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If f is a 
ontinuous map of an interval, the type of a �nite(exa
tly) invariant set f (S) = S = {p1 < p2 < . . . < pn} is thepermutation θ de�ned by f (pi ) = pθ(i).We write Pn for the permutations on {1, 2, . . . , n} and Cn for thesubset of 
y
li
 ones, 
orresponding to single periodi
 orbits.The entropy h(θ) of a type θ is the topologi
al entropy it for
es a
ontinuous map to have:h(θ) := inf{h(f )|f has an invariant set of type θ}.De�ne H(Pn) = max
θ∈Pn h(θ), H(Cn) = max

θ∈Cn h(θ).Question: What 
an be said about H(Pn) and H(Cn), and thepermutations and 
y
les a
hieving the maximum?



Theorem(Misiurewi
z and Nite
ki 1991)limn→∞

1n expH(Pn) = limn→∞

1n expH(Cn) = 2/π.In other words, the maximum entropy of n-permutations or ofn-
y
les grows like log(2n/π).



They gave expli
it bounds for 
y
les, whi
h serve also forpermutations:Theorem(Misiurewi
z-Nite
ki 1991)
(1− 4n)[ 2

π
− 12√n − 4]

≤ 1n expH(Cn) ≤ (1 +
3n)[ 2

π
+

1√n]

.The goal here is to sharpen these bounds, at least slightly, in lightof subsequent developments.



For n odd, de�ne l := ⌊(n − 1)/4⌋ so that n = 4l + 1 orn = 4l + 3. De�ne the (generalized) Misiurewi
z-Nite
ki orbittype θn of period n byj 7→ 













n − 2l − j if 1 ≤ j < n − 2l and j odd;j − n + 2l + 1 if n − 2l ≤ j ≤ n and j odd;n − 2l + j − 1 if 1 ≤ j ≤ 2l and j even;n + 2l − j + 2 if 2l < j ≤ n and j even.For example, θ5 = (1 2 4 5 3), θ7 = (1 4 7 3 2 6 5), and
θ11 = (1 6 11 5 2 8 9 3 4 10 7).It is easy to 
he
k that θn is a 
y
le of period n.Misiurewi
z and Nite
ki used these for n = 4l + 1 in the proof oftheir lower bound.



In fa
t, they turn out to be entropy maximizers:Theorem(G-Tolosa 1992) For n odd, the Misiurewi
z-Nite
ki orbit types θnhave maximum entropy among all n-permutations:h(θn) = H(Pn) = H(Cn).Theorem(G-Weiss 1993) For n odd, the Misiurewi
z-Nite
ki orbit types θnare (essentially) uniquely maximal.



There are analogues of these permutations in the even 
ase, butthey are not 
y
li
.Theorem(King 1997, G-Zhang 1998, King 2000) For n even, there areessentially unique permutations θn (non
y
li
 for n > 4) havingmaximum entropy among all n-permutations:h(θn) = H(Pn) > H(Cn).



The even 
y
li
 
ase is harder, with the maximality part (minusuniqueness) of the following �lling an entire AMS Memoir.Theorem(King-Strantzen 2001,2003) For n = 4l , there are essentially unique
y
li
 permutations ψn having maximum entropy among alln-
y
les: h(ψn) = H(Cn).The remaining even 
ase, n = 4l + 2, is still unresolved for 
y
les.However, there is a family of essentially unique 
y
les whi
h are
onje
tured to a
hieve the maximum (Alseda-Juher-King, 2008).



For 
y
les, we have the following bounds:TheoremIf n is odd then
(1− 1n)[ 2

π
− 12√n − 1]

≤ 1n expH(Cn) ≤ (1− 1n)[ 2
π

+
1√n − 1]

.If n is even then
(1− 2n)[ 2

π
− 12√n − 2]

≤ 1n expH(Cn) ≤ 2
π

+
1√n .



For permutations with n odd, the bounds for n-
y
les just statedapply. For permutations with n even, the following sharper lowerbounds hold:TheoremIf n = 4l is a multiple of 4 then
(1− 1n)[ 2

π
− 12√2√n − 2n − 1 ]

≤ 1n expH(Pn) ≤ 2
π

+
1√n .If n = 4l + 2 then

(1− 1n)[ 2
π
− 12√n − 2n − 1 ]

≤ 1n expH(Pn) ≤ 2
π

+
1√n .



Given a permutation θ ∈ Pn, let fθ be the pie
ewise linearinterpolation of the graph of θ on the interval [1, n].The indu
ed matrix M(θ) is the (n − 1) × (n − 1) matrix whose
(i , j)th entry is 1 if fθ([i , i + 1] 
ontains [j , j + 1] and 0 otherwise.Then h(θ) = h(fθ) = log λ,where λ = ρ(M(θ)) is the spe
tral radius of M(θ).Indu
ed matri
es of permutations 
annot have more than two 1's inthe �rst or last 
olumn, four in the se
ond or penultimate 
olumn,et
.



