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We study a class of quadratic reversible polynomial vector fields on S* with (3, 2)-type reversibility. We classify all isolated singularities
and we prove the nonexistence of limit cycles for this class. Our study provides tools to determine the phase portrait for these vector fields.

Introduction

A polynomial vector field X in R? is a vector field of the form

0 0 0
X:P(l’,y,Z)%—FQ(.T,y,Z)a_y‘FR(ZC,y,Z)g, (1)
where P, () and R are polynomials in the variables x, y and z with
real coefficients. We denote m = max{deg P, deg @), deg R} the
degree of the polynomial vector field X. In what follows, X will

denote the above polynomial vector field.

Let S? be the 2—dimensional sphere {(z,y, z) € R? : 22+ y*+2°2 =
1}. A polynomial vector field X on S?is a polynomial vector field
in R? such that restricted to the sphere S? defines a vector field on
S%; i.e. it must satisfy the equality

vP(x,y,2) +yQ(x,y,2) + zR(x,y, z) =0, (2)

for all points (z,y, z) of the sphere S.

The vector field (1) 1s called time-reversible if there 1s a smooth
involution ¢ : R3 — R3, i.e. ¢ o ¢ = id, satisfying the relation

X(o(x,y,2)) = —do(x,y, 2) X (2,9, 2), (z,y,2) ER. (3)

In particular, if the dimension of the fixed point set of ¢, Fix{¢},
is equal to k, then (1) is said to be of (3, k)-type reversibility. It is
clear that 0 < k < 3 (see [2]).

Various types of reversible systems have been investigated for many
authors. For example, in [12] all (2, 1)-type reversible systems are
classified, in [3] (2, 0)-type, and in [9] (3, 2)-type. In [4], there is an
exploration on (3, 1)-type reversible vector fields having a nilpotent
linear part.

By (3), if a quadratic polynomial vector field on R? is of (3, 0)-type
reversibility and has a linear involution, then it 1s a homogeneous
polynomial vector field on R3. The quadratic homogeneous poly-
nomial vector fields on S? have been studied in [6,7, 8, 11]. In these
papers, the main problems in the qualitative theory of ordinary dif-
ferential equations, like determination of limit cycles, bifurcations
and center—focus problem, are studied. More precisely, the authors
solve the center-focus problem, study the Hopf bifurcation and give
a topological classification of all global phase portraits to this kind
of vector fields modulo limit cycles. The next step in this direction
is study the quadratic polynomial vector fields on S* of (3, k)-type
reversibility with a linear involution and £ = 1, 2. In [10] the case
(3, 1)-type was studied, the authors determined the global phase por-
traits of this class and the main question in qualitative theory was
resolved.

In this paper we study quadratic polynomial vector fields on S? of
(3, 2)-type reversibility with a linear involution.

Main results
The main results of this paper are the following ones.

The first theorem give us the general expression of the quadratic
polynomial vector fields on S* of (3, 2)-type reversibility with a lin-
ear involution.

Theorem 1. Let X be a quadratic polynomial vector field on R,
Then X is a polynomial vector field on S* of (3, 2)-type reversibility
with a linear involution if and only if the system associate to X can
be written as

= Plx,y,2) = a1z + avxz + azyz,
y=Q(x,y,2) = biz+ boxrz + b3yz,
i =Rlx,y,2) = cg—ajx — by — (ag + cp)a® — (a3 + by)zy
—(bg + Co)y2 — 6022.
(4)

We call the singularities of system (4) on equator S' = S?°N{z = 0}
of nonsymmetric singularities and the singularities which do not
belongs to St of symmetric singularities.

The next two theorems characterizes the symmetric and nonsym-
metric 1solated singularities of system (4), respectively.

Theorem 2. Let X be the vector field associated to system (4) and
let p be a symmetric singularity of X. We can assume that by = 0.
If p is isolated, then we have asbs — as3by # 0 and (asbs — as3by)? —
a%(b% + bg) > (. Moreover p can be either a node, a focus, a saddle
or a center (see Figures 1, 2, 3, 4).

Theorem 3. Let X be the vector field associated to system (4) and
let p be a nonsymmetric isolated singularity of X. We can assume
that p = (1,0,0), i.e. a; = —ao.

1. If (a3 4+ b1 + b9) (b1 + ba) < O, then p is a saddle.

2.If (a3 + by + bo)(by + bo) > 0, then p is a center.

3.Ifby = —by and as # 0, we denote \ = (b3 — a9)? + 4byas and
b= b% + asboy, then
e p is a saddle when as3bo — asbg > 0;
e when azby — agbs < 0 and as + by # 0, p is either a center if

A < 0, or a singularity with a elliptic sector and a hyperbolic
sector if A > 0 (see Figure 5);

e when by = —ap, p is either a center if a% +asby < 0ora saddle
ifa% + azby > 0.
4. If a3 = —(b1 + ba) # 0, we have that

e p is a cusp when ay — 2b3 # 0 (see Figure 6);

® 10 ao = 2b3, p is either a saddle when L < 0oracenter
201 + b9
b
when 2, j_ b > (, or a cusp when by = 0 and b3 # 0.

5.1f a3 =0, bo = —by, we have that

e p is a cusp when as(2bs — ag) < 0;
e p is a singularity with two elliptic sector when ag(2bs—as) > 0
(see Figure 7);

e p is a center when ag = 0, by # 0 and b3 = 0,
® p is a center when as = 2b3 and b% + b% = ().

The next result give us upper bound for the number of singularities
of system (4).

Proposition 1. Let X = (P,Q, R) be a vector field associate to
system (4). Suppose that X has isolated singularities, then it has
at most six singularities. Moreover, X has at most two symmetric
isolated singularities.

Let U be an open subset of RZ. Here a nonconstant analytic function
H : U — R is called a first integral of a vector field Y on U
if it is constant on all solutions curves (z(t),y(t)) of Y on U,; i.e.
H(xz(t),y(t)) is constant for all values of ¢ for which the solution
(x(t),y(t)) is defined in U. Clearly H is a first integral of the vector
field Y onU ifand only if Y H = O on U.

Consider a polynomial vector field Y on S?, through the stereo-
graphic projection, the vector field Y induces a polynomial vector
field on the plane denoted by P(Y'). We say that Y is integrable on
S?if P(Y) has a first integral.

Theorem 4. Let X be the vector field associated to system (4), then
it is integrable on S°.

Theorem 5. Let X be the vector field associated to system (4), then
it does not have a limit cycle on SZ.

Figur e 1: Phase portrait to system Figlll'@ 2: Phase portrait to system
(4) with a; — az — 0, as = 1, b1 = (4) with a; — az — 0, o = 1, bl =
62:Oandbgz2. bganndbgz2.

Figur € 3: Phase portrait to system
(4) with a; = az = 0, Ay — 1, bl =

Figlll'@ 4: Phase portrait to system
(4) with a; = ag — 0, Ay — 1, bl =
bQZO&HdngQ. bQIOﬂHdngQ.

Figure 5: Phase portrait to system Figur € O: Phase portrait to system
4) witha; = a3 = 0, a0y = 1, by = 4) with a; = a3 = 0, a9y = 1, by =
bQZOandb3:2. b2:0andbg,:2.

Figure "/ Phase portrait to system
(4) with ay = az = O, as = 1, b1 =
bganndb;),:Z.
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