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ABSTRACT

In this paper we describe the global phase portrait of the Hamiltonian system associated to a Pinchuk map

in the Poincaré disc. In particular, we prove that this phase portrait has 15 separatrices, five of them singular

points, and 7 canonical regions, six of them of type strip and one annular.
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INTRODUCTION

As far as we know, the simplest class of non-injective polynomial local diffeomorphisms of R2 are the

Pinchuk maps, constructed by Pinchuk (1994). The existence of these maps disproves the real Jacobian

conjecture, that a polynomial local diffeomorphism of R2 is globally injective. One open problem is to

know what exactly fails in this conjecture.

One of the most known conditions for a local diffeomorphism to be a global one is that it is proper.

The asymptotic variety of a map of R2 is the set of points where the map is not proper (i.e., points that

are limits of the map under sequences tending to infinity). In particular, a local diffeomorphism is a global

diffeomorphism if and only if this set is empty. Gwoździewicz (2000) and Campbell (arXiv:math/9812032

in 1998, 2011) calculated the asymptotic variety of two Pinchuk maps in details. Our aim in this paper is to

do a similar work, i.e., to describe a Pinchuk map, but now from a different point of view.

LetU ⊂R2 be an open connected set. Let F = (p,q) : U ⊂R2 →R2 be aC2 local diffeomorphism. Let

HF(x,y) = (p(x,y)2 +q(x,y)2)/2 and consider the Hamiltonian system

ẋ =−(HF)y(x,y), ẏ = (HF)x(x,y), (1)

where the dot denotes derivative with respect to the time t. The singular points of system (1) are characterized

by the following result, that we shall prove below.
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