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Abstract. In this paper we consider families of planar polynomial vector fields of degree n and study
the cyclicity of a type of unbounded polycycle I' called hemicycle. Compactified to the Poincaré disc,
I" consists of an affine straight line together with half of the line at infinity and has two singular points,
which are hyperbolic saddles located at infinity. We prove four main results. Theorem A deals with the
cyclicity of I' when perturbed without breaking the saddle connections. For the other results we consider
the case n = 2. More concretely they are addressed to the quadratic integrable systems belonging to
the class Q¥ and having two hemicycles, ', and I'y, surrounding each one a center. Theorem B gives
the cyclicity of I'y, and I'; when perturbed inside the whole family of quadratic systems. In Theorem C
we study the number of limit cycles bifurcating simultaneously from I';, and I'; when perturbed as well
inside the whole family of quadratic systems. Finally, in Theorem D we show that for three specific
cases there exists a simultaneous alien limit cycle bifurcation from I',, and T'y.

1 Introduction and main results

We begin by recalling the notion of limit periodic set as introduced in [22, Definition 10]. This is the
fundamental object that we aim to study and its definition is given in terms of the Hausdorff topology,
which for reader’s convenience we briefly explain next.

Remark 1.1. Let S be a metrizable space and denote by C(S) the set of all compact non-empty subsets
of S. Given any K1, K5 € C(S) we define

dy(Ky, Ks) = sup { inf d(zq,75), inf d(x’hxg)}.
1€K1,m0€Ky (75€K2 )€Ky

One can readily show that dp is a distance. It defines a topology on C(S), which is independent of the
distance d chosen, that is called the Hausdorff topology. Moreover it turns out that

dH(Kl,KQ) = inf {E >0: K, C NS(KQ) and Ky C NE(Kl)},

where N, (K) is the e-neighbourhood of K. Finally, if (5, d) is a compact metric space then so is (C(S),d).
The interested reader is referred to [20, p. 279] for both assertions. O
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Definition 1.2. A non-empty compact subset I" of a surface S is a limit periodic set for a germ of a family
{X .} pmpo of vector fields on S if there exists a sequence of parameters {u,}, converging to o such that
each X, has a limit cycle 7,, and the sequence {7, },, converges to I' as n — oo in the Hausdorff topology
of the space C(S) of compact non-empty subsets of S. O

It is well known, see [22, Theorem 5], that any limit periodic set of a germ of an analytic family { X, } .~
such that X, has only isolated singular points is either a singular point, a period orbit or a graphic of X .
We recall the notion of graphic and polycycle below:

Definition 1.3. Let X be a vector field on R? (or S?). A graphic T for X is a compact, non-empty in-
variant subset which is a continuous image of S' and consists of a finite number of isolated singularities
{p1,-- -y Pm,Pm+1 = P1} (not necessarily distinct) and compatibly oriented separatrices {s1,..., S} con-
necting them (i.e., such that the a-limit set of s; is p; and the w-limit set of s; is pj+1). A graphic is said
to be hyperbolic if all its singular points are hyperbolic saddles. A polycycle is a graphic with a return map
defined on one of its sides. O

The polycycles that we aim to study are unbounded and for this reason we need to compactify the
vector field. Recall that to investigate the phase portrait of a polynomial vector field Y near infinity we
can consider its Poincaré compactification p(Y), see [1, §5] for details, which is an analytically equivalent
vector field defined on the sphere S2. The points at infinity of R? are in bijective correspondence with the
points of the equator of S?, that we denote by /.. Moreover the trajectories of p(Y) in S? are symmetric
with respect to the origin and so it suffices to draw its flow in the closed northern hemisphere only, the so
called Poincaré disc.

