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Orientable connected closed surfaces

An orientable connected compact surface without boundary of
genus g > 0, My, is homeomorphic to the sphere if g = 0, to
the torus if g = 1, or to the connected sum of g copies of the
torus if g > 2.
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Orientable connected closed surfaces

An orientable connected compact surface without boundary of
genus g > 0, My, is homeomorphic to the sphere if g = 0, to
the torus if g = 1, or to the connected sum of g copies of the
torus if g > 2.

An orientable connected compact surface with boundary of
genus g > 0, My 5, is homeomorphic to Mg minus a finite
number b > 0 of open discs having pairwise disjoint closure.
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Orientable connected closed surfaces

An orientable connected compact surface without boundary of
genus g > 0, My, is homeomorphic to the sphere if g = 0, to
the torus if g = 1, or to the connected sum of g copies of the
torus if g > 2.

An orientable connected compact surface with boundary of
genus g > 0, My 5, is homeomorphic to Mg minus a finite
number b > 0 of open discs having pairwise disjoint closure.

In what follows M g = M.
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Non—orientable connected closed surfaces
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Non—orientable connected closed surfaces

A non—orientable connected compact surface without boundary
of genus g > 1, Ng, is homeomorphic to the real projective
plane if g = 1, or to the connected sum of g copies of the real
projective plane if g > 1.
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Non—orientable connected closed surfaces

A non—orientable connected compact surface without boundary
of genus g > 1, Ng, is homeomorphic to the real projective
plane if g = 1, or to the connected sum of g copies of the real
projective plane if g > 1.

A non—orientable connected compact surface with boundary of
genus g > 1, Ny 5, is homeomorphic to Ny minus a finite
number b > 0 of open discs having pairwise disjoint closure.
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Non—orientable connected closed surfaces

A non—orientable connected compact surface without boundary
of genus g > 1, Ng, is homeomorphic to the real projective
plane if g = 1, or to the connected sum of g copies of the real
projective plane if g > 1.

A non—orientable connected compact surface with boundary of
genus g > 1, Ny 5, is homeomorphic to Ny minus a finite
number b > 0 of open discs having pairwise disjoint closure.

In what follows Ng o = Ng.
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Basic definitions

Let f : X — X be a continuous map on a closed surface X.
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Basic definitions

Let f : X — X be a continuous map on a closed surface X.

A point x € X is periodic of period nif f(x) = x and f%(x) # x
fork=1,....,n—1.
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Basic definitions

Let f : X — X be a continuous map on a closed surface X.

A point x € X is periodic of period nif f(x) = x and f%(x) # x
fork=1,....,n—1.

Per(f) denotes the set of periods of all periodic points of f.
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Basic definitions

Let f : X — X be a continuous map on a closed surface X.

A point x € X is periodic of period nif f(x) = x and f%(x) # x
fork=1,....,n—1.

Per(f) denotes the set of periods of all periodic points of f.

The aim of the present paper is to provide some information on
Per(f) using the Lefschetz fixed point theory.
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The results that | will present here come from the following two
papers:
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The results that | will present here come from the following two
papers:

J.L.G. GUIRAO AND J. LLIBRE, Periods of continuous maps on
closed surfaces, preprint, 2014.

J.L.G. GUIRAO AND J. LLIBRE, Periods of homeomorphisms on
closed surfaces, to appear in “Discrete dynamical systems and
applications”, Proc. of ICDEA2012, Eds. L. Alseda, J. Cushing,
S. Elaydi and A. Pinto, pp. 1-6.
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Let A be an n x nreal matrix.
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Let A be an n x nreal matrix.

A k x k principal submatrix of A is a submatrix lying in the
same set of k rows and columns.
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Let A be an n x nreal matrix.

A k x k principal submatrix of A is a submatrix lying in the
same set of k rows and columns.

A k x k principal minor is the determinant of a principal
submatrix.
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Let A be an n x nreal matrix.

A k x k principal submatrix of A is a submatrix lying in the
same set of k rows and columns.

A k x k principal minor is the determinant of a principal
submatrix.

There are () different k x k principal minors of A, and the sum
of these is denoted by Ex(A).
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Let A be an n x nreal matrix.

A k x k principal submatrix of A is a submatrix lying in the
same set of k rows and columns.

A k x k principal minor is the determinant of a principal
submatrix.

