LIMIT CYCLES OF A GENERALIZED MATHIEU DIFFERENTIAL
SYSTEM

ZOUHAIR DIAB, JUAN L.G. GUIRAO, JAUME LLIBRE AND AMAR MAKHLOUF

ABSTRACT. We study the maximum number of limit cycles which bifurcate from the periodic
orbits of the linear center & = y, ¥ = —x, when it is perturbed in the form

i=y—e(l+cos' O)P(z,y), §=—z—e(l+cos™0)Q(z,y), (1)
where € > 0 is a small parameter, | and m are positive integers, P(z,y) and Q(z,y) are
arbitrary polynomials of degree n, and § = arctan (y/x). As we shall see the differential

system is a generalization of the Mathieu differential equation. The tool for studying
such limit cycles is the averaging theory.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A limit cycle of a differential system is a periodic orbit having a neighborhood where it is
the unique periodic orbit of the differential system. The notion of limit cycle was introduced
in 1881 by Poincaré [10].

The study of the existence and number of limit cycles that a differential system in R? can
exhibit is one of the more difficult problems in the qualitative theory of the differential system
in the plane. Thus in 1900 Hilbert [6] presented a list of 23 problems to the International
Conference of Mathematicians in Paris, most of these problems were solved partially or com-
pletely, but the second part of the 16th problem remains unsolved up today. This problem ask
about the existence of an upper bound for the maximal number of limit cycles that polynomial
differential systems in R? of a given degree can exhibit.

A source of producing limit cycles is by perturbing the periodic orbits of a center, see for
instance the papers [3,[11] and the book of Christhoper and Li [5], and the hundreds of references
quoted there.

The classical Mathieu’s differential equation [9]) is
Z+b(1+cosb)x =0,

where b is real parameter, and the dots denote second derivative with respect to the time t.
This equation was first discussed in 1868 by Mathieu while studying the problem of vibrations
on an elliptical drumhead. Matthieu’s equation has many applications in engineering [12] [I4]
and also in theoretical and experimental physics [2] [15].

Mathieu’s equation can be written as the differential system
T =y, g =—b(14 cosf)wx,
In [4] Chen and Llibre studied the limit cycles of the differential system
b=y, g=-rv—c(l+cos™0)Q(z,y), (2)
where £ > 0 is a small parameter and @ (z,y) is an arbitrary polynomial of degree n.

In the present work we study the limit cycles of the following generalization of the differential
system
i=y—e(1+cos'0)P(z,y), y=—x—¢c(l+cos™b)Q(z,y), (3)
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where £ > 0 is a small parameter, [ and m are positive integers, and P(z,y) and Q(z,y) are
arbitrary polynomials of degree n. More precisely, we study the maximum number of limit
cycles which bifurcate from the periodic orbits of the linear center & = y, § = —z, when it is
perturbed in the form .

Our main result is the following one.

Theorem 1. Using the averaging theory of first order the maximum number of limit cycles of
the differential system bifurcating from the periodic solutions of the linear center & =y, =
—x 15 at most:

n if n is even, and l and m are not both even;

n/2 if n, I and m are even;

n if n is odd and l and m are one odd and the other even;
(n—1)/2 if n is odd, and | and m are even;

n if if n, | and m are odd.

Theorem [1] is proved in section

In section [2| we present a summary of the averaging theory of first-order and of the Descartes
theorem that we shall need for proving Theorem

2. THE AVERAGING THEORY OF FIRST-ORDER AND THE DESCARTES THEOREM

2.1. Averaging theory of first-order. In these subsection we summarize the result stated in
Theorems 11.5 of the book of Verhulst [I6] on the averaging theory. For a general introduction
to the computation of periodic orbits using the averaging theory see the book [7].

Consider the periodic differential system

dr _
do
where ¢ is a small parameter, * € R, § € S' = R/ (27Z) and F:S' x D - R, ® : St x D x

(—€0,€0) — R are C? functions, being D an open interval of R and F and ® are periodic with
period 27 in the variable 6.