Definition 1.4. Let II be an arbitrary collection of limit periodic sets for the germ of an analytic family

{X,.}u~uo of vector fields on S?. We define the cyclicity of II with respect to {X,,},~pu, as

Cycl((IL, X,0), X,\) == Ei§1>f0 EsBu;() )#{’y limit cycle of X, such that dp(7,T') < & for some I' € II}.
’ rebs(pto

O
Remark 1.5. Let us point out that if IT = {T'} then the cyclicity of II coincides with the usual cyclicity
Cycl((F, Xuo)s XM) of the limit periodic set T, cf. [22, Definition 12]|. In contrast, if IT consists of more than

one limit periodic set then the cyclicity of II accounts for the limit cycles bifurcating simultaneously from
any of them. Finally, observe that if IT C IT’ then Cycl((H,Xuo), X#) < Cycl((H’,Xﬂo),Xﬂ). O

Note that the simultaneous cyclicity of {T'1,...,T',} may not coincide with the cyclicity of Ty U---UT,.,
even in case that the latter is a limit periodic set. For instance, consider a germ {X},~,, such that X,
has a saddle point with two homoclinic loops I'_ and I'y making up a “figure eight-loop” I' =T'"_UT',, see
Figure 1. Then the values of

Cyel((F7>Xuo)aXu) Cyd(<r+>Xuo)7Xu) Cyd«FaXuo)vXu)

Cycl(({F_, 't} X)), XM) Cycl(({Fi,F},XW), XM) Cycl(({F_,F+,F},XMO), XM)

may be all different. On the other hand, it is clear that

je{IIHZaX r} {CyCI((FJa XH0)7 Xu)} < CyCI(({Flv s 7Fr}a XH0)7 Xu) < Z CyCI((Fja X/m)v X,u)~
1Ly =1



Figure 1: “Figure eight-loop” I' = I'_ U T} formed by two homoclinic
connections I'_ and I'y. The limit cycles y_, v4 and -~y are close (with
respect to the Hausdorff distance) to I'_, T'y and T, respectively.

In the first part of the paper we consider the family of vector fields {X,},ea given by

X, { T =yf(z,y;p) + glz; 1), (1)

v = yq(x,y; 1),

where A is an open subset of R and f, g and ¢ are polynomials with the coefficients depending analytically
on u. We assume that deg(f) = deg(q) = n and deg(g) = n + 1 and that the following hypothesis hold:

H1 g(x;p) <0 for all z € R and pu € A, which implies that n is odd, and
H2 (1 (2, y; 1) = yfu (@, 95 1) — 2¢n (@, Y5 1) + gny12™ ! > 0 for all (z,y) # (0,0) and p € A.

Here, and in what follows, f,(x,y; 1) and ¢, (2, y; 1) denote, respectively, the homogeneous part of degree n
of f(x,y; ) and q(z,y; u), whereas g,11(p) is the leading coefficient of g(x;u). The second hypothesis is
related with the angle variation 6 of the solutions of (1) near the infinity because one can verify that

1?0 = y(zq(z,y) — yf(z,y) — g(x)).

Since £,,+1 is a homogeneous polynomial of even degree, H2 is equivalent to 2 f,,(1,2) — gn(1,2) + gnst1 <0
and f,(2,1) — 2qn(2,1) + gnt12" " <0 for all z € R and p € A.

Conditions H1 and H2 guarantee that, after compactifying the polynomial vector field X, to the
Poincaré disc, the boundary of the upper (respectively, lower) half-plane is a polycycle T, (respectively, T'y)
with two hyperbolic saddles, see Figure 2,

s1:={y=0,2>0}N{y and s2:={y =0,z < 0} N l.

This type of polycycle, formed by an invariant line and half of the equator of S?, is called hemicycle in [7].
Moreover the vector fields of the form (1) verifying H1 and H2 are called D-systems by the authors in [9].

Our first main result is addressed to the cyclicity of I',, when perturbed inside the family of D-systems.
This result will be given in terms of two functions d;(u) and da(p). In order to define them we first need
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Figure 2: Placement of the hyperbolic saddles and the polycycles I';,
and T'p in the Poincaré disc for the polynomial vector field (1).

to introduce several other functions. For the sake of shortness we shall omit the dependence of i in these
functions when there is no risk of confusion. We define

and \(u):=—K(0,0;u) = -1+ @n(1,0) >0. (2)

(x’y):(; Lz) In+1

x] dx]

xq(z,y)

K(x1, ;)= 1— uf(z,y) + g(x)

Let us remark that, on account of H1 and H2, the functions K and 1/K are well defined in a neighbourhood
of {x1 = 0} and {2 = 0}. Then, setting

