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Introduction
The integrate-and-fire (IF) models are used mainly in neuroscience to
describe nerve-membrane voltage response to a given input:

ẋ = F (t, x) F : R2 → R (1)
lim
t→s+

x(t) = 0, if x(s) = 1

The question is to describe the sequence of consecutive resets {tn}
as iterations of some map, called thefiring map, and the sequence of
interspike-intervals{tn+1− tn} as a sequence of displacements along
a trajectory of this map.

Let x(·; t, 0) denote a solution of (1) satisfying the initial condition
(t, 0) andDΦ = {t ∈ R : ∃s>t x(s; t, 0) = 1}. For equation (1) we
define a mapΦ : DΦ → R:

Definition: Firing map

Φ(t) := inf{s > t : x(s; t, 0) = 1}

Consecutive spike-timingstn are then given as:

tn = Φn(t) = inf{s > Φn−1(t) : x(s; Φn−1(t), 0) = 1}

The most popular model is the Leaky Integrate-and-Fire

ẋ = −σx + f (t), σ > 0 (2)

which forσ = 0 reduces to the Perfect Integratorẋ = f (t).

Fact ([4]). If the functionF in (1) is continuous and periodic int,
then the firing mapΦ is a lift of a degree-1 circle mapϕ : S1 → S1.

Definition: Firing rate & average interspike interval

1. firing rate 2. average interspike interval

FR(t) := limn→∞
n

φn(t)
aISI(t) := limn→∞

φn(t)
n

Periodic drive
When the functionF is periodic int, the problem of describing inter-
spike intervals is covered by investigating displacement sequences of
circle maps.

Displacement sequence of an orientation
preserving circle homeomorphism
Letϕ : S1 → S1 be an orientation preserving circle homeomorphism,
Φ : R → R its lift (whereR coversS1 by the covering projection
p : x 7→ exp (2πix) andΨ(x) := Φ(x) − x the displacement function
of Φ. By ̺(ϕ) denote the rotation number ofϕ.

Definition: Displacement sequenceof a point z = exp(2πix) ∈ S1

ηn(z) := Ψ(Φn−1(x)) mod 1 = Φn(x)− Φn−1(x) mod 1, n ∈ N

A simple observation gives:
• If ϕ is a rotation by2π̺, where̺ can be either rational or irrational,
then the sequenceηn(z) = ̺ is constant.
• If ϕ is conjugated to the rational rotation by2π̺, where̺ = p

q , then
the sequenceηn(z) is q-periodic.

Homeomorphims with irrational rotation number:
Let ̺(ϕ) ∈ R \Q. If ϕ is not transitive, by∆ ⊂ S1 denote the unique
minimal set ofϕ and by∆̃0 its lift to [0, 1).

Proposition. If ϕ is transitive, then for everyz ∈ S1 the sequence
ηn(z), n ∈ N, is dense in the intervalS = Ψ([0, 1]) = Ω([0, 1]), where
Ω(x) := Γ−1(x + ̺) − Γ−1(x) andΓ is a lift of a homeomorphismγ
conjugatingϕ with the rotationr̺. S is the support of the distribution
µΨ of displacements with respect to the invariant measureµ:

µΨ(A) := µ({x ∈ [0, 1] : Φ(x)− x ∈ A}) = Λ(Ω−1(A)), A ⊂ R

If ϕ is not transitive, then the distributionµΨ is concentrated on̂S =
Ψ(∆̃0). Moreover, forz ∈ S1 \ ∆ andw ∈ ∆ there exist increasing
sequences{nk} and{n̂k} such that for everyl ∈ Z

lim
k→∞

ηl(ϕ
nk(z)) = ηl(w) and lim

k→∞
ηl(ϕ

−n̂k(z)) = ηl(w)

The measureµΨ(A) can be approximated by measuring the average
frequency of pointsΦi(x) with valuesΨ(Φi(x)) in A along a trajectory
{Φi(x)}, i ∈ N:

♯{0 ≤ i ≤ n− 1 : Ψ(Φi(x)) ∈ A}

n
→ µΨ(A),

where the convergence withn → ∞ is uniform with respect tox.

