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i Instltute of Mathematlcs Pollsh Academy of Smences e
2 Faculty of Applied Physics and Mathematics, @sla University of Technology b Proposmon Suppose thal,'pn S a Sequence of homeomorphlsm§ for each interval =¥, z**!) between the two CO”“S'ECU“VG periodic TijtS We can

3 Faculty of Mathematics and Computer Sci., A. Mickiewicz Ursity of Poznéa with irrational rotation numberg,, which converges in the metric of define a point;. calleds-basins shregwhich is used to find the smallest numBér
CO(Sl) to the homeomorphisne with irrational rotation numbep. satisfying the statement of the above theorem: Suppos¢hiagiintsz" and 2"

I : : SR o) I are, respectively, backward and forward attracting ugddor » ¢ (2, 2**1). For
|ntrOdUCt|On - Then the corresponding displacement dlstrlbutlpfﬂg with respect = o s
The integrate-and-fire (IF) models are used mainly in nelieose to  to the invariant measures™ converge weakly tuy: | | | |
describe nerve-membrane voltage response to a given input: Th(2) = max |@"(2) — @' (2], 7,(2) = max o " (z) — (2"
(n> 0<i<qg—1 0<i<qg—1
: 2 gy = Hp
r=Ftzx) F:R°—>R (1) and the subsets ¢f*, 2**1), U = {2 : 77(2) < e} andU; = {z: 7.(2) < €}.
lim x(t) =0, if xz(s)=1 There exists the smallest natural number= m(e) such thatU+( NULo 7 0.
t—st

Then the=-basins shred is defined as the unique point U* . N U~ such that
Moreover, if the conjugacy € C'(S1) and the set of critical points . AU POIE o) T e

1 ar) =71 _, lax).
() /7 i | of ¥ Is of Lebesque measurg the convergence of distributions is " @)\ ) = T 91) - |
| i | xample.
| | | uniform on the class of all intervalsc [0, 1] ([7]). P
”[\\J SN / o Forn € Nandz = exp(2riz) € S! define a sample displacements Ty ] ~_ |
t l (I)(t) (I>2(t) distribution: » ] : | -
Output spike train B 1 5 | \ \Q :2:‘;3&3921 ();{ ><

The question is to describe the sequence of consecutivesfggé ~ Theorem. Let o be a homeomorphism with irrational rotation nuMinterspike intervals for IF models
as iterations of some map, called firing map and the sequence of ber and the displacement distributipg with respect to the invariant Interspike intervals are said to be used in information divap by
interspike-intervalgt, | — t,} as a sequence of displacements alon measurg:. For everye > 0 there exists a neighborhodfic C°(S") neyrons. Consider the LIF model (2) and assume figcontinuous,

a trajectory of this map. of ¢ such that for every homeomorphisme U/ and everyr € |0, 1] periodic with periodl’ = 1 and f(t) — o > 0 for all £. Then
we have
Let x(-;¢,0) denote a solution of (1) satisfying the initial condition = » The fir o it of _ _
(t,0) andDg = {t € R : ds>t x(s;t,0) = 1}. For equation (1) we ( lim —Zd~ i ,u\p) e € iring map® 1S a fiit of an orientation preserv-
define a mag : Dg, — R: n—>oo n (€0)) Ing homeomorphism. Consequently, there exists a uniguefrate
' ' . F =1/0(P), ind dent of the initial diti .
Definition: Firing map wheredy Is the Fortet-Mourler metric. Consequently, R(t) = 1/0(®), independent of the initial conditia, 0)
O(f) :=inf{s >t : z(s;t,0) = 1} Z ) By ISl,,(t) denote a sequence of interspike intervals for a spike train
. N . _ lim — ) J= i) = HU as@ — ¢ in CY(Sh arising from an initial conditiorit, 0).
Consecutive spike-timings, are then given as: n—00 N Suppose thaF R(t) € R \ Q. Then:
_xn n—1 n—1 _
tn = @7(t) = inf{s > &77(t) + x(s; &7 (2),0) = 1} ¢ the sequence I§(t) is dense in a sef depending on the dis-
The most popular model is the Leaky Integrate-and-Fire Regularity of the displacement sequence placemzentl map (which is simply the intervéal [0, 1) whenever
Some classical results in topological dynamics ([3]) atbdwus to [ € C*(S")). Moreover, the interspike interval distributigng
T =—oxr+ f(t), o>0 (2)  show that even in case of irrational rotation number theldeggnent ~ with respect to the unique invariant ergodic meagucaanges con-
sequence exhibits a kind of regularity: tinuously with parameters and is well approximated by samp!
which foro = 0 reduces to the Perfect Integrator= f(t). terspike interval distributions (idz metric).
Proposition. If ¢ is transitive, then for alk € Sl the displacement Example. T = —x+ 2(1+ [ cos(2nt))

Fact ([4]). If the function F' In (1) Is continuous and periodic if) sequencdn,(z)} is almost strongly recurrent.e.

then the firing magd is a lift of a degreetcircle mapy : S* — S1. e =0 = ISI,(t) = 0 =1In(0.5) = 0.6931

- . — Veso 3 Vnen ¥ 3, n (2) —nu(2)] < €
Definition: Firing rate & average interspike interval =>0 ANeN VneN VeeNu(o} Jic(0,1,...N} [Ttk+i(2) = Mn(2)]