My (u) = exp (/Ou (K(éz) + i) ‘f) 61(%>(0,u)

and
Ma(u) = exp ( /O (K (0) + /\)dj) 0, K (u,0),

we define

Fi(p) = — /0+Oo (Ml(z) — M (0) + exp(Gh) (My (—2) — Ml(O))) Zlf’fif/w (3)

R = [ (Ma-2) = M) + exG) (Ma(2) ~ 200)) 1y @
and

Fy(p) = G2 (01 K&K + 012K)(0,0), (5)
where

o [ (g e ani) S e [ (S 2 -

4



Taking this notation into account, the functions that determine the cyclicity (and stability) of the polycyle I,
at first and second order are the following:

e Fi(p) A0 > 1,
q Z’ qﬂ Z7 .
d = — A d d d =4 F fA 1 6
o= [ (B e Y as anad = R i <1, ©)
Fy(p) if Mp) =1,
By Theorem 2.1, dj is analytic on A and d; is analytic on A\ Ay, where A;:= {u € A : A(u) = 1}. In the

statement %, ( - ; ) stands for the return map of the vector field X, around the polycycle Iy, see Figure 2,
and we use the notion of functional independence given in Definition A.11.

Theorem A. Let us consider the family of polynomial vector fields { X, },en given in (1) and verifying the
assumptions H1 and H2. Then the following assertions hold for any po € A such that %, (- ; o) Z Id :

(a
(b
(¢
(d

) If do(po) # O then Cycl((Fu,XMO),XM) =0.

) If do vanishes and is independent at po then Cycl((Ty, X, ), X,) = 1.

) If di(po) # 0 then Cycl((Tu, Xu0), Xp) < 1.

) If dy and dy vanish and are independent at po and Mpo) # 1 then Cycl((Tu, X, ), X)) = 2. Moreover

the same lower bound holds in case that A(uo) = 1 and the restrictions do|,, and di|,, vanish and
are independent at pg.

With regard to the application of Theorem A it is worth noting that if do(uo) # 0, or di (uo) # 0, then
R (5 o) # Id. This is a consequence of Theorem 2.1, which is a fundamental result to prove Theorem A.

The stability of this kind of hemicycle was previously studied in [9, Theorem 7]. Indeed, using our
notation, the authors prove that %, (s; u) = e%)s 4 o(s), so that if do(uo) < 0 (respectively, do(uo) > 0)
then the polycycle ', of the vector field X, is asymptotically stable (respectively, unstable). In this
paper, by performing a second order analysis we also obtain the stability in case that dg(pg) = 0 and
dy (o) # 0 (see Remark 2.2). That being said, the goal of the present paper is not to study the stability
of the hemicycle but its cyclicity. The first notion concerns single vector fields, whereas the second one is
addressed to families of vector fields (i.e., depending on parameters). This is the reason why we need the
remainder in the asymptotic expansion of %, (s; 1) at s = 0 to be uniform with respect to the parameters.
Let us also note that similar results (for both, stability and cyclicity) can be obtained for the hemicycle I'y
by performing the change of variables (z,y) — (z, —y).

Theorem A is a general result for the cyclicity of the polycycle I',, of a D-system X, with %Z,,(-; uo) # Id
when perturbed inside the family of D-systems (1). Note that in doing so the polycycle T',, is persistent (i.e.,
the connections between the two vertices remain unbroken through the perturbation). In contrast, the rest
of our main results concern the cyclicity of quadratic D-systems X, with %,(-; o) = Id when perturbed
inside the whole family of quadratic systems. This means in particular that the connection breaks, see
Figure 7. More concretely, in Theorems B, C and D, for each (ag,by) € (—2,0) x (0,2), we perturb the
quadratic D-system

{ i =222 4 (1 —by)y + aoz? + boy?, ™
y = _nya
that one can show it verifies assumptions H1 and H2. Moreover it has two centers, located at the points

(0, %) and (0, bg;o 2) whose period annulus foliate, respectively, the upper and lower half-planes, see Figure 3.

Theorem B. If (ag,by) € (—2,0) % (0,2) and ag # —1 then the cyclicities of T, and Ty when we perturd (7)
inside the whole family of quadratic differential systems are exactly 2. Furthermore both cyclicities are at
least 2 for (ag,bo) € {—1} x (0,2).



Figure 3: Phase portrait in the Poincaré disc of the quadratic differential
system (7) for each (ao,bg) € (—2,0) x (0,2).

