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Plan of the talk

@ Invariant measures for transcendental meromorphic functions
Q Basic properties of 'critically tame’ elliptic functions
© The results

@ Idea of the proofs (the main ingredients of the proofs)

o thermodynamic formalism for conformal graph directed Markov
systems

@ nice sets for holomorphic maps of the Riemann surfaces
o L.S. Young's tower
e stochastic properties of the return map

@ metric entropy
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Fatou set and Julia set

Let f : C — C be a transcendental meromorphic function or
let f : C — C be a rational map of degree > 2. Then

o The Fatou set F(f) is defined as usual using normal families:
a point z is in the Fatou set if and only in there is a
neighbourhood of z on which the iterates of f are well defined
and form a normal family.

o The Julia set J(f) := C\ F(f).

y

Let S(f) c € denote the set of singular values of f:

e a point z is an element of C\ S(f) if and only if there is a
neighbourhood of z on which all inverse branches are well -
defined, univalent maps. This set contains critical values and
asymptotic values.

Janina Kotus, Warsaw University of Technology Metric entropy and stochastic laws of invariant measures for elli



A point a € C is called an asymptotic value if there is a path
v :[0,1) — C such that:

o lim;_,;- v(t) = o0 and

o lime_- F(1(t)) = a

y

Examples
Q f(z)=e*#0, a1 =0=limy_ €"
Q f(z)=tan(z) #+i, ar=i=lim,_tanz, ar=—i=

lim,_, - tanz

P(f) := U,50 f"(S(f))— is called the post - singular set.

Janina Kotus, Warsaw University of Technology Metric entropy and stochastic laws of invariant measures for elli



| - Invariant measures

Theorem A (Urbariski and Kotus)

Let £ : C — C be a transcendental meromorphic function
satisfying the following conditions:

o J()=C
o m({z € J(f): w(z)is not contained in P(f)}) >0
(i.e. P(f) is not a metric attractor)

then there exists a o-finite ergodic and conservative f invariant
measure 4 equivalent with the Lebesgue measure m.

| A\

RENEILS

We applied M. Martens' technique of construction of invariant
measures

(a) f(z) =2mie*  (b) f(z) = mwitan(z)
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| - Probabilistic invariant measures

Theorem B (Swiatek and Kotus)

@ Let f: C — C be a meromorphic function with finitely many
singular values. Suppose further that all poles of f have
multiplicities bounded by M.

@ Suppose also that J(f) = C and P(f) N (Crit(f) U {oo}) = 0.

© for some rp >0
/ m(r,;) dr < oo,

0 r1+’V’

for each asymptotic value a.

Then, f has a probabilistic ergodic and conservative invariant
measure which is absolutely continuous with respect to the
Lebesgue measure.

Where m([’7 a) = .friﬂ- |0g+ mdr— prOXimity funCtion
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| - Probabilistic invariant measures

RENEIS

Theorem B does not apply to:
@ entire functions

@ meromomorphic funtions with finitely many poles

| A

Examples

Hypotheses of Theorem B are satisfied by the functions
o f(z) = kmitan(z)
(Theorem A =- invariant measure is o-finite)
o elliptic functions if J(f) = C and P(f) N (Crit(f)U{oo}) = Q).J

Remark

The necessity of the hypothesis (3) frzo %ﬁ—)dr < 00
r'm

z—a)? .
Let f(z) = AZ‘EZT;:;. Then f does not satisfy (3) and f doesn't

have finite invariant measure.
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| - Probabilistic invariant measures

Theorem - Dobbs (a converse to a theorem of Swiatek and Kotus)

@ Let f : C — C be a meromorphic function such there exists a
positive Lebesgue measure set of points z € J(f) such that
w(z)is not contained in P(f).

Q Let A be a forward invariant, bounded set and suppose f
admits a pole of order M which is not an omitted value.

Q If the o invariant measure given in Theorem A is finite, then

/ dist(f(z), A)
|z|>ro

|z|2+% dm < oo

for some ry, where integration is with respect to Euclidean
Lebesgue measure m.
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| - Probabilistic invariant measures

Suppose f admits an asymptotic value a whose orbit is bounded.
Let A:= Orb*(a). Then

/ dist(f(z), A)
|z|>ro

|Z|2+%

dm < oo

implies

dist(f
|z|>ro ’Z‘2+W

One can rewrite the inequality as

oo
/ 72 4y < oo,

S0 |r[TtH

2
where m(r,a) = [ " log™ mdr
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[I- Elliptic functions

Definition

Let f : C — C be a non-constant elliptic function. Every such
function is doubly periodic and meromorphic i.e. there exist two
vectors wy, ws, Im(%) # 0, such that for every z € C and

n,m e Z, f(z) = f(z+ mwy + nws).

RENEILS

Every elliptic function has a form R(p, ') where R is rational, @ is
a Weiestrass function.

