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Autonomous polynomial differential systems Basic Notions

We consider the complex polynomial differential systems in Cn of the
form

ẋj =
dxj
dt

= Pj(x1, · · · , xn) =
∑

0≤i1+···+in≤m
aji1···inx

i1
1 · · ·x

in
n ,

j = 1, · · · , n

aji1···in ∈ C

Degree of the system m = max{degP1, · · · ,degPn}.

The associated vector field is

X =

n∑
i=1

Pi
∂

∂xi
.
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Autonomous polynomial differential systems Basic Notions

f ∈ C[x1, · · · , xn] be irreducible. The hypersurface f = 0 is an invariant
hypersurface of X if

X(f)

f
= X(log(f)) = K,

with K ∈ Cm−1[x1, · · · , xn] the cofactor of f = 0 of degree ≤ m− 1.

h, g ∈ C[x1, · · · , xn] coprimes.

F (x1, · · · , xn) = exp (g/h)

is called an exponential factor

X
(g
h

)
= K,

and we say that K is the cofactor
traditionally taken of bounded degree.
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Autonomous polynomial differential systems Basic Notions

f1, · · · , fp irreducible + coprime in C[x1, · · · , xn]

and F1 = exp (g1/h1) , · · · , Fq = exp (gq/hq) exponential factors.

Darboux function := fλ11 · · · f
λp
p

(
exp

(
g1
h1

))µ1
· · ·
(
exp

(
gq
hq

))µq
,

λi, µi ∈ C

fλ11 · · · f
λp
p exp

(g
h

)
.
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Autonomous polynomial differential systems Basic Notions

Let W be an open subset of Cn.
A non constant analytic function I :W −→ C is a first integral of the
vector field X on W if

X(I) = 0 on W

M :W −→ C is a Jacobi multiplier if

X(M) = −(divX)M

where

divX =

n∑
i=1

∂Pi/∂xi

∃M =⇒MX = (MP1, · · · ,MPn).

Here, Darboux first integral
and
Darboux Jacobi multiplier.
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Autonomous polynomial differential systems Planar polynomial vector fields

Particular case: n = 2

ẋ = P (x, y), ẏ = Q(x, y).

Darboux function := fλ11 · · · f
λp
p

(
exp

(
g1
h1

))µ1
· · ·
(
exp

(
gq
hq

))µq
,
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Autonomous polynomial differential systems Planar polynomial vector fields

Singer (and also Christopher)

fλ11 · · · f
λp
p exp

(g
h

)
.
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Autonomous polynomial differential systems Planar polynomial vector fields

The main Problems

For a given vector field X = (P,Q)

(1) Find all invariant algebraic curves of X.

(2) Decide whether a Darboux integrating factor exists (and if does
exist, find it!).

Are classical problems (start with Poincaré and later with
Darboux).
Poincaré (1891): For a given X give an effective algorithm to
calculate the maximum degree of f = 0.

Jouanolou (1979): For a given X the maximum degree is
bounded: X as either a finite number of inv.alg. curves or has a
rational first integral.

Some bounds: (Carnicer and Campillo, Cerveau and Lins Neto...)
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Autonomous polynomial differential systems Classical version for autonomous v.f. in Cn

Bassically Llibre and Zhang

Theorem
X is v.f. in Cn of degree m that admits

(i) p invariant algebraic hypersurfaces f1 = 0, · · · , fp = 0 with
cofactors K1, · · · ,Kp. Here fi irreducible+coprimes.

(ii) q exponential factors Fp+1, · · · , Fp+q with cofactors
Kp+1, · · · ,Kp+q of degree ≤ m− 1.

Then the following statements hold.
(a)

p∑
i=1

λiKi +

q∑
i=p+1

µjKj + ρdiv(X) = 0,

iff DFI or a DJM:

fλ11 · · · f
λp
p

(
exp

(
g1
h1

))µ1
· · ·
(
exp

(
gq
hq

))µq
.
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Autonomous polynomial differential systems Classical version for autonomous v.f. in Cn

(b) If p+ q =

(
n+m− 1

n

)
, then

p∑
i=1

λiKi +

q∑
i=1

µjKj + ρdiv(X) = 0,

the vector field X has either a DFI or a DJM.

fλ11 · · · f
λp
p

(
exp

(
g1
h1

))µ1
· · ·
(
exp

(
gq
hq

))µq
(c) If p+ q =

(
n+m− 1

n

)
+ 1, then

p∑
i=1

λiKi +

q∑
i=1

µjLj = 0,

X has a DFI.

(d) If p+ q =

(
n+m− 1

n

)
+ n then X has a rational first integral.
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Autonomous polynomial differential systems Classical version for autonomous v.f. in Cn

Exemple

ẋ = xz(bxn1yn2zn3 − n2)
ẏ = −yn2+1xn1zn3(γcx+ az) + y(n3γx+ n1z)
ż = γxz(bxn1yn2zn3 − n2),

n1, n2, n3 ∈ Z+ and a, b, c ∈ C degree m = n1 + n2 + n3 + 2.

f1 = x f2 = y f3 = z, F = exp

(
1

xn1yn2zn3

)
K1 = bxn1yn2z1+n3 − n2z,K2 = −yn2xn1zn3(γcx+ az) + n1z + n3γx

K3 = γx(bxn1yn2zn3 − n2), K = −n1bz + n2γcx+ n2az − γn3bx.