Using the terminology from [12], both centers of the unperturbed system (7) are inside the reversible
component QI of the center manifold of the quadratic systems. There are three other components: Hamil-
tonian QX! codimension four Q4 and generalized Lotka-Volterra Q%Y. It turns out (c.f. Lemma 3.3) that the
centers of the unperturbed system belong also to the Q%Y component in case that (ag +bo)(ag —bo+2) = 0,
and when this occurs the proof of Theorem B is a little more difficult.

Closely related to Theorem B, it is to be quoted a result due to Swirszcz, see [29, Theorem 1]. Indeed,
in that paper the author also studies the cyclicity of a polycycle of a quadratic reversible system when
perturbed inside the whole quadratic family. More concretely, he perturbs the differential system (7) but
taking (ag,bp) € S:= {0 < by < —ap} N{ag < —2}. For these parameters the singular point (0, %) is also
a center but the polycycle at the boundary of its period annulus is not an hemicycle. It is a bicycle T’
with the two vertices at infinity, and consisting of a branch of a hyperbola together with a segment of /.
Recall that the period annulus of a center p is its largest punctured neighbourhood & which is entirely
covered by periodic orbits, and that its boundary 04 has two connected components: the center itself and
a polycycle. By using a completely different approach than ours, and with a lower level of detail in the
proofs, Swirszcz identifies a curve C (see Figure 4) such that the cyclicity of Ty is 3 if (ag,bp) € SNC and
2 if (ag,bp) € S\ C. It is to be noted that the only parameter value in S which intersects another center
component is (ag, by) = (—4,2), that belongs also to the @4 component.

In another vein, Iliev studies in his seminal paper [12] the cyclicity of the period annulus & of the
quadratic centers. We stress that the definition of cyclicity for &2 is different than the one for a polycycle
because the former is open (see Definition 1.6). Among other results Iliev proves that the cyclicity of the
period annulus &2 of the center at (0, 3) of the differential system (7) is 3 for (ag,bo) = (—4,2) and 2 for
(ap,bo) = (—1,1). These two parameters are denoted, respectively, by QF and S; in Figure 4. Moreover
he conjectures that the cyclicity of &2 is equal to 3 if (ag,bp) is inside the shaded area in Figure 4 and
equal to 2 if (ag,bo) is outside. Previous to Iliev’s conjecture, there is a result by Shafer and Zegeling
(see [26, Theorem 3.2]) that determines some regions where the cyclicity of & is equal to 3. They also give
a numerical approximation to the curve C. In this setting Theorem B reinforces Iliev’s conjecture because



Figure 4: According to Illiev’s conjecture, the shaded area corresponds
to those parameters (ag, by) for which the period annulus & of the center
at (0, %) of system (7) has cyclicity 3. Its boundary has two components:
the straight line 3ag + 5bg + 2 = 0 and a piecewise curve C. The straight
line corresponds to parameters for which the center itself has cyclicity 3.
The curve C corresponds to parameters for which the polycycle at 0%
has cyclicity 3. The parameters 57 = (—1,1), So = (—2,0), S3 = (—1,0)
and Sy = (—4,1) are the four isochronous quadratic centers. The blue
straight lines are the intersection points with the component Q%" of the
center manifold. The parameters Q) = (—4,2) and Q; = (—%,O) are
the intersection points with the component Q4.

it shows that the curve C does not enter the square (ag,bg) € (—2,0) x (0,2).

Let us recall at this point that Hilbert’s 16th problem asks for the maximum number H(n) of limit cycles
of a planar polynomial differential system of degree < n. It is still open for any n > 2. In 1994 Dumortier,
Roussarie and Rousseau conceived a program (see [7]) to prove that H(2) is finite. In short, they reduced
this problem to prove the finite cyclicity for only 121 (different classes of) graphics occurring in quadratic
systems. According to the notation in that paper, the quadratic system (7) with (ag,bg) € (—=2,0) x (0,2) is
inside the class Ha of hyperbolic hemicycles surrounding a center (see |7, Figure 7]). Thus, Theorem B can
be viewed as a contribution to the completion of the program to prove that H(2) < co. Nevertheless some
authors (e.g. [24]) attribute to Mourtada the proof of the finite cyclicity of any hyperbolic polycycle in an
unpublished series of manuscripts (see [15, Theorem 0] and references therein). For other results about the
cyclicity of quadratic hemicycles in this context the interested reader is referred to [5, 23].