1. firing rate 0. average interspike interval If © is not-transitive, then the sequentg,(z)} is almost strongly
. . n recurrent for alk € A.
FR(t) .= limp— 00 gb”L(t) alSI(t) .= limy—s0o 7@
. i i Semi-periodic circle homeomorphism:

Per|0d|C dnve A circle homeomorphism with rational rotation number whisot
When the functiont' is periodic int, the problem of describing inter- conjugated to a rotation is callegmi-periodic : :
spike intervals is covered by investigating displacemeqgusnces of R N R SR | B R \hl\ ]
circle maps. Proposition. For a semi-periodic circle homeomorphismthe se-

quencey,(z) is asymptotically periodic. Precisely,dfp) = p/q then Suppose thaf' R(t) € Q. Then:

Displacement sequence of an orientation for everyz € S

preserving circle homeomorphism

Lety : ST — S1 be an orientation preserving circle homeomorphisi
® : R — R its lift (where R coversS! by the covering projection
p:x+— exp (2riz) andV¥(z) := ®(z) — x the displacement function

Vo] Y ¢ if the firing phase map : S' — 5! is conjugated to the rational
>0 INEN Yn>N kel [nthg(2) = mn(2)] < rotation then the sequence }J®l) is periodic. In particular

1. For Perfect Integrator IS[¢) is periodic wheneverl' =

of . By o(y) denote the rotation number of - Lot P Then f 0 th — fo u) du € Q
o : eorem. Le = £, Then for ever ere existsV suc — _
Definition: Displacement sequencef a point z = exp(2riz) € S* Q(gp)l q >0 = . 2. For Lealw Integrate -and-Fire = —ow + —; 1SIa(¢) Is con
| , that for everyz € S* the sequencén,,(z)}o° _ ., satisfies at least one stant: IS),(t) =
Mn(z) == V(P" () mod 1 = ®"(z) — " (z)mod 1, n € N of the following statements: ¢if ©is semi-periodic then 1$(¢) is asymptotically periodic.
. . . 1)V \% — <
A simple observation gives: 2> v”>N VZEN " +1q(2) = M(2)] < € o | ; -
) V>N VieN ‘77—<n—|—lq)(z) —nn(2)| <e€ This is a "typical* case for the LIF | / 0

e If IS a rotation by2wp, wherep can be either rational or irrational, . .

_ model. It is connected with a phe-
then the sequencg,(z) = o is constant. nomenon callegphase-locking
e If © IS conjugated to the rational rotation by, wherep = g, then e

the sequenceg; () is ¢g-periodic. e s S AL e A s

Homeomorphims with irrational rotation number: Almost periQdiC drive In [6] we gave detalled description of the regularity dffor f €

Let o(p) € R\ Q. If ¢ is not transitive, byA C S! denote the unique L} .(R) under weaker assumptions and provided a formal framework
minimal set ofy and byA, its lift to 0,1). Sfor iInvestigating the sequence of interspike intervalsasecof almost

periodic drive.

| | | I Il
T T T
1 \/2 p=3 p+1 \{Lz

Assume now thaf in (2) is not continuous but only IocaIIy Integrabl
(which might be the case in some applications). Far L|OC(R) we

. _ » redefine the notion of the firing map as follows:
Proposition. If ¢ is transitive, then for every € S! the sequence

n(z), n € N, is dense in the intervaf = V([0 1]) = ([0, 1]), where o | e gt /3 . Lou Outl()()ks:
O(z) =Tz + o) — I'"}z) andT is a lift of a homeomorphismy (t) :=inf{s > 1+ s satisfies™ = / f(u) = ole™" du}
conjugatingy with the rotationr,. S Is the support of the distribution ¢ description of IS}(t) for an almost periodic input functiofi(t)

Under the assumption th#tt) — o > ¢ a.e. forsomeé > 0,9 R —

1y of displacements with respect to the invariant meagtire _ _
R I1s a homeomorphism.

using Bohr compactification of the redts

wg(A) = p({z € 0,1]: d(z)—z e A}) =AQ1(A), ACR Definition: Stepanov& Bohr almost periodic functions R~GC H S%, pe R — S%,pg(t) — k!
e Afunctionf : R — R, f € LfOC(IR{), is Stepanov almost periodic SER
f ¢ is not transitive, then the distributiny is concentrated 08 = i for any ¢ > 0 the set SEe, f(t)} of all the numbers- such that ¢ including stochasticity in the analysis (e.g. random fitimgshold:

U(Ay). Moreover, forz € S1\ A andw € A there exist increasing | f(t+7) — f(t)llstrp< ¢ is relatively dense, where

stochastic input)
sequences$n;. } and{n;} such that for every € 7Z

R 1 t+r 1/

lim — and lim () = m(w HfHSt (p= Sup|— / | fw)]P du]™ P, r>0,1<p< o0

. m(p"™(z)) = m(w) o mle™ (z)) = m(w) P R T References
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Theorem. The mappingy — ~ assigning to a homeomorphism

with irrational rotation numbes a mapy : S* — S! semiconjugatin .
=0 Py Jugating Corollary. Under the above assumptions, for the system —ox +

gfjrscr?lrgugic";t]tlnf%lrigé?;rlz)i?stlgvg%gfsv;/)lt:oths;otauonrg, e ey fr(t), A € A C R", there exists a unique firing rateR(t) = r, which m
PRITS Pl IS a continuous function of the input parametgrs P AN

homeomorphisrsubmitted)




