov function of second order A, is

given by

where

fa(r)

and

1

2T

+1
2

+1
2T

Ao(r) = falr) + f5(r),

91(T)'

0

92(r)T

01(r) L

2w

GQ(T) L

) .
DrFl_(Q,T’)/ Fi(t,r)dt+ F; (0,r)
0 |

0 -
D.FF(0,r) / Fi(t,r)dt + F5 (0,r)
0 i

; _
D.F=(0,7) / Fu(t, r)dt + Fy (6,7)
0 |

do

do

do.

F30) = (FE:0).0) = Fr30).00)0h0) [ " Rtras

and

fa(r)

(B (0a(r), ) = B (02().) ) 400) /0 " (eur)ds.

We recall that in our context 6y(r) = 61(r) + 7. So, we have 0|(r) =
05 (r). For simplicity in the following formulas we denote 6;(r) by 6;.
After some computations we obtain

fa(r) = 817 + 65 cos 0 + d3sin 0y + 64 cos® O, + 65 sin® 0y,

r? cos® 0,

~ 21 6r2cos 0, sin 0,

[ulr + g cos 01 + g sin 91} h(6y),
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where
h(01) = m1 + 1z cos® B + 13 cos Oy sin 0,
7
o) = 1 (2a12 + 2b22 + agz1oq1 — biians + 204 — aqas
+ 11811 + a2 B — b1 far — o1 P21 + Bi1fBar + 2522),
82 = 2( — boz + 2barvo1 + a21 801 — a21Bor + Boz — 2a01821)
83 = 2 (a2 + briovor — e — 2b1 fo1 — 4a1 for — 1 f11 — 2601521),
0y = Oém( — 4by — 40411) + 501( — 2ag1 — 2b1y + 2001 + 2511)7
05 = (4ba1 + 4our) Bor + o1 ( — 2a1 — 2011 + 2091 + 2611),

p = m(oa1 + Ba1), h = 2(ﬁ21 - b21)7
po = —4 001, 12 = 4(a1 + bay),
ps = 4daor, M3 = 2(&21 + B — az — bn)-

Again, using the identities (I6) equation Ay(r) = 0 is transformed
into the polynomial equation 2?(1 + z*)py(z) = 0, where

(19) p2(r) = Zkkuk(fb’)’

with
ug(z) =2°, wui(z) = zt, us(x) = 5, uz(x) = z’,
U4(ZL') = ]-7 U5(l’) = ZL'2, UG(x) = lﬁ - ZL'7, u?(l’) =T+ 3!13'9,

and coefficients

Ao = — 8T (CL12 + bay + i + (a2 — ag1) (1 + Par) + 522)7
A1 =8(3802 — 3bos + 4barcor + 3az1 Bor — 3aa1 for — 4o a1 ),
A2 :24(%2 — a1 01 — Qg + g1 — 2801 (anr + 521))7
A3 =87 (a1 + Bar)?,
(20) Xy = —8(boz + br1for — Boz — Borfu1 + 2a01 (s + Bar)),
As =8 (a2 + biiaor — oz — o1 B11 — 4801 (ba1 + 2001 + Ba1)),
g =4m (0411 + 521) (b21 + 2091 + ﬁ21)7
A7 = — m(2a12 + 222 + (az — bir — a1 + Bur) (e + Bor)
+ 2(ov2 + B22)).
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Considering the ordered set of functions F = [ug,us,...,u7] and
computing the Wronskians defined in (I4]) we obtain
Wo(x) = 2°, Wi(z) = —3687
Wa(z) = : Ws(z) =
Wiz )::——1008Ox12 Ws(z) = —24192002°,
We(z) = —1741824002°,  Wiy(z) = -—125411328000(14—189x ).

From Theorem 2] the maximum number of positive roots of poly-
nomial py is seven and the upper bound is reached. From (20)), it is
clear that for any choice of \’s it is possible to obtain the corresponding
perturbation. This concludes the proof of Proposition [l O

Example 2. In what follows, we exhibit a concrete perturbation pre-
senting seven limit cycles for |e| # 0 sufficiently small. Choosing

434699860
Ao =1, A“__1zw&aﬁ’
18912094 5527397195
(21) = = 2
124987243 874910701
1929240 613409686
4 1582117 124987243’
\ _ 11037105503 W 6534
6 1749821402 T 874910701

the polynomial ([I9) becomes

pa(7) = = 1749821402

So, pa(x) has seven positive roots at 1,2, ...,

0.6F

0.4}
0.2F
B PP

(39204x24-1097712x—+423361)Ii< By
x_

7 (see Figure[{)).

N2 3 4
0.2F
0.4f

-0.6F

5N_S6 7

FIGURE 4. Graph of ps(x).
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The system composed by equations [20) with the parameters given
by 1) has infinitely many solutions. One of these solutions is given
by apn = ao1, a1 = ai, an = a1, b = bor, b = b, an = Ao,

11 = 01, Bor = 501, Qp2 = g2, 12 = Q12, boz = bo2, where

822816127288564767 , / 52397105m

S
=)
=

I

9860485382218537051 ’
1 [ 5527397195 17688887
U2V 1749821402 24/96719579091657673907
o 874936837
91 = 9
V/9671957909165767390
6___mmwwa%wwm7l%§%%
oL~ 29581456146655611153 ’
. 17688887
bZl == )
24/9671957909165767390
_ 822816127288564767 / 221390150w
01 — )

9860485382218537051
1 [5527397195
1 2\ 17498214027

110547943907
1014941851585915217 , / LL054704390m

fon 20581456146655611153 ’
__ 26106731320711553594487715355

02 = 103524530135484878237818593012
874962973
Qo = ————

27 69992856087

—  1918068234277679948089129635
2 T 17254088355914146372969765502’

and all other coefficients equal to zero. Notice that conditions (I8) have
been taken into account. So, for |e| # 0 sufficiently small, system

i = y + (@1 + anx + @iy)e + (G + anw)e® ify > a°,
| v+ (bor + bary)e + booe? ify < a?,

. _ [ —e+ (@ t+an)e ify >,

Y7 2+ Bore ify < ad

has seven limit cycles.
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