Note that Theorem B provides the cyclicity of T',, and T’y individually, i.e., taking IT = {T',} and IT = {T';}
in Definition 1.4. In our third main result we study the cyclicity of II = {T',,,T'¢}, c.f. Remark 1.5, when
we perturb (7) inside the family of quadratic differential systems. In its statement we use the following
parameter subsets:

IC15: {(ao,bo) S (—2,0) X (0,2) : 0,0—|—b0 < 0 or aq —bo+2 < 0}
and

Ko:={(agp,bo) € (—2,0) x (0,2) : ag + by > 0 and ag — by + 2 > 0}.



Theorem C. If (ag,bo) belongs to K1 \ {ag = —1} (respectively, Kq) then the cyclicity of I = {T',, Ty}
when we perturb (7) inside the whole family of quadratic differential systems is exactly 8 (respectively, 2).
Moreover it is at least 3 for (ag,bo) € {—1} x (0, 2).

We stress that Theorem C deals with the simultaneous bifurcation of limit cycles from I', and T'p,
which are the outer boundaries of two period annuli. The simultaneous bifurcation of limit cycles from

the two period annuli has been studied for ap = —2 and ap = —3 in [14] and [3], respectively, and also

for (ag,bo) = (—3%,1) and (ag,by) = (—1,1) in [21] and [8], respectively. The authors do not know of any
previous work dealing with the simultaneous bifurcation from two polycycles.

Following Gavrilov [10] we introduce the notion of cyclicity of an open subset U as follows. He considers
the case when U is a period annulus and here we extend it slightly.

Definition 1.6. Let {X,},~u, be a germ of an analytic family of vector fields on S* and let K be a compact
subset of S%. We define the cyclicity of K with respect to the germ {X,,},~p, as

Cyclg (K, X,.,), X,) = ai§1>f0 ESBUIE) )#{7 C N.(K) limit cycle of X} € Z>o U {oc},
’ 13 s (Mo

where N, (K) is the tubular e-neighbourhood of K. If U C S? is open we define
Cyclg (U, X ), X)) = sup {Cyclg (U, X,,,), X)) : K C U compact} .

O

In case that U is a period annulus with finite cyclicity in the above sense, Gavrilov proves in [10, Theorem 1]
that Cych((U, X uo)aXu) is the same as in an appropriate one-parameter analytic deformation. This is
related with the notion of essential perturbation introduced by Illiev [12] and enables to tackle the problem
by computing Melnikov functions. This well-known approach allows to bound the number of limit cycles
bifurcating from any compact set K C U by means of the Weierstrass Preparation Theorem, however it
gives not enough information on U \ K. This motivates the following definition.

Definition 1.7. Let {X,},~,, be a germ of an analytic family of vector fields on S* and consider an open
subset U of S2. We define the boundary cyclicity of U from inside as

Cycl % ((0U, Xuy), X,u) = inf {Cyelg (U \ K, Xyu,), X,,) : K C U compact } .

O

If OU is a polycycle with a return map which is not the identity then it can be shown by a compactness
and continuity argument that Cyclg((aU, Xuo)s Xu) = 0. On the other hand, we prove in Lemma 5.1 that

Cyel £, (U, X o), Xpu) < Cyclg((0U, X ), Xp1).-

These two facts lead to the definition of alien bifurcation that we propose in the present paper:

Definition 1.8. Let {X,},~,, be a germ of an analytic family of vector fields on S? such that X, is
a D-system satisfying hypothesis H1 and H2. Assume additionally that the return maps %, (- ;o) and
(- ; po) of the hemicycles T, and I'y are both the identity. Taking U = R? \ {y = 0}, if

Cycl &, (U, X o), X,u) < Cyclg((0U, X ), X,u) (8)

then we say that an alien limit cycle bifurcation occurs at OU =T, UT for {X,},~p, from inside U. O



Under the hypothesis in Definition 1.8, the vertices of I, and T'y are hyperbolic saddles. In this case it
follows from Lemma 5.2 that