There are () different k x k principal minors of A, and the sum
of these is denoted by Ex(A).

E{(A) is the trace of A.

Universitat Autonoma de Barcelona Periods of (continuous) maps and homeomorphisms on clos



Let A be an n x nreal matrix.

A k x k principal submatrix of A is a submatrix lying in the
same set of k rows and columns.

A k x k principal minor is the determinant of a principal
submatrix.

There are () different k x k principal minors of A, and the sum
of these is denoted by Ex(A).

E{(A) is the trace of A.
and E,(A) is the determinant of A, denoted by det(A).
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Let A be an n x nreal matrix.

A k x k principal submatrix of A is a submatrix lying in the
same set of k rows and columns.

A k x k principal minor is the determinant of a principal
submatrix.

There are (}) different k x k principal minors of A, and the sum
of these is denoted by Ex(A).

E{(A) is the trace of A.
and E,(A) is the determinant of A, denoted by det(A).

Then characteristic polynomial of A is
det(t/ — A) = t" — E{(A)t" " + Ex(A)t"2 — ...+ (—=1)"E(A).
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Continuous maps on closed surfaces

Universitat Autonoma de Barcelona Periods of (continuous) maps and homeomorphisms on clos



Continuous maps on closed surfaces

Notation:
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Continuous maps on closed surfaces

Notation:

X is a closed surface,
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Continuous maps on closed surfaces

Notation:
X is a closed surface,

f: X — X be a continuous map or a homeomorphsim,
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Continuous maps on closed surfaces

Notation:

X is a closed surface,

f: X — X be a continuous map or a homeomorphsim,

A and (d) are the integral matrices of the endomorphisms

f*,' : H,'(X, Q) — H,‘(X, Q)

induced by f on the i—th homology group of X, i =1, 2.
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SURFACE HOMEOMORPHISMS THEOREM

If X'is either My p with b > 0, or Ny ,, with b > 0, then
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SURFACE HOMEOMORPHISMS THEOREM

If X'is either My p with b > 0, or Ny ,, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
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SURFACE HOMEOMORPHISMS THEOREM

If X'is either My p with b > 0, or Ny ,, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ex(A) # 0, then Per(f) N {1,2} # 0.
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SURFACE HOMEOMORPHISMS THEOREM

If X'is either My p with b > 0, or Ny ,, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ex(A) # 0, then Per(f) N {1,2} # 0.

If X' = Mg p with b > 0, then
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SURFACE HOMEOMORPHISMS THEOREM

If X'is either My p with b > 0, or Ny ,, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ex(A) # 0, then Per(f) N {1,2} # 0.

If X' = Mg p with b > 0, then

(c) If E1(A) =1, Ex(A)=0,29+b—1 > 3 and k is the smallest
integer of the set {3,4,...,2g9 + b — 1} such that E,(A) # 0,
then Per(f) has a periodic point of period a divisor of k.
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SURFACE HOMEOMORPHISMS THEOREM

If X'is either My p with b > 0, or Ny ,, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ex(A) # 0, then Per(f) N {1,2} # 0.

If X' = Mg p with b > 0, then

(c) If E1(A) =1, Ex(A)=0,29+b—1 > 3 and k is the smallest
integer of the set {3,4,...,2g9 + b — 1} such that E,(A) # 0,
then Per(f) has a periodic point of period a divisor of k.

If X = Ny, with b > 0, then
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SURFACE HOMEOMORPHISMS THEOREM

If X'is either My p with b > 0, or Ny ,, with b > 0, then
(a) If E{(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ex(A) # 0, then Per(f) N {1,2} # 0.

If X' = Mg p with b > 0, then

(c) If E1(A) =1, Ex(A)=0,29+b—1 > 3 and k is the smallest
integer of the set {3,4,...,2g9 + b — 1} such that E,(A) # 0,
then Per(f) has a periodic point of period a divisor of k.

