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Abstract For a Cm+1 differential system on R
n , we

study the limit cycles that can bifurcate from a zero–
Hopf singularity, i.e., from a singularity with eigenval-
ues ± bi and n−2 zeros for n ≥ 3. If the singularity is
at the origin and the Taylor expansion of the differential
system (without taking into account the linear terms)
starts with terms of order m, then � limit cycles can
bifurcate from the origin with � ∈ {0, 1, . . . , 2n−3} for
m = 2 [see Llibre and Zhang (Pac J Math 240:321–
341, 2009)], with � ∈ {0, 1, . . . , 3n−2} form = 3, with
� ≤ 6n−2 for m = 4, and with � ≤ 4 · 5n−2 for m = 5.
Moreover, � ∈ {0, 1, 2} for m = 4 and n = 3, and
� ∈ {0, 1, 2, 3, 4, 5} for m = 5 and n = 3. In partic-
ular, the maximum number of limit cycles bifurcating
from the zero–Hopf singularity grows up exponentially
with n for m = 2, 3.
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1 Introduction and statement of the main results

We recall that a zero–Hopf singularity is an isolated
equilibriumpoint of ann-dimensional autonomous sys-
tem with n ≥ 3 with linear part having n − 2 zero
eigenvalues and a pair of purely imaginary eigenval-
ues. It turns out that its unfolding has a rich dynamics
in a neighborhood of the singularity (see for example
Guckenheimer and Holmes [4,5], Scheurle and Mars-
den [12], Kuznetsov [6] and the references therein).
Moreover, a zero–Hopf bifurcation may lead to a local
birth of “chaos.” More precisely, it was shown that
some invariant sets of the unfolding can be obtained
from the bifurcation from the singularity under appro-
priate conditions (cf. [3,12]).

In this paper, we use the first-order averaging theory
to study the zero–Hopf bifurcation ofCm+1 differential
systems on Rn with n ≥ 3 and m ≤ 5. We assume that
these systems have a singularity at the originwith linear
part with eigenvalues εa±bi and εck for k = 3, . . . , n,
where ε is a small parameter. Each of these systems can
be written in the form

ẋ = εax − by

+
∑

i1+···+in=m

ai1···in xi1 yi2 z
i3
3 · · · zinn + P,

ẏ = bx + εay
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