Cyclg ((0U, X 1), X)) = Cycl({Tw, T}, X ), X ) -

Hence Definition 1.8 takes into account the simultaneous bifurcation of limit cycles from I',, and I'y. That
being said, our notion of alien limit cycle bifurcation is defined verbatim in situations with a single hyperbolic
polycycle I'. For instance, if T' is a saddle loop (or a bicycle) then the definition of alien bifurcation at I
would be the same but taking U to be the bounded connected component of R? \ T'. Since the earliest
paper by Dumortier and Roussarie [6], the term “alien limit cycle” has appeared in the literature (see
[2, 4, 13, 27, 28, 30]) to describe a limit cycle bifurcating from a polycycle which can not detected as a
zero of the Melnikov function of first order. Our definition differs from this one because, as we explain in
Remark 5.3, the inequality in (8) holds if there is a limit cycle bifurcation which can not be detected by
any Melnikov function of any order. In this regard we obtain the following result about alien bifurcations
in the quadratic family:

Theorem D. If (ag,by) € {(—1,1), (=%, 3), (=%, 2)} then an alien limit cycle bifurcation occurs at T',, UT,

when we perturb (7) inside the whole family of quadratic differential systems.

Let us remark that in the present paper we consider families of planar polynomial vector fields {X,}.ca
and that the statements of our main results should more formally be addressed to the compactified family
{p(X,)}uen of analytic vector fields on the Poincaré sphere S?. For simplicity in the exposition we commit
an abuse of language by identifying both families. It is clear that the number of limit cycles of X, and
p(X,,) is the same because the line at infinity o, is invariant in all the cases under consideration. Related
with this we note that, although the corresponding analytic extension of the polynomial vector field to S?
does not descend to the quotient RP? of S? by the central symmetry with respect to the origin, the induced
foliation does. Since limit cycles depend on the foliation, and not on the specific way in which the orbits
are parametrized, one could consider the notion of cyclicity in the real projective plane RP? instead of the
sphere S2. It is worth to point out that these two notions are not equivalent. Indeed, the two hemicycles
I, and Iy in S? project to the same polycycle T, = T’y on RP? (see Figure 5) and by applying Theorems B
and C, respectively,

Cycl((Ty, X,10), X)) = 2 and Cyclgpe (Cy, Xp), X)) = 3

for any (ag,bg) € K1\ {ap = —1}.

The paper is organized as follows. Sections 2 and 3 are devoted to prove Theorems A and B, respectively.
Both results strongly rely on the asymptotic development of the difference map 2(s; 1) given in Theorem 2.1.
This is a rather technical result that follows by applying the tools developed in [16, 17, 18] to study the
Dulac map and its proof is deferred to Appendix B for reader’s convenience. Another important ingredient
in the proof of Theorem B is Theorem 3.5, which provides a very useful division of the difference map in
the ideal generated by its coefficients. The proofs of Theorems C and D are given in sections 4 and 5,
respectively. Appendix A gathers the essential definitions and results from [16, 17, 18] that we use in
the present paper, together with some other auxiliary results. Finally, in Appendix B we demonstrate
Theorem 2.1 and Proposition 3.2, which have the longest and most technical proofs.

2 Proof of Theorem A

In this section we consider the family of vector fields {X,},ca given by (1) and satisfying the hypothesis
H1 and H2. We take two local transverse sections, ¥; and Yo parametrised, respectively, by s — (0, %)
and s — (0,s) with s > 0. We also define D (s; 1) to be the Dulac map of X, from X; to X9 and D_(s; )
to be the Dulac map of —X,, from 3; to X5, see Figure 6. The limit cycles of X, that are close to I';, in



Figure 5: Quadratic reversible double centers in (7) compactified to the
Moebius strip RP? \ D. One of the two centers is depicted at the front
of the drawing, while we placed the other one in the removed invariant
disk D for convenience. The polycycle I, = I'; is represented by the two
circles in blue and green intersecting at the saddle point at the back.

Hausdorff sense are in one to one correspondence with the isolated positive zeroes of the difference map

D(s;p):= Di(s;p) — D—(s5 1)

near s = 0. The following result gives the asymptotic development of Z(s; ) at s = 0 and the functions
A, Fi, F3, F3 and dj in its statement are the ones defined in (2), (3), (4), (5) and (6), respectively. In
the statement we use the Ecalle-Roussarie comensator w(s; «), see Definition A.1, and F§°(uo) stands for a
function ¢-flat with respect to s at g, see Definition A.3.