If X = Ny, with b > 0, then

(d) If E1(A) =1, Ex(A) =0,9+ b—1>3and k is the smallest
integer of the set {3,4,...,g + b— 1} such that E((A) # 0, then
Per(f) has a periodic point of period a divisor of k.
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We do not study the homeomorphisms of M, , with b = 0
because these were studied in:
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We do not study the homeomorphisms of M, , with b = 0
because these were studied in:

J. FRANKS AND J. LLIBRE, Periods of surface

homeomorphisms, Contemporary Mathematics 117 (1991),
63-77.
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Lefschetz fixed point theory
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Lefschetz fixed point theory

Let f: X — X be a continuous map and let X be either M, ;, or
Ng’b
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Lefschetz fixed point theory

Let f: X — X be a continuous map and let X be either M, ;, or
Ng’b

The Lefschetz number of f is defined by

L(f) = trace(f.o) — trace(f,1) + trace(f.z).
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Lefschetz fixed point theory

Let f: X — X be a continuous map and let X be either M, ;, or
Ng’b

The Lefschetz number of f is defined by
L(f) = trace(f.o) — trace(f,1) + trace(f.z).

For continuous maps and in particular for homeomorphisms f
defined on X we have:
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Lefschetz fixed point theory

Let f: X — X be a continuous map and let X be either M, ;, or
Ng’b

The Lefschetz number of f is defined by
L(f) = trace(f.o) — trace(f,1) + trace(f.z).

For continuous maps and in particular for homeomorphisms f
defined on X we have:

LEFSCHETZ FIXED POINT THEOREM
If L(f) # 0 then f has a fixed point.
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The Lefschetz zeta function

Note that if L(f") # 0 then " has a fixed point, and
consequently f has a periodic point of period a divisor of n.
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The Lefschetz zeta function

Note that if L(f") # 0 then " has a fixed point, and
consequently f has a periodic point of period a divisor of n.

In order to study the whole sequence {L(f")},>1 it is defined
the formal Lefschetz zeta function of f as

Zi(t) = exp (Z L(nfn)t”)

n=1
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The Lefschetz zeta function

Note that if L(f") # 0 then " has a fixed point, and
consequently f has a periodic point of period a divisor of n.

In order to study the whole sequence {L(f")},>1 it is defined
the formal Lefschetz zeta function of f as

Zi(t) = exp (Z L(nfn)t”)
n=1

The Lefschetz zeta function is in fact a generating function for
the sequence of Lefschetz numbers n, which allow to study the
whole sequence {L(f")},>1 through a function.
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The Lefschetz zeta function

Note that if L(f") # 0 then " has a fixed point, and
consequently f has a periodic point of period a divisor of n.

In order to study the whole sequence {L(f")},>1 it is defined
the formal Lefschetz zeta function of f as

Zi(t) = exp (Z L(nfn)t”)

n=1

The Lefschetz zeta function is in fact a generating function for
the sequence of Lefschetz numbers n, which allow to study the
whole sequence {L(f")},>1 through a function.

For a continuous self-map of a closed surface the Lefschetz
zeta function is the rational function
det(l — tf*1)
Zi(t) = )
/(1) det(/ — tf.o)det(/ — tf.5)
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The Lefschetz zeta function for surface
homeomorphisms |

Universitat Autonoma de Barcelona Periods of (continuous) maps and homeomorphisms on clos



The Lefschetz zeta function for surface
homeomorphisms |

For an orientation—preserving homeomorphism f : Mg 5 — Mg p

we have
d‘iz(/_ _t)tf) if b= 0.
(1) = det(/ — tA)
N R

where .,y = Aand f,, = (1) if b= 0, and f., = (0) if b > 0.
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The Lefschetz zeta function for surface
homeomorphisms |

For an orientation—preserving homeomorphism f : Mg 5 — Mg p
we have

d‘?:(/__t)tf) if b=0.
(1) = det(/ — tA)

where .,y = Aand f,, = (1) if b= 0, and f., = (0) if b > 0.

For an orientation—-reversing homeomorphism f : Mg p, — Mg p
we have

de:(/_t;A) if b=0.
Zi(t) = .
detf’__ttA) it b > 0.

where f,, = (—1)if b= 0, and f., = (0) if b > 0.
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The Lefschetz zeta function for surface
homeomorphisms |l

For a homeomorphism f: Ng ,, — Ny , we have

_ det(/ — tA)

Z(t) -

where f.1 = Aand f,», = (0).
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The Lefschetz zeta function for surface
homeomorphisms |l

For a homeomorphism f: Ng ,, — Ny , we have

Zi(t) = detf’__ttA).

where f.1 = Aand f,», = (0).

