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ABSTRACT

In this work we explain the relevance of the Differential Galois Theory in the semiclassical (or WKB)
quantification of some two degree of freedom potentials. The key point is that the semiclassical
path integral quantification around a particular solution depends on the variational equation around
that solution: a very well-known object in dynamical systems and variational calculus. Then, as the
variational equation is a linear ordinary differential system, it is possible to apply the Differential
Galois Theory to study its solvability in closed form. We obtain closed form solutions for the
semiclassical quantum fluctuations around constant velocity solutions for some systems like the
classical Hermite/Verhulst, Bessel, Legendre, and Lamé potentials. We remark that some of the
systems studied are not integrable, in the Liouville - Arnold sense.
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Introduction

In [18] the third author suggested the relevance that the Differential Galois Theory could play in the Feynman’s path
integral approach in Quantum Mechanics. Indeed, the key proposal was to study whether it was possible to obtain, in

closed form, the semiclassical approximation of the Feynman’s propagator K, see [8,22].

(21,22, ..

Let us recall the notation and main ideas in [18]. Given n the number of degrees of freedom, we denote by x =
.,Tn) the position, ¢ the time, and v is a path from (xg,%p) to (x1,¢1). This classical path 7 in the
configuration space defines an integral curve I in the phase space, assuming there are non focal (conjugated) points

(chapter 9 of [6]).

The computation of the propagator K (x1, t1 | Xg, to) around the path  in the semiclassical approach (where £ is small)

can be obtained through

K(x1,t1|x0,t0) = Kwks (1 +O(h)),