X (0,7) =eF (0,7) +*® (0, 2,¢), (4)

Now we consider the averaging function f : D — R defined by

1 2T

flz)=— F(0,z)d6. (5)

- 2T 0
It is known that if (6, o) is the solution of system such that x(0,x0) = xo, then we have
2(2m,20) — w0 = £f (x0) + O(?). (6)

So for e > 0 sufficiently small the simple zeros of the averaged function f(x) provide limit
cycles of differential equation .

2.2. The Descartes Theorem. In order to study the real zeros of the function f(z) we shall
use the Descartes Theorem (for a proof see [I]).

Theorem 2 (Descartes Theorem). Consider the real polynomial p(p) = a;, p™* +a, p*2+-+a;, p'
with 0 < 4y <y < < iy and a;; # 0 real constants for j € {1,2,....,n}. When a;;a;,,, <0,
we say that a;; and a;;,, have a variation of sign. If the number of variations of signs in
the polynomial p(p) is m, then p(p) has at most m positive real Toots. Moreover, it is always
possible to choose the coefficients of p(p) in such a way that p(p) has exactly n — 1 positive real
T0018.



3. PROOF OF THEOREM [I]

n n
Let the polynomials P(z,y) = > ai;z;y; and Q(z,y) = Y bijziy; be.
i+5=0 i+5=0
We write the differential system in polar coordinates (p,6) defined by = = pcosé and
y = psinf, with p > 0, we obtain

p = —¢ (cosf(1 + cos™ ) P(pcos b, psin§) + sin §(1 + cos™ 0)Q(pcos b, psin b)) ,

7
0=—1+ % (sin (1 + cos™ ) P(pcos b, psinf) — cos (1 + cos™ 0)Q(pcos b, psin b)) . 0

Taking in the differential system the variable 6 as the new independent variable, system
reduces to the differential equation

do _

0 -° (cosO(1 + cos™ B) P(pcos b, psin6) + sin (1 + cos™ 0)Q(pcos b, psin6)) + O(e?)

=& > cos'Osin’ 0 (a;j(cos + cos™ ™ 0) + by;(sin 6 + sin 6 cos™ 0)) p'* + O(?)
i+3=0
=eF (0,2) + O(?).
(8)

Since this differential equation is written in the normal form , so we can apply to it the
averaging theory of first order.

In our study we shall use the following formulas for computing the averaged function:

2q — 1)!! I
(24 _) / cos? 0df = 2mwoy, 2q,
(2¢+p) 2¢+p—2)...(p+2) Jo

21
2s — 1!
/ cos?* 0dbh = MQTF = 27 a5,
0 253!

27
/ cos? 0 sin%? 0do =
0

27
/ cos>**t19do = 0,
0
27
/ cos? O sin?1t1 9do = 0.
0

where in the first and second formula p, ¢ and s are positive integers, in the third one s is
a non-negative integer, and in the fourth one p is a positive integer and ¢ is a non-negative
integer. For more details of these four integrals see [I7, pages 152-153].

Proof of Theorem[I] when n is even, and | and m are not both even. We consider the following
three cases with n even.

Case 1: m and [ are odd. Then we compute tha averaged function , and we obtain

27

1
= or 0)do
f(p) o ), TP O)
1 27 n ' . | |
- o Z (aij cos'T! fsin’ 0 + aij cost 1 g sind @
T Jo .5
i+5=0

+bi; cos' Osin? T 0 + bij cos™™™ g sind ! 9)pi+jd6‘
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1 27 n+l
= 5 g ((aj2g-1 cos't1 O + i 2g—1 cos' i1 0) sin®?"1 9
0 .
i+2q=2

+ (bi2q—1 cO8" 0 + b 24—1 cos'™™ §) sin? 9) pi T2~

n
+ Z ((ai,Qq cos't1 (0) + A 2q cogtTitl 0) sin2¢ 9)
i+2q=2
+ (bi,zq Cosi 0+ biﬁgq COSi-‘rm 9) sin2q+1 e)pi+2qd9
1 n+1 o
- o l / bast1.2q1 cosZ T G sin? 9 p2s+244p
0