~
N

1
p(z) = 22+Z[(z—wk _W_,%]’ wx = mwy + nw,
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Il - Elliptic functions

Let f : C — C be an elliptic function and ¢ € Crit(f). We say
that f is critically tame if the following conditions are satisfied:

o if c € F(f)- Fatou set, then there exists an attracting or
parabolic cycle of period p, O(z) = {20, f(20), -, FP"1(20)}
such that w limit set w(c) = O(z).

o if c € J(f) - Julia set, then one of the following holds:

o w(c) is a compact subset of C such that ¢ ¢ w(c);
(i.e. non-recurrent property) but ¢ € w(c’) where
¢’ e Crit(f))

o c is eventually mapped onto some pole;

o lim,_o F(c) = 00
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Il - The results

Theorem C - Urbanski and Kotus

Let f be a non-constant elliptic function. Then
: 2
dimy(J(f)) > q—fl >1
where g is the maximal multiplicity of poles of f.

Theorem D -Urbanski and Kotus

Let f : C — C be a critically tame elliptic function.
o If h=dimy(J(f)) = 2, then J(f) = C.
o If h <2, then

@ h- dimensional Hausdorff measure H”(J(f)) = 0.

@ h -dimensional packing measure M/(J(f)) > 0.

@ Nh(J(f)) = o if and only if Q(f) # 0, Q(f) is the set of
parabolic periodic points.
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[1l1 - The results

Theorem E- Urbanski and Kotus

Suppose that f is critically tame elliptic function, denote
h = dimpy(J(f)). Then there exist:
@ a unique atomless h-conformal measure m for
f:J(f)\ {oo} = J(f) where m is ergodic and m(Tr(f)) =1,
Tr(f) C J(f) denotes the set of all transitive points of f
o if f has no parabolic periodic points, then 0 < N?(J(f)) < oo
and m and N7 are equivalent.

@ there exists a non-atomic, o-finite, ergodic and invariant
measure y for f, equivalent to the measure m. Additionally, u
is unique up to a multiplicative constant and is supported on
J(f).

o the Jacobian D,f = iofﬁf has a real analytic extension on
a neighborhood of J(f) \ (PC(f) U f~1(c0)) in C.
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Il - Basic properties of critically tame elliptic functions

Conformal measure

Fix t > 0. Let G and H be non-empty open subsets of C. Let
f: G — H be a meromorphic map.

A pair (mg, my) of Borel finite measures on G and H respectively
is called spherical t-conformal pair of measures for the map
f:G— H,if

mu(F(A)) = /A £ dime

for every Borel set A C G such that f|, is injective.

If both measures mg and my are restrictions of the same Borel
finite measure m defined defined on G U H, we refer to m as
t- conformal measure the map f: G — H.
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Il - The results

Definitions

Let f : C — C be critically tame elliptic functions

o If f has no parabolic periodic points

o and Criteo(f) = 0 (no critical points diverge to infinity)
then f is called of finite character.

Proposition

If f: C — C is a critically tame elliptic of finite character then
o Ly finite.

@ in particular if Julia set is equal to the entire complex plane C,
then there exists a unique Borel probability f-invariant

measure 1 equivalent to the planar Lebesgue measure on C.
(as before in Theorem B)
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[Il - The new results

Theorem 1(a) - Decay of correlation - Urbariski and Kotus

If f: C — C is an elliptic function of finite character and if y is
the probability f-invariant measure equivalent to the h-conformal
measure m, then for the dynamical system (f, 1) the following
holds.

Fix € (0,1] and a bounded function g : J(f) — R which is
Holder continuous with respect to the Euclidean metric on J(f)
with the exponent a.. Then for every bounded measurable function
Y J(f) — R, we have that

’/wof"-gdu—/gdmu/wdu‘ — 0(0")

for some 0 < § < 1 depending on «.
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[Il - The new results

Theorem 1(b) - The Central Limit Theorem - Urbariski and

Kotus

The Central Limit Theorem holds for every Holder continuous
function g : J(f) — R that is not cohomologous to a constant in
L2(p), i.e. for which there is no square integrable function 7 for
which g = const + no f — 7). Precisely this means that there exists
o > 0 such that

n—1
1 1 ;
—S,g=—=)» gof!— N(0,0)
vn'" ﬁ;

in distribution, where N(0, o) is here the normal (Gaussian)
distribution with 0 mean and variance o. Equivalently for every
t e R,

u({x eX: %Sng(X) < t}) — ﬁ /_too exp(—u?/20?) du.
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Il - The new results

Theorem 1(c)-The Law of Iterated Logarithm- Urbanski and

Kotus

The Law of Iterated Logarithm holds for every Holder continuous
function g : J(f) — R that is not cohomologous to a constant in
L2(11). This means that there exists a real positive constant Ag
such that such that p, almost everywhere

i Sng —n [ gdu
imsup ———— =

nsoo /nloglogn &

Theorem 2 - Urbanski and Kotus

| \

If f: C — C is a critically tame map of finite type, pup is the
corresponding Borel probability f-invariant measure equivalent to
the h-conformal measure m,then a metric entropy