Here, n = 3, m = n1 + n2 + n3 + 2 and so(
n+m− 1

n

)
=

(n1 + n2 + n3 + 2)(n1 + n2 + n3 + 3)

6
.

is arbitrary high.
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Autonomous polynomial differential systems modern version

K1, · · · ,Kr cofactors of hypersurfaces or of exponential factors of X.
Wronskian matrix

W =W(K1, · · · ,Kr) =


K1 · · · Kr

X(K1) · · · X(Kr)
· · ·

X(r−1)(K1) · · · X(r−1)(Kr)

 ,

where X(l+1)(Kj) = X(X(l)(Kj)).
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Autonomous polynomial differential systems modern version

Blázquez and Pantazi

Theorem
X in Cn of degree m admits

(i) p inv.hyp. f1 = 0, · · · , fp = 0 with cofactors K1, · · · ,Kp.
f1, · · · , fp irreducible+coprimes.

(ii) q exponential factors Fp+1, · · · , Fp+q with cofactors
Kp+1, · · · ,Kp+q.

We further assume that the 1-forms
d log f1, . . . , d log fp, d logFp+1, · · · , d logFp+q are linearly independent
over C.
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Autonomous polynomial differential systems modern version

Theorem
(a) p+ q > rank(W(K1, · · · ,Kp+q)) iff X admits a FI which is either

rational or Darboux.

(b) p+ q > rank(W(K1, · · · ,Kp+q, divX)) + 1 iff the vector field X
admits either a rational FI or a Darboux Jacobi multiplier DJM.

(c) if p+ q > rank(W(K1, · · · ,Kp+q)) + n then the vector field X has
at least one rational FI.
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Autonomous polynomial differential systems modern version

Lemma
Let us consider elements f1, · · · , fr, ψ ∈ F and denote by
ai = (∂fi)f

−1
i = ∂ log fi. The following conditions are equivalent:

(i) The rank of the Wronskian matricesW(a1, . . . , ar, ψ) and
W(a1, . . . , ar) coincide.

(ii) ψ is a non-trivial C(F)-linear combination of a1, . . . , ar

ψ = λ1a1 + · · ·+ λrar. (1)

(iii) There exist constants λ1, · · · , λr in C(F) such that for any
differential extension F ⊂ F(b1, · · · , br) by elements bi satisfying
∂bi = λiaibi the element M = b1 · · · br verifies ∂M = ψ ·M .
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Autonomous polynomial differential systems modern version

in the previous example...

ẋ = xz(bxn1yn2zn3 − n2)
ẏ = −yn2+1xn1zn3(γcx+ az) + y(n3γx+ n1z)
ż = γxz(bxn1yn2zn3 − n2),

f1 = x f2 = y f3 = z, F = exp

(
1

xn1yn2zn3

)

K1 = bxn1yn2z1+n3 − n2z,K2 = −yn2xn1zn3(γcx+ az) + n1z + n3γx

K3 = γx(bxn1yn2zn3 − n2), K = −n1bz + n2γcx+ n2az − γn3bx.

We have
p+ q = 4 > rank(W(K1,K2,K3,K)) = 3

H(x, y, z) = xaybzc exp

(
1

xn1yn2zn3

)
.
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Autonomous polynomial differential systems modern version

Another example

X = (µx+ βxy)
∂

∂x
+ (λy + αxy)

∂

∂y
.

f1 = x, f2 = y, F3 = ex, F4 = ey

with cofactors
K1 = µ+ βy,K2 = λ+ αx

K3 = xK1, K4 = yK2

of degree 2 > m− 1.

4 = p+ q > rankW(K1,K2,K3,K4) = 3

I =
xλ

yµ
eαx

eβy
= xλy−µeαx−βy.

ofcourse eαx−βy cofactor K = αµx− βλy

3 = p+ q > rank(W(K1,K2,K)) = 2, λK1 − µK2 +K = 0.
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Non autonomous differential systems From autonomous to a class of non–autonomous

Definitions

We consider non autonomous polynomial differential systems of the
form

ẋj =
dxj
dt

= Pj(t, x) =
∑

0≤i1+···+in≤m
aji1···in(t)x

i1
1 · · ·x

in
n , j = 1, · · · , n

(2)
aji1···in ∈M(U,C)

Pj ∈M(U,C)[x1, · · · , xn] for j = 1, · · · , n.

degree m = max{degP1, · · · ,degPn}.
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Non autonomous differential systems From autonomous to a class of non–autonomous

We associate the v.f.

X =
∂

∂t
+

n∑
j=1

Pj
∂

∂xj
.

x = (x1, · · · , xn)
X is a derivation of the ring M(U,C)[x]
and so of the quotient field M(U,C)(x).