Note that for b > 0 for the surfaces Mg , and for b > 0 for the
surfaces Ny 4, the expression of the zeta function is the same for
all the previous three kind of homeomorphisms.
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Proof of statement (a) of the SURFACE

HOMEOMORPHISMS THEOREM |

P
= log(Z;(t))
det(/ — tA)
:'°g< 1t >
_ 2 _ _41\m m
:Iog<1 E1(A)t+E2(A)z;_t...+( ME (At >

=log(1 — E{(A)t + Ex(A)t? — ...) —log(1 — t)

- (~&r+ (B - 51(2/\)2) o) (- - )

= (1 — E(A)t+ (;_ _5 (ZA)Q + E2(A)> 2+ O(#).
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Proof of statement (a) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Therefore we have

L(fy=1—Ej(A), and L(f?)=1— E{(A)?+2E,(A).
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Proof of statement (a) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Therefore we have
L(f)=1—E(A), and L(f%) =1— E(A)? +2E,(A).

If X'is either Mg ,, with b > 0, or Ny , with b > 0, then
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Proof of statement (a) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Therefore we have
L(f)=1—E(A), and L(f%) =1— E(A)? +2E,(A).

If X'is either Mg ,, with b > 0, or Ny , with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
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Proof of statement (a) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Therefore we have
L(f)=1—E(A), and L(f%) =1— E(A)? +2E,(A).

If X'is either Mg ,, with b > 0, or Ny , with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).

Hence, if E1(A) # 1 then L(f) # 0, and by the Lefschetz fixed
point theorem statement (a) follows.
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Proof of statement (b) of the SURFACE

HOMEOMORPHISMS THEOREM
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Proof of statement (b) of the SURFACE

HOMEOMORPHISMS THEOREM

(b) If E1(A) =1 and Ex(A) # 0, then Per(f) N {1,2} # 0.
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Proof of statement (b) of the SURFACE

HOMEOMORPHISMS THEOREM

(b) If E1(A) =1 and Ex(A) # 0, then Per(f) N {1,2} # 0.

If E1(A) =1 and Ex(A) # 0, then L(f2) = 2E,(A) # 0, and
again by the Lefschetz fixed point theorem we get that
Per(f) N {1,2} # (. So statement (b) is proved.
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Proof of statement (c) of the SURFACE

HOMEOMORPHISMS THEOREM |
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Proof of statement (c) of the SURFACE

HOMEOMORPHISMS THEOREM |

Assume now that X = Mg , with b > 0, E4(A) =1, Ex(A) =0,
29+ b —1 >3 and k is the smallest integer of the set
{3,4,...,29 + b — 1} such that E,(A) # 0.
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Proof of statement (c) of the SURFACE

HOMEOMORPHISMS THEOREM |

Assume now that X = Mg , with b > 0, E4(A) =1, Ex(A) =0,
29+ b —1 >3 and k is the smallest integer of the set
{8,4,...,29 + b — 1} such that E((A) # 0.

Therefore

Z (f”)

(1—t+ DKER(AK + ... + (— 1)b1E2g+b_1(A)t29+b1>
1t

DEE(A)K + ..+ (—1)P7 " Epg i p_1 (A) 129701
—Iog<1+ KA+ +(1_)t 20+b-1(A)

(—1)KEx(A)th + O(tk+1).
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Proof of statement (c) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Hence L(f) = ... = L(f*"") = 0 and L(f*) = (—1)KkEx(A) # 0.
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Proof of statement (c) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Hence L(f) = ... = L(f*"") = 0 and L(f*) = (—1)KkEx(A) # 0.

(c)If E1(A) =1, Eo(A)=0,29+b—1> 3 and k is the smallest
integer of the set {3,4,...,2g9 + b — 1} such that E,(A) # 0,
then Per(f) has a periodic point of period a divisor of k.
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Proof of statement (c) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Hence L(f) = ... = L(f*"") = 0 and L(f*) = (—1)KkEx(A) # 0.

(c)If E1(A) =1, Eo(A)=0,29+b—1> 3 and k is the smallest
integer of the set {3,4,...,2g9 + b — 1} such that E,(A) # 0,
then Per(f) has a periodic point of period a divisor of k.