2s+1+2q=3
n 2
+ Z / bas,29—1 cos?® fsin®? 9p25+2q*1d9
254+2¢=2"0
n+1 27
+ Z / (@25+1,24 cos?* T2 fsin? () p?sT11+244p
254+1+2¢=3 "0

n

2
+ Z / a2 OS2 T O 5in7 (9) p?* 2940
0

2s5+2q=2
n/2 n/2
_ 2s5+2 2s+2qg—1
= E bas+1,2g—1025+14+m,2¢P " <1 + E bas,2g—1024,2¢p" "1
s+g=1 s+g=1
n/2 n/2
25142 2542
+ E A25+1,2q0¥2542,2¢P" " 7+ E 025,2q02s41+1,2¢P 1
s+q=1 s+qg=1
n+1

= ZAkpk.
k=1

Since f(p) is a polynomial generated by a linear combination of the monomials {p, p?, ..., p"**}.
Using Descartes Theorem it follows that the polynomial f(p) have at most n simple positive
zeros, and consequently from subsection 2.1 we get using the averaging theory of first order
that for € > 0 sufficiently small the differential system (3]) has at most n limit cycles bifurcating
from the periodic solutions of the linear center with € = 0.

Case 2: m is odd and [ is even. Working as in the case 1 we obtain

1 27
Fo) = 5= [ Flpb)do
T Jo
n/2 n/2
25+2 25+2¢g—1
= E b2s+1,2g—1025+14m,2¢P s+29 4 E bas,2g—1025,2¢P st2q-1 4
stq=1 s+q=1
n/2 n/2 n+1
25+142 25+142 ik
E A25+1,2¢02542,2qP stit+2g 4 E A25+1,2¢g02s+1+2,2qP stit2a — E Agp”.
s+qg=1 s+q=1 k=1

Again f(p) is a polynomial generated by the monomials { N p"+1}, and as in case 1 by

Descartes Theorem it follows that for € > 0 sufficiently small the differential system has at
most n limit cycles bifurcating from the periodic solutions of the linear center with € = 0.



Case 3: m is even and [ is odd. Then

1 2
Fo) = o [ ooy
™ Jo
n/2 n/2
25+2¢—1 25+2q—1
= E b2s,2g—10254m,2¢P st2a-1 4 g bos,2g—10025 24 st2a—l 4
s+q=1 s+q=1
n/2 n/2 n+1
25+1+2 25+2q _ ik
E A95+12¢02542,2¢Pp>° 129 + E 2524025 4141,2q0° T2 = E App”.
s+q=1 s+q=1 k=1

As in the previous two cases we conclude that for ¢ > 0 sufficiently small the differential system
has at most n limit cycles bifurcating from the periodic solutions of the linear center
with € = 0. 0

Proof of Theorem (1] when n, I and m are even. Working as in case 1 we compute the averaged
function and we get

1 2m
F0) = o [ Flosa
™ Jo
n/2 n/2
2s5+2q—1 2s5+2q—1
= Z bos,2g—10254+m, 24P st2g-1 4 Z bas,2q— 10025 24P st2a-1 4
s+q=1 s+q=1
n/2 n/2 (n/2)+1
25+1+2 25+1+2 R 2k—1
Z A2541,2qQ2s 42,2907 120 4 Z 241,205 142,2¢P°° T = Z Byp™ .
s+q=1 s+q=1 k=1

Since f(p) is a polynomial generated by a linear combination of the monomials { p,p3, ., p L }
Using Descartes Theorem it follows that the polynomial f(p) have at most n/2 simple positive
zeros, and consequently from subsection 2.1 we get using the averaging theory of first order that
for € > 0 sufficiently small the differential system has at most n/2 limit cycles bifurcating
from the periodic solutions of the linear center with e = 0. (|

Proof of Theorem|l]if n, | and m are odd. Again working as in case 1 we compute the averaged
function and we obtain

