Inverse limits on Riemann Spheres
LEOPOLDO MORALES (MLEOQ@QMAT.UAB.CAT)

Department de Matematiques, Universitat Autonoma de Barcelona,
Barcelona, Catalonia

Introduction 2 Cases Py and P_9 3 Preliminary Dynamic Results

Do you find the next results in [1].
Given P. = 22 + ¢ we says that the Filled Julia Set is

The two important objects that we use are:
(i) The Riemann Sphere C = C U {oo}.
(i) The functions P, : C — C where P.(z) = 22+ ¢, ¢ € C.

These two objects are very studied in the complex
dynamics context. We present the diferent inverse
limits induced by take diterent values of c.

Plain
1. Topological Results

2. Cases Py and P_o
3. Dynamic Results

We show an{@, Py} is the solenoid suspension.
Py(0) = 0 and Py(oo) = oo, then {0,0,0,0,0,0,...,}, {00, 00,00,00,...,} € lg_n{@, 2},
Set S = {z€C:|z| =r} Forallr e R, F (S(ﬁ)> = S(T), this induces the next inverse systems

between closed curves

Ke={z€C:P'z) -+ oo when n — oo}

Also the Julia Set is J. = Bd(K,)

Theorem K. is connected if and only if 0 € /..

If ICc is not connected then it is totally disconnected, in fact is a Cantor space (Compact, perfect
totally disconnected space).

A compact subset K of the complex plane is called full if its complement is connected. For example,
the closed unit disk is full, while the unit circle is not.

Important Theorem If K. es connected then
C \ K¢ is an open simply connected and exists a
Riemann mapping /ﬂ
. C\D — C\ K. fﬂ <
such that ¢¢(0c0) = 0o and &J

Feo ¢c = ¢co By,
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We denote this inverse sistem as {S( ), 22}

Riemann Sphere n—1

Observe that is topZOI()gicaHy conjugate to
(8,221 by hy : SUY 5 S! defined by

4. The clasification theorem

hn((0, X/r)) = (0,1) for all n € N.

1 Topologycal Results We know that lé'r_n{Sl, 2} is homeomorphic to the
dyadic solenoid [2].

Conclusion For all » € R the cercle with radiuos
r induces a dyadic solenoid in the inverse limit, and
the points oo and 0 a point. Therefore the inverse
limit is homeomorphic to the solenoid suspension.

Now we show that 1@1’_1’1{@, 2* — 2} is not the solenoid suspension but is a space “very similar” to it.
' {00,00,00,00,...,} € lg_n{@, 2291 4 The clasification Theorem
Let H(2) = 2 +% defined in the set {z €
. C:lz| > 1}. . )
An inverse system {Xn, fﬁ“}%o: s a dou- / \ . Theorem Given P : C — C the next is true:

Remark H conjugates Py on {z : |z]| >
ble sequence of spaces X, and functions f2+1 %:\ 1} to P_oinall C\|—2,2] in fact Ho Py = (A)If ¢ ¢ K¢ then K 1s totally disconnected and Jm{C, 2* + ¢} is homeomorphic to ...?

. neo Dyadic Solenoid -\ ,' | |
Xpnt1 — Xp. The functions fi* are called bond- & J &% P_so H, and S', is mapped in 2-to-1 fash- (B) If ¢ € K¢ then K¢ is a continuum and we have diferent cases for KCe.

' ONS. ' ' ' to the int 1 |—2,2]. . A . . . : : :
ing functions. Sometimes we write lon onto the interval | =2, 2] (a) Int(KCe) = 0 then lg_n{@, z*+c} is a solenoid suspension with the point {0, 0,0, ...} "exploited”

First we says that a continuum is a metric, com-
pact and connected space. The continua that we
use in this talk are the arc I, the closed curve Sl,
the knaster continuum K, the Riemann Sphere
C, the dyadic solenoid > .

Now we talk about tnverse limits. All the func-
tions that we consider are surjective continuous
functions and all spaces are continua.

The implications of the above theorems can be summarized in the following clasification theorem

12 f2 " oot 2 to a indecomposable continuum My tipe-/ICe.
Xp ¢ Xo & o X 5 X — X, A )
! 2 nl " ot Fix » > 1, observe that H conjugate the inverse system (b) Int(K¢) # () then 14111{@» 22+ c} have two posibilities
- - n-+1y 00 n-+1700 - () 510 R A (i) Int(KC¢) have only one coneccted components, and the options are:
Given two inverse systems, {X, f/) }n:1 and {Yy,, g, }n:1 we says that are topologically S 2 with an g[S 225 . In consequence ¢ M o & . |
conjugate if for all n € N exists a homeomorphism h,, : X, — Y, for all n € N such that nZZ% » Je arcwise connected then 141;1'1{@7 z“ + ¢} is an solenoid suspension.
g%*l o hpy1 = hpo {LLH. we have S< V) induces a dyadic solenoid in the lg_n{@, 2 Jc 1s not arcwise connected then lé'r_n{(j, 22+ c} is an solenoid suspension with St exploited

Given an inverse system, their inverse limait is to one continuum like-S*.

2} for all r > 1. Now, the inverse limit of the function restricted to

|—2, 2] x {0}. is homeomorphic to the Knaster continuum K.

Conclusion The inverse limit is homeomorphic to the suspension solenoid with the point
{0,0,0, ...} exploited to the Knaster continuum.

(i1) Int(/C¢) have numerable coneccted components,
Je arcwise connected then 1&1’_1’1{@, 2* + ¢} is an solenoid suspension with...?

00
Xoo = lg_n{Xna ngrl} = {ajz};ﬁl = HXZ : f??H(xn—l—l) = In
1=1

Je 18 not arcwise connected then lim @, 22 + ¢} is an solenoid suspension with...?
211

e The inverse limit of continuum Is a continuum.

case (B)(b)(7)

e [f two inverse systems are topologically conjugate, then they inverse limits are homeomorphic.

Very Important Result Let { X, fﬁ’“} be an inverse sequence of metric spaces whose inverse
limit is Xoo. If A is a closed subset of X, then the double sequence {Wn(A), frtl }W o A)} is an

inverse sequence with surjective bonding maps and

i {ma(A). £ f = A= Lmifna
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Remark in case Fj the set St plays an important role, and in addition is an invariant set of C by
Py. Also the the interval |—2,2] is an inwvariant set of C by P_o.
This observation leads us to introduce some concepts of the complex dynamics.

Now we work to find the inverse limits that we obtain with the case (A), and (B)(b)(#7). We intend
to extend this study to Fy,, y(z) = 2" + c with n € Nand c € C.