For example, the indu
ed matrix of the Misiurewi
z-Nite
ki orbittype θ7 = (1 4 7 3 2 6 5) isM(θ7) =

















0 0 0 1 1 00 1 1 1 1 00 1 1 1 1 11 1 1 1 1 11 1 1 1 0 00 0 1 1 0 0














This is essentially a rotated, digitized graph of the pie
ewise linearfun
tion fθ7 .



Similarly, θ11 = (1 6 11 5 2 8 9 3 4 10 7) has indu
ed matrix
M(θ11) =

































0 0 0 0 0 1 1 0 0 00 0 0 1 1 1 1 0 0 00 0 0 1 1 1 1 1 1 00 1 1 1 1 1 1 1 1 00 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 0 00 0 1 1 1 1 1 1 0 00 0 1 1 1 1 0 0 0 00 0 0 0 1 1 0 0 0 0






























To study the asymptoti
 shape and spe
tral radius of, for example,the M(θn), we embed the matri
es into the bounded linearoperators on L2[0, 1], where their limit lives.



Embed R
m into L2[0, 1] via step fun
tions:Let Jm : R

m → L2[0, 1]be given by u = Jm(r), where r = (r1, . . . , rm) ∈ R
m and u(t) = riif (i − 1)/m ≤ t < i/m.So u is an m-step fun
tion on the unit interval whose i-th step is ri .Note that

||u||2 =

∫ 10 [u(t)]2 dt =

m
∑i=1 ∫ i/m

(i−1)/m[u(t)]2 dt
=

m
∑i=1 ∫ i/m

(i−1)/m r2i dt = (1/m)

m
∑i=1 r2i = (1/m)||r ||2,so ||u|| = (1/√m)||r || where ||r || is the Eu
lidean norm.



Let B(Rm) be the linear operators on R
m with the operator norm

||A|| = sup{||Ar ||/||r || : r ∈ R
m, r 6= 0},for any A ∈ B(Rm). We identify B(Rm) with the spa
e of m ×mreal matri
es, using the standard basis.Let B(L2[0, 1]) be the bounded linear operators on L2[0, 1], writing

|| · || for the operator norm
||T || = sup{||Tu||/||u|| : u ∈ L2[0, 1], u 6= 0},T ∈ B(L2[0, 1]).



We will be 
on
erned with the subspa
e of B(L2[0, 1]) 
onsisting ofintegral operators derived from L2 kernels. If κ ∈ L2[0, 1]2 is asquare-integrable fun
tion on the unit square with norm
||κ|| = (

∫ 10 ∫ 10 |κ(s, t)|2 ds dt)1/2,we 
all it an L2 kernel.There is an integral operator K ∈ B(L2[0, 1]) naturally aso
iated to
κ via

(Ku)(s) =

∫ 10 κ(s, t)u(t) dt for u ∈ L2[0, 1], s ∈ [0, 1].The norm of the operator is bounded by that of the kernel:
||K || ≤ ||κ||.



If A ∈ B(Rm), de�ne the kernel κA : [0, 1]2 → R by
κA(s, t) = maijif (i − 1)/m ≤ s < i/m and (j − 1)/m ≤ t < j/m, where A = (aij)relative to the standard basis.For a 0-1 m×m matrix A, κ is the 
hara
teristi
 fun
tion of theregion in the unit square 
orresponding to the nonzero entries of A,s
aled by a fa
tor of m. This 
onstru
tion is 
losely related to thenotion of the in�ation of a matrix (Halmos and Sunder 1978).



We now put the pre
eding steps together to obtain an embeddingof B(Rm) into B(L2[0, 1]).The embedding J̄m : B(Rm) −→ B(L2[0, 1]) is de�ned byJ̄m(A) = Â, where A = (aij ) and
(Âu)(s) =

∫ 10 κA(s, t)u(t) dt for u ∈ L2[0, 1].So Â is the bounded linear operator asso
iated to the kernel derivedfrom A.Then ÂJm = JmA, and ||Â|| = ||A||, i.e. the embedding J̄m is anisometry.



If A ∈ B(Rm), we denote the spe
tral radius of A by ρ(A). If A issymmetri
, then ρ(A) = ||A||.Similarly, if T ∈ B(L2[0, 1]) is a bounded linear operator we writeits spe
tral radius as ρ(T ), and note that if T is self-adjoint then
ρ(T ) = ||T ||.De�ne the symmetri
 
ore A of a 0-1 square matrix A = (aij) byAij = min(aij , aji ), so A is symmetri
 and Aij ≤ Aij .Similarly, the symmetri
 envelope A of A, de�ned byAij = max(aij , aji ), is symmetri
 and Aij ≥ Aij .Then the spe
tral radii satisfy

ρ(A) ≤ ρ(A) ≤ ρ(A).