Theorem. The mappingϕ 7→ γ assigning to a homeomorphismϕ
with irrational rotation number̺ a mapγ : S1 → S1 semiconjugating
(or conjugating, ifϕ is transitive)ϕ with the rotationr̺, is a continu-
ous mapping fromC0(S1) into C0(S1)-topology.

Proposition. Suppose thatϕn is a sequence of homeomorphisms
with irrational rotation numbers̺n which converges in the metric of
C0(S1) to the homeomorphismϕ with irrational rotation number̺ .

Then the corresponding displacement distributionsµ
(n)
Ψn

with respect

to the invariant measuresµ(n) converge weakly toµΨ:

µ
(n)
Ψn

=⇒ µΨ

Moreover, if the conjugacyγ ∈ C1(S1) and the set of critical points
of Ψ is of Lebesque measure0, the convergence of distributions is
uniform on the class of all intervalsI ⊂ [0, 1] ([7]).

For n ∈ N andz = exp(2πix) ∈ S1 define a sample displacements
distribution:

ωn,x =
1

n

n−1∑

i=0

δΨ(Φi(x))

Theorem. Let ϕ be a homeomorphism with irrational rotation num-
ber and the displacement distributionµΨ with respect to the invariant
measureµ. For everyε > 0 there exists a neighborhoodU ⊂ C0(S1)
of ϕ such that for every homeomorphism̃ϕ ∈ U and everyx0 ∈ [0, 1]
we have

dF ( lim
n→∞

1

n

n−1∑

i=0

δ
Ψ̃(Φ̃i(x0))

, µΨ) < ε,

wheredF is the Fortet-Mourier metric. Consequently,

lim
n→∞

1

n

n−1∑

i=0

δ
Ψ̃(Φ̃i(x))

=⇒ µΨ asϕ̃ → ϕ in C0(S1)

Regularity of the displacement sequence
Some classical results in topological dynamics ([3]) allowed us to
show that even in case of irrational rotation number the displacement
sequence exhibits a kind of regularity:

Proposition. If ϕ is transitive, then for allz ∈ S1 the displacement
sequence{ηn(z)} is almost strongly recurrent, i.e.

∀ε>0 ∃N∈N ∀n∈N ∀k∈N∪{0} ∃i∈{0,1,...,N} |ηn+k+i(z)− ηn(z)| < ε

If ϕ is not-transitive, then the sequence{ηn(z)} is almost strongly
recurrent for allz ∈ ∆.

Semi-periodic circle homeomorphism:
A circle homeomorphism with rational rotation number whichis not
conjugated to a rotation is calledsemi-periodic.

Proposition. For a semi-periodic circle homeomorphismϕ the se-
quenceηn(z) is asymptotically periodic. Precisely, if̺(ϕ) = p/q then
for everyz ∈ S1:

∀ε>0 ∃N∈N ∀n>N ∀k∈N |ηn+kq(z)− ηn(z)| < ε

Theorem. Let ̺(ϕ) = p
q . Then for everyε > 0 there existsN such

that for everyz ∈ S1 the sequence{ηn(z)}∞n=−∞ satisfies at least one
of the following statements:
1) ∀n>N ∀l∈N |ηn+lq(z)− ηn(z)| < ε
2) ∀n>N ∀l∈N |η−(n+lq)(z)− ηn(z)| < ε

If ϕ : S1 → S1 has finitely many periodic points{z1, z2, . . . , zr}, then givenε >
0 for each interval(zk, zk+1) between the two consecutive periodic points we can
define a pointak calledε-basins shred, which is used to find the smallest numberN
satisfying the statement of the above theorem: Suppose thatthe pointszk andzk+1

are, respectively, backward and forward attracting underϕq for z ∈ (zk, zk+1). For
m ∈ N define the functions

τ+m(z) := max
0≤i≤q−1

|ϕmq+i(z)− ϕi(zk+1)|, τ−m(z) := max
0≤i≤q−1

|ϕ−mq−i(z)− ϕq−i(zk)|

and the subsets of[zk, zk+1], U+
m := {z : τ+m(z) < ε} andU−

m := {z : τ−m(z) < ε}.

There exists the smallest natural numberm = m(ε) such thatU+
m(ε) ∩ U−

m(ε) 6= ∅.