Differential field extension (M(U,C), d/dt) ⊂ (M(U,C)(x), X).
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Non autonomous differential systems From autonomous to a class of non–autonomous

x = (x1, · · · , xn)
f1, · · · , fp ∈M(U,C)[x] be irreducible and coprime.

F = exp (g/h) with g, h ∈M(U,C)[x] coprimes.

fλ11 · · · f
λp
p

(
exp

(
g1
h1

))µ1
· · ·
(
exp

(
gq
hq

))µq
= fλ11 · · · f

λp
p exp

(g
h

)
,

will be called a generalized Darboux function.
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Non autonomous differential systems The Theorem

Theorem

Consider X in U × Cn of degree m having
(i) p invariant hypersurfaces f1 = 0, · · · , fp = 0 with cofactors

K1, · · · ,Kp.

f1, · · · , fp ∈M(U,C)[x] are irreducible + coprimes.

(ii) q exponential factors Fp+1, · · · , Fp+q with cofactors
Kp+1, · · · ,Kp+q.
Here Fi = exp (gi/hi)
with gi, hi ∈M(U,C)[x] are irreducible +coprimes.

We further assume that d log f1, . . . , d log fp, d logFp+1, . . . , d logFp+q
are C-linearly independent as meromorphic 1-forms in U × Cn.
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Non autonomous differential systems The Theorem

Theorem
Then the following statements hold.
(a) p+ q > rank(W(K1, · · · ,Kr)) iff there is a FI. This first integral is

either rational or Darboux.

(b) p+ q > rank(W(K1, · · · ,Kr,divX)) + 1 iff there is a rational FI or
a Darboux JM

(c) If p+ q > rank(W(K1, · · · ,Kr)) + n for j = 1, · · · , n then the
vector field X has at least one rational first integral.

Pantazi (MA1-EPSEB) Darboux Theory of Integrability 02-10-2012 24 / 30



Non autonomous differential systems The Theorem

Lemma

Let W be an open subset of U × Cn. Let J1, · · · , Jn be functionally
independent analytic first integrals of X on W .
(a) If Jn+1 is another first integral then there exists analytic functions

C1, · · · , Cn such that:

dJn+1 = C1dJ1 + · · ·+ CndJn. (3)

(b) The functions C1, . . . , Cn are first integrals of X.

(c) Assume Jk = log(Ik) for k = 1, . . . , n+ 1 where I1, . . . , In+1 are
Darboux first integrals in which the factors
f1, . . . , fp, Fp+1, . . . , Fp+q appear, being d log f1, . . . ,
d log fp, d logFp+1, . . . , d logFp+q C-linearly independent. Assume
that at least one factor appearing in In+1 does not appear in the
I1, . . . , In. Then, the functions Ci are in M(U,C)(x) and at least
one of them is not a constant.
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Non autonomous differential systems An example

3-D non-autonomous Lotka-Volterra

Example

ẋ = x

(
ta1(t)− 1

t
− λ2b21 + b31

λ1
tx+ b12y + b13z

)
ẏ = y

(
a2(t) + b21tx−

λ1b12 + b32
λ2

y + b23z

)
ż = z(−λ1a1(t)− λ2a2(t) + tb31x+ b32y − (λ1b13 + λ2b23)z).

(4)

System (4) admits the invariant hypersurfaces f1 = x, f2 = y and
f3 = z with cofactors

K1 = −(λ2b21 + b31)

λ1
tx+ b12y + b13z +

ta1(t)− 1

t

K2 = a2(t) + b21tx−
λ1b12 + b32

λ2
y + b23z

K3 = −λ1a1(t)− λ2a2(t) + tb31x+ b32y − (λ1b13 + λ2b23)z.

Note that det(W(K1,K2,K3)) 6= 0.
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Non autonomous differential systems An example

we continue with the example...

Example

p+ q = 3 = rank(W(K1,K2,K3)) = 3.

F = exp(λ1 ln(t)) with K = λ1/t

p+ q = 4 > rank(W(K1,K2,K3,K)) = 3.

The system admits the Darboux first integral

H = xλ1yλ2ztλ1 .
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Non autonomous differential systems Literature
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L.R. BERRONE AND H. GIACOMINI, Inverse Jacobi multipliers,
Rend. Circ. Mat. Palermo II 52 (2003) 77–130.
G. DARBOUX, De l’emploi des solutions particulières algébriques
dans l’intégration des systèmes d’équations différentielles
algébriques, C. R. Math. Acad. Sci. Paris 86 (1878), 1012–1014.
I.A. GARCIA AND J. GINÉ, Generalized cofactors and nonlinear
superposition principles, Appl. Math. Lett. 16 (2003), 1137–1141.
J.P. JOUANOLOU, Equations de Pfaff algébriques, in Lectures
Notes in Mathematics 708, Springer–Verlag, New York/Berlin,
1979.
M.F. SINGER, Liouvillian first integrals of differential equations,
Trans. Amer. Math. Soc. 333, (1992), 673–688.

Pantazi (MA1-EPSEB) Darboux Theory of Integrability 02-10-2012 28 / 30



Non autonomous differential systems Literature
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integrability of Non–autonomous polynomial differential systems,
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Non autonomous differential systems thanks

Thank you for your attention!
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