1 2
10 = = [ Fooa
T Jo
(n—1)/2 (n+1)/2
2s5+2 2s5+2qg—1
= Z st+172q_1a23+1+m72qp s+2q + Z b23,2q—10423,2qp s+2q +
s+q=1 s+q=1
(n—1)/2 (n+1)/2 n+1
2 1+2 2542 k

Z A9s+12¢02542,2¢Pp>° 120 + Z As.2q025+141,2qp° T2 = chl) .
s+q=1 s+q=1 k=1

Since the polynomial f(p) has the monomials { 0, P2, ..., p"‘“}. Using Descartes theorem it fol-
lows that the polynomial f(p) has at most n simple zeros. Therefore for € > 0 sufficiently small
the differential system has at most n limit cycles bifurcating from the periodic solutions of
the linear center with € = 0. (]

Proof of Theorem/[I] if n is odd and | and m are one odd and the other even. We distinguish two
cases with n odd.
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Case 1: m is odd and [ is even. Computing the averaged function we get

27
- [ F
10 = o [ Feoa
(2 (nt1)/2
2542 25+2¢—1
= Z bost1,2g— 1025 41+m, 20" 24 + Z bos 2g—102s,2¢p> T2 +
s+q=1 s+q=1
(n—1)/2 (n—1)/2
254142 254142
Z 2541290254220 T 29 + Z 254129025 +142,2¢p>° T T2 = ZCkP
s+q=1 s+q=1 k=1

Case 2: m is even and [ is odd. Then the averaged function

2m
flp) = o J, F(p,0)do
7'('
(n+1)/2 (n+1)/2
= Z bzs,zq—loézs+m,2qp28+2q71JF Z b2$,24_1a25124p25+2q71+
s+q=1 s+q=1
(n—1)/2 (n—1)/2
Z A2541,2¢025+2, gqp25+1+2q+ Z a252q02s+1+1, 2qp +24—ZCkp
s+qg=1 st+q=1 k=1

Now the polynomials f(p) in cases 1 and 2 are generated by the monomials {p, 2, ..., p"}.
Using Descartes theorem it follows that the polynomial f(p) has at most n — 1 simple zeros.
Therefore for € > 0 sufficiently small the differential system (3]) has at most n — 1 limit cycles
bifurcating from the periodic solutions of the linear center (3|) with ¢ = 0. O

Proof of Theorem/[l] if n is odd, and | and m are even. Computing the averaged function we
obtain

1 27
flp) = ), F (p,0)do

(n+1)/2 (n+1)/2

= Z bas 2q—102s+m,2qp° 217 + Z bas 2q—1002 2407 2471 +
s+g=1 s+g=1
(n—1)/2 (n—1)/2
Z a25+1,2q0425+2,2qp25+1+2q+ Z a25+1,2qa25+l+2,2qp25+1+2q
s+q=1 s+q=1
(n+1)/2 (n—1)/2

_ Z Dyt Z Dyp?+1,

The polynomial f(p) is generated by the monomials { 0, P35y p"}. Using Descartes theorem
it follows that the polynomial f(p) has at most (n — 1)/2 simple zeros. Therefore for € > 0
sufficiently small the differential system has at most (n — 1)/2 limit cycles bifurcating from
the periodic solutions of the linear center with € = 0. (I

Proof of Theorem /|l if n, I and m are odd. Again working as in case 1 we compute the averaged
function and we obtain

1 271'
) = 5| Flooya
T
(n— 1)/2 (n+1)/2
= Z b23+1,2q—1a23+1+m,2qp25+2q+ Z b25,2q—1a25,2q,02s+2q71+
s+g=1 s+q=1
(n—1)/2 (n+1)/2 n+1

254142 2542 k
g A9s+1,2g025 42,2907 T T2 + E A25,2qQ2s+14+1,2q0° 20 = E Crp".
s+q=1 s+qg=1 k=1



Since the polynomial f(p) has the monomials {p, p?, ..., p" ™' }. Using Descartes theorem it fol-
lows that the polynomial f(p) has at most n simple zeros. Therefore for € > 0 sufficiently small
the differential system has at most n limit cycles bifurcating from the periodic solutions of
the linear center with € = 0. (]
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