Then theε-basins shred is defined as the unique pointak ∈ U+
m(ε) ∩ U−

m(ε) such that

τ+m(ε)(ak) = τ−m(ε)(ak).

Example.
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Interspike intervals for IF models
Interspike intervals are said to be used in information encoding by
neurons. Consider the LIF model (2) and assume thatf is continuous,
periodic with periodT = 1 andf (t)− σ > 0 for all t. Then

Proposition. The firing mapΦ is a lift of an orientation preserv-
ing homeomorphism. Consequently, there exists a unique firing rate
FR(t) = 1/̺(Φ), independent of the initial condition(t, 0).

By ISIn(t) denote a sequence of interspike intervals for a spike train
arising from an initial condition(t, 0).
Suppose thatFR(t) ∈ R \Q. Then:

the sequence ISIn(t) is dense in a setS depending on the dis-
placement map (which is simply the intervalΨ([0, 1]) whenever
f ∈ C2(S1)). Moreover, the interspike interval distributionµISI
with respect to the unique invariant ergodic measureµ changes con-
tinuously with parameters and is well approximated by sample in-
terspike interval distributions (indF metric).

Example. ẋ = −x + 2(1 + β cos(2πt))

• β = 0 =⇒ ISIn(t) = ̺ = ln(0.5) ≈ 0.6931
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Suppose thatFR(t) ∈ Q. Then:

if the firing phase mapϕ : S1 → S1 is conjugated to the rational
rotation then the sequence ISIn(t) is periodic. In particular
1. For Perfect Integrator ISIn(t) is periodic wheneverT =∫ 1

0 f (u) du ∈ Q.
2. For Leaky Integrate-and-Firėx = −σx + 1

1−e−q ISIn(t) is con-
stant: ISIn(t) = q.

if ϕ is semi-periodic then ISIn(t) is asymptotically periodic.

This is a ”typical“ case for the LIF
model. It is connected with a phe-
nomenon calledphase-locking.

Almost periodic drive
Assume now thatf in (2) is not continuous but only locally integrable
(which might be the case in some applications). Forf ∈ L1

loc(R) we
redefine the notion of the firing map as follows:

Φ(t) := inf{s > t : s satisfieseσt =
∫ s

t
[f (u)− σ]eσu du}

Under the assumption thatf (t)− σ > δ a.e. for someδ > 0, Φ : R →
R is a homeomorphism.

Definition: Stepanov& Bohr almost periodic functions

• A functionf : R → R, f ∈ L
p
loc(R), is Stepanov almost periodic,

if for any ε > 0 the set SE{ε, f (t)} of all the numbersτ such that
‖f (t + τ )− f (t)‖St,r,p< ε is relatively dense, where

‖f‖St.,r,p := sup
t∈R

[
1

r

∫ t+r

t
|f (u)|p du]1/p, r > 0, 1 ≤ p < ∞

• A continuous functionf : R → R is Bohr (or uniformly) almost
periodic, if for any ε > 0 the set E{ε, f (t)} of all the numbersτ
such that for allt ∈ R |f (t + τ )− f (t)| < ε is relatively dense.

Theorem. Let f : R → R be a Stepanov almost periodic function.
Then the firing mapΦ induced by the model (2) has Bohr almost pe-
riodic displacement. In particular,Φ is then uniformly continuous.

This theorem is analogous to the fact that a continuous and periodic
functionf gives rise to a firing map with periodic displacement.

Corollary. Under the above assumptions, for the systemẋ = −σx +
fλ(t), λ ∈ Λ ⊂ Rn, there exists a unique firing rateFR(t) = r, which
is a continuous function of the input parametersλ.

In [6] we gave detailed description of the regularity ofΦ for f ∈
L1

loc(R) under weaker assumptions and provided a formal framework
for investigating the sequence of interspike intervals in case of almost
periodic drive.

Outlooks:
description of ISIn(t) for an almost periodic input functionf (t)
using Bohr compactification of the realsR:

R ≃ G ⊂
∏

ξ∈R

S1
ξ , pξ : R → S1

ξ , pξ(t) = eıξt

including stochasticity in the analysis (e.g. random firingthreshold;
stochastic input)
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