










































Definition 1.1. A polynomial U(a , x, y) ∈ R[a, x, y] is called a comitant with respect to (A, G),
where A is an affine invariant subset of polynomial systems (PS) and G is a subgroup of Aff (2,R),
if there exists χ ∈ Z such that for every (g, a) ∈ G× R

m
A the following identity holds in R[x, y]:

U(rg(a), g(x, y) ) ≡ (det g)−χ U(a, x, y),

where det g = detM . If the polynomial U does not explicitly depend on x and y then it is called
invariant. The number χ ∈ Z is called the weight of the comitant U(a, x, y). If G = GL(2,R)
(or G = Aff(2,R) ) and A = PS then the comitant U(a, x, y) is called GL-comitant (respectively,
affine comitant).

Definition 1.2. A subset X ⊂ R
m will be called G-invariant, if for every g ∈ G we have

rg(X) ⊆ X.

Let T (2,R) be the subgroup of Aff (2,R) formed by translations. Consider the linear repre-
sentation of T (2,R) into its corresponding subgroup T ⊂ GL(m,R), i.e. for every τ ∈ T (2,R),
τ : x = x̃+ α, y = ỹ + β we consider as above rτ : R

m −→ R
m.

Definition 1.3. A comitant U(a, x, y) with respect to (A, G) is called a T -comitant if for every
(τ, a) ∈ T (2,R)× R

m
A the identity U(rτ · a, x̃, ỹ) = U(a, x̃, ỹ) holds in R[x̃, ỹ].

Definition 1.4. The polynomial U(a, x, y) ∈ R[a, x, y] has well determined sign on V ⊂ R
m with

respect to x, y if for every fixed a ∈ V , the polynomial function U(a, x, y) is not identically zero
on V and has constant sign outside its set of zeroes on V .

Observation 1.3. We draw attention to the fact, that if a T-comitant U(a, x, y) with respect to
(A, G) of even weight is a binary form in x, y, of even degree in the coefficients of the systems and
has well determined sign on the affine invariant algebraic subset Rm

A then this property is conserved
by any affine transformation and the sign is conserved.

Let us consider the polynomials

Ci(a, x, y) = ypi(a, x, y)− xqi(a, x, y) ∈ R[a, x, y], i = 0, 1, 2,

Di(a, x, y) =
∂

∂x
pi(a, x, y) +

∂

∂y
qi(a, x, y) ∈ R[a, x, y], i = 1, 2.

(1.30)

As it was shown in [1] the polynomials
{

C0(a, x, y), C1(a, x, y), C2(a, x, y), D1(a), D2(a, x, y)
}

(1.31)

of degree one in the coefficients of quadratic systems are GL-comitants of these systems.

Notation 1.4. Let f, g ∈ R[a, x, y] and

(f, g)(k) =

k
∑

h=0

(−1)h
(

k

h

)

∂kf

∂xk−h∂yh
∂kg

∂xh∂yk−h
. (1.32)

(f, g)(k) ∈ R[a, x, y] is called the transvectant of index k of (f, g).

Theorem 1.1. Any GL-comitant of quadratic systems can be constructed from the elements of
the set (1.31) by using the operations: +, −, ×, and by applying the differential operation (∗, ∗)(k).

Remark 1.5. We point out that the elements of the set (1.31) generate the whole set of GL-
comitants and hence also the set of affine comitants as well as of set of T -comitants.