So, from the Lefschetz fixed point theorem, it follows the
statement (c).
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Proof of statement (d) of the SURFACE

HOMEOMORPHISMS THEOREM |

Suppose that X = Ny, with b > 0,9+ b—-12>3, E;(A) =1,
E>(A) = 0 and k is the smallest integer of the set
{8,4,...,g+ b— 1} such that E,(A) # 0. Therefore

e )
,,; n
B 1—t+ (DRE(A o+ (—1)I By 4 (A0
N 1—t

NDKE(AVK + ... + (=190 E 1 (A) 90T
~ log <1+ k(A + +(1 _)t g+b—1(A)

(—1)KEx(A)th 4 O(tk+1).
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Proof of statement (d) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Again L(f) = ... = L(f* ") = 0 and L(f¥) = (—1)XkE(A) # 0.
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Proof of statement (d) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Again L(f) = ... = L(f* ") = 0 and L(f¥) = (—1)XkE(A) # 0.

(d) If E4(A) =1, Eo(A)=0,g+ b—1 >3 and k is the smallest
integer of the set {3,4,...,g+ b — 1} such that Ex(A) # 0, then
Per(f) has a periodic point of period a divisor of k.

Universitat Autonoma de Barcelona Periods of (continuous) maps and homeomorphisms on clos



Proof of statement (d) of the SURFACE

HOMEOMORPHISMS THEOREM Il

Again L(f) = ... = L(f* ") = 0 and L(f¥) = (—1)XkE(A) # 0.

(d) If E4(A) =1, Eo(A)=0,g+ b—1 >3 and k is the smallest
integer of the set {3,4,...,g+ b — 1} such that Ex(A) # 0, then
Per(f) has a periodic point of period a divisor of k.

Therefore, from the Lefschetz fixed point theorem, it follows the
statement (d).
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SURFACE MAPS THEOREM
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SURFACE MAPS THEOREM

If X'is either My , with b > 0, or Ny 5, with b > 0, then

Universitat Autonoma de Barcelona Periods of (continuous) maps and homeomorphisms on clos



SURFACE MAPS THEOREM

If X'is either My , with b > 0, or Ny 5, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
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SURFACE MAPS THEOREM

If X'is either My , with b > 0, or Ny 5, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ex(A) # 0, then Per(f) n {1,2} # 0.
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SURFACE MAPS THEOREM

If X'is either My , with b > 0, or Ny 5, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ex(A) # 0, then Per(f) n {1,2} # 0.

If X = My, with b = 0, then
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SURFACE MAPS THEOREM

If X'is either My , with b > 0, or Ny 5, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ex(A) # 0, then Per(f) n {1,2} # 0.

If X = My with b = 0, then
() If Ey(A) # 1+ d, then 1 € Per(F).
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SURFACE MAPS THEOREM

If X'is either My , with b > 0, or Ny 5, with b > 0, then
(a) If E1(A) # 1, then 1 € Per(f).
(b) If E1(A) =1 and Ex(A) # 0, then Per(f) n {1,2} # 0.

If X = My with b = 0, then
() If Ey(A) # 1+ d, then 1 € Per(F).

(d) If E{(A) =1+ d and Ex(A) # d° + d + 1, then
Per(f)n{1,2} # 0.
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SURFACE MAPS THEOREM (continuation)

If X = Mg p with b > 0, then
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SURFACE MAPS THEOREM (continuation)

If X = Mg p with b > 0, then

(e)If E1(A) =1, Ex(A) = 0,29+ b—1 > 3 and k is the smallest
integer of the set {3,4,...,2g9 + b — 1} such that E,(A) # 0,
then Per(f) has a periodic point of period a divisor of k.
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SURFACE MAPS THEOREM (continuation)

If X = Mg p with b > 0, then

(e)If E1(A) =1, Ex(A) = 0,29+ b—1 > 3 and k is the smallest
integer of the set {3,4,...,2g9 + b — 1} such that E,(A) # 0,
then Per(f) has a periodic point of period a divisor of k.

If X = Ny with b > 0, then
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SURFACE MAPS THEOREM (continuation)

If X = Mg p with b > 0, then

(e)If E1(A) =1, Ex(A) = 0,29+ b—1 > 3 and k is the smallest
integer of the set {3,4,...,2g9 + b — 1} such that E,(A) # 0,
then Per(f) has a periodic point of period a divisor of k.

If X = Ny with b > 0, then

() If E1(A) =1, Ex(A)=0,9+ b—1 >3 and k is the smallest
integer of the set {3,4,...,g+ b — 1} such that Ex(A) # 0, then
Per(f) has a periodic point of period a divisor of k.
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THANK YOU VERY MUCH FOR YOUR ATTENTION
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