By, (f) < +oo0.
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The main ingredients of the proof of Theorem 1

A) Thermodynamic formalism for graph directed Markov system
B) Nice sets for analytic maps
C) Young's tower technique

D) Stochastic properties of the return map
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Idea of proof of stochastics laws

Part | - projection onto T

o Let f : C — C be a critically tame elliptic function

o Let T = C/~¢ (the torus generated by the lattice A of ).

o B(f) = f~1(o0) U (Crit(f) N J(f)) is infinite

o M:C — T be the canonical projection, T := M(C \ f~(c0))

C\fl) ', C

I'Il ln

.~ F
* ., T

o Then B(f) = MN(B(f)) is finite Il
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Idea of proof of stochastics laws

Part | - projection onto T

We construct Graph Directed Markow System such that its
vertices are in B(f) =M(B(f)) € T

wW=e,e.epe,..

Xy

1

e

V3
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Idea of proof of stochastics laws

Part | - projection onto T

A Graph Directed Markov System consists of

o a directed multigraph (E, V) with a countable set of edges E
and a finite set of vertices V/,

@ an incidence matrix A: E x E — {0, 1},

@ two functions /i, t : E — V such that t(a) = i(b) whenever
Ay =1,

@ a family of non-empty compact metric spaces {X, },cv,

@ a number 8 € (0,1), and for every e € E, a 1-to-1 contraction
Pe : Xi(e) = Xi(e) With a Lipschitz constant < f3.

© The set S = {¢e : Xi(e) = Xj(e)JecE is called a Graph
Directed Markov System (GDMS).

o Theset J = Js :=m(ER°) is called the limit set of the Graph
Directed Markov System S = {¢e }ece (GDMS).
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Idea of proof of stochastics laws

Part | - projection onto T

We prove:

o Bowen formula i.e. Hausdorff dimension of the limit set Js of
Graph Directed Markov System S is equal
to zero of the topological pressure.

@ Graph Directed Markov System S corresponds to a subshift
(EY, o) which has h- conformal measure iy,

e my, = My o M1 defines h- conformal measure on the limit set
J of Graph Directed Markov System.
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Idea of proof of stochastics laws

Part 1l - ’lift’ GDMS to C

o For every ¢ € (Crit(f) N J(f)), f is elliptic function of finite
type, we define Iterated Function System by 'lifting’ some
branches of GDMS defined on T. So there is a limit set J,
and a conformal measure m. defined on J..

@ we show that m. is comparable with restriction of conformal
measure m to J., where m was proved to exist for elliptic
functions in Theorem E,

@ we consider a return map F on a neighbourhood V of c in the
Julia set J(f) and prove that the greatest common divisor of
all return time numbers is equal to 1.
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Idea of proof of stochastics laws

Part 1l - ’lift’ GDMS to C

@ we construct Young's tower associated with V' and return
time map F

@ we check that a return map satisfies the assumptions of L.S.
Young theorems concerning stochastic laws of invariant
measure, which implies the required properties of invariant
measure for critically tame elliptic functions
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I\/ - metric entropy of critically tame elliptic functions

o If f: C — C is a critically tame map of finite type,

@ up is the corresponding Borel probability f-invariant measure
equivalent to the h-conformal measure m,

@ then a metric entropy h,, (f) < +o0.

v

Corollary

o If f: C — C is a critically tame elliptic function with
J(f) = C and Crito(f) = 0,

@ 1 is the (unique) Borel probability f—invariant measure on C
equivalent to the planar Lebesgue measure on C .

@ then h,(f) < 400

N,
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I\/ - metric entropy of critically tame elliptic functions

Theorem - Abramov

If T:X — X is an ergodic measure preserving transformation of a
probability space (X, F, i), then for every set K € F with
0 < u(K) < 400, we have that

where

o F(x):= T™«™)(x) is an induced map

o 7k(x):=min{n>1: T"(x) € K}.

o pk = puyx(pu(K))™
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I\/ - metric entropy of critically tame elliptic functions

Krengel's Entropy

If T:X — X is an conservative ergodic measure preserving
transformation of a measure space (X, F, i), then for all sets F
and G in F with 0 < p(F), u(G) < +oo, we have that
hur (TF) = hyue(Te)-
@ This common value is called the Krengel” entropy of the map
T : X — X and is denoted simply by h,(T).

o If v is a probability measure, it coincides with the standard
entropy of T with respect to pu.
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I\/ - metric entropy of critically tame elliptic functions

The proof of Theorem 2

o Abramov’'s formula gives h,.(F) = ﬁhu(f), where f is

critically tame elliptic function

0 If S = {Pe}eck is a finitely irreducible strongly regular
GDMS, then the metric entropy hy, (o) of the dynamical
system o : EI}] — EI} with respect to the o-invariant measure

ity is finite.

® hu.(F) = hg,(0) < +oo, so h,

(f) = hue (F) - p(Je) < +o0.
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