De�ne the kernel δ : [0, 1]2 → R by
δ(s, t) =

{ 1 if |s − 1/2| + |t − 1/2| ≤ 1/20 otherwise
δ is the 
hara
teristi
 fun
tion of a diamond-shaped region ♦ in thesquare. Clearly δ ∈ L2[0, 1]2. Let D ∈ B(L2[0, 1]) be the asso
iatedkernel operator.Misiurewi
z and Nite
ki showed that

ρ(D) = 2/πby 
he
king that u(t) = sinπt is a positive eigenfun
tion for Dwith eigenvalue 2/π.



De�ne the de�
ien
y d = d(A) of a 0-1 m ×m matrix A = (aij )as m2 times the area inside the 
entral diamond ♦ ⊂ [0, 1]2 wherethe kernel α of the operator Â vanishes.d(A) 
an be thought of as the (fra
tional) number of zero entriesof A inside its `
entral diamond'. For example, the de�
ien
y of thezero matrix is m2/2.The ex
ess e = e(A) is similarly de�ned as m2 times the areaoutside the 
entral diamond ♦ ⊂ [0, 1]2 where the kernel α of Â isnonzero.



PropositionIf A is a symmetri
 0-1 m×m matrix with de�
ien
y d and ex
esse then
ρ(D) −

√dm ≤ 1mρ(A) ≤ ρ(D) +

√em .Sin
e ρ(D) = 2/π, we have2
π
−

√dm ≤ 1mρ(A) ≤ 2
π

+

√em .



The Azte
 diamond Z2k has 2j ones 
entered in 
olumns j and2k + 1− j for i ≤ k . (It isn't the indu
ed matrix of a permutation.)
Z10 =

































0 0 0 0 1 1 0 0 0 00 0 0 1 1 1 1 0 0 00 0 1 1 1 1 1 1 0 00 1 1 1 1 1 1 1 1 01 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 10 1 1 1 1 1 1 1 1 00 0 1 1 1 1 1 1 0 00 0 0 1 1 1 1 0 0 00 0 0 0 1 1 0 0 0 0






























The Azte
 diamond has ex
ess e(Z2k ) = 2k . These matri
es arethe key to all the upper bounds, together with a Perron-Frobeniusargument that no matrix satisfying the bound on 
olumn sums 
anhave larger spe
tral radius.



The odd 
y
le θ11 = (1 6 11 5 2 8 9 3 4 10 7) has indu
ed matrix
M(θ11) =

































0 0 0 0 0 1 1 0 0 00 0 0 1 1 1 1 0 0 00 0 0 1 1 1 1 1 1 00 1 1 1 1 1 1 1 1 00 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 0 00 0 1 1 1 1 1 1 0 00 0 1 1 1 1 0 0 0 00 0 0 0 1 1 0 0 0 0






























For n odd, the indu
ed matrix of the Misiurewi
z-Nite
ki 
y
le θnhas de�
ien
y (n − 1)/4. This is used for the lower bounds for
y
les.



For n = 4l , the maximum entropy permutation θn has symmetri
matrix M(θn).
M(θ12) =







































0 0 0 0 0 1 1 0 0 0 00 0 0 1 1 1 1 0 0 0 00 0 0 1 1 1 1 1 1 0 00 1 1 1 1 1 1 1 1 0 00 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 00 0 1 1 1 1 1 1 1 1 00 0 1 1 1 1 1 1 0 0 00 0 0 0 1 1 1 1 0 0 00 0 0 0 1 1 0 0 0 0 0




































For n = 4l , the indu
ed matrix of the maximum entropypermutation θn has de�
ien
y (n − 2)/8. This is used for the lowerbounds for 4l -permutations.



For n = 4l + 2, the maximum entropy permutation θn has matrixM(θn) whi
h is not symmetri
.
M(θ10) =





























0 0 0 0 1 1 0 0 00 0 1 1 1 1 0 0 00 0 1 1 1 1 1 1 01 1 1 1 1 1 1 1 01 1 1 1 1 1 1 1 10 1 1 1 1 1 1 1 10 1 1 1 1 1 1 0 00 0 0 1 1 1 1 0 00 0 0 1 1 0 0 0 0






























We take its symmetri
 
ore.
M(θ10) =





























0 0 0 0 1 0 0 0 00 0 0 1 1 1 0 0 00 0 1 1 1 1 1 0 00 1 1 1 1 1 1 1 01 1 1 1 1 1 1 1 10 1 1 1 1 1 1 1 00 0 1 1 1 1 1 0 00 0 0 1 1 1 0 0 00 0 0 0 1 0 0 0 0


























For n = 4l + 2, the symmetri
 
ore M(θn) has de�
ien
y (n− 2)/4.This is used for the lower bound on su
h n-permutations.