Theorem 2.1. Let us fir any po € A and set Ao := A(po). Then D(s;p) = No(p)s* + F°(uo) for any
{ e [)\o,min(Q)\o,)\o + 1))7 where Ag is an analytic function at pg that can be written as Ay = kodg, with
ko analytic at po and ko(po) > 0. In addition,

(1) If Ao > 1 then D(s;p) = Ao(p)s* + Aq(p)s* ™ + Fp(po) for any € € [Xo + 1,min(2Xg, Ao + 2)).
Furthermore Ay is an analytic function at pg that can be written as Ay = k1 F1 + k1o, where k1 and
k1 are analytic at po and x1(po) > 0.

(2) If Ao < 1 then D(s;p) = Ag(p)s™ + Ao (p)s®* + F°(po) for any £ € [2X9, min(3Xg, Ao + 1)). Moreover
Ay is an analytic function at pg that can be written as Ay = ko Fy + Rol\g, where ko and k4 are analytic
at pg and ka(po) > 0.

(3) If Ao =1 then D(s;u) = Ao(p)s* + As(p)sMw(s;1—N) + Ay (p)sM + F£2(uo) for any £ € [2,3) and
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D (s)

D_(s)
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Yo

Figure 6: Dulac maps for the definition of 2 = D, — D_ in Theorem 2.1

where Ag and Ay are analytic functions at pg. Moreover there exist analytic functions k3 and ks at g
with k3(ug) > 0 such that the equality As = k3F5 + k3o holds on {u € A : \(u) = 1}.

Since the proof of Theorem 2.1 is rather long and technical and also requires several results from previous
papers, we postpone it to Appendix B for reader’s convenience.

Remark 2.2. On account of the definition of d; given in (6), Theorem 2.1 provides the following information
about the stability of the polycycle I',, for the vector field X,,:

(a) If do(po) < O (respectively, do(po) > 0) then T, is asymptotically stable (respectively, unstable).

(b) If do(po) = 0 and dq(po) < O (respectively, di(po) > 0) then I',, is asymptotically stable (respectively,
unstable).

The key point for this observation is that the functions x; in the statement of Theorem 2.1 are strictly
positive at ug. g

For simplicity in the exposition, from now on we will use the following definition.

Definition 2.3. Let h(s;p) be a function in €2, (U) for some open set U C RY. Given any pg € U
we define Zo(h(-;u), o) to be the smallest integer ¢ having the property that there exist 6 > 0 and a
neighbourhood V of pg such that for every p € V' the function h(s; 1) has no more than ¢ isolated zeros on
(0,9) counted with multiplicities. O

Proof of Theorem A. Recall (see Figure 6) that the limit cycles of the vector field (1) that are close to I,
in Hausdorff sense are in one to one correspondence with the isolated positive zeroes of the difference map

D(s;p) = Di(s;p) — D—(s5 )

near s = 0. Hence, see Definition 2.3, we have that Cycl((Fu, X)), Xu) < 2 (@( S, uo). Note moreover
that, by Theorem 2.1,

D(s518) = Do(p)s™ + F¢°(110) (9)
for any £ € [)\O,Inin(Q)\o,)\O + 1)), where Ag:= A(po) and Ay = kodg with ko(uo) > 0. If do(po) # 0 then,
taking any ¢ > A\ (see Definition A.3),

Y
i s D (s;u) = A 0,
(o iy © 25 = Do) #

11



which implies Zo(Z(-; ), po) = 0 and proves (a).
On the other hand, since 2(-;pug) = 0 if, and only if, %, (-; po) = Id, the assertion in (b) follows from
the equality in (9) by applying Proposition A.12 with n = 1.

We turn next to the proof of (¢) and (d). To this end we shall use that, by applying Theorem 2.1,
Aq ()M + Fpe (o) if \g > 1,
D(sip) = Ao(p)s* + < Aa(p)s® + F52 (o) if \g < 1, (10)
Ag(p)s*hw(s;1 = A) + Aa(p)s™ + Fpo(po)  if Ao = 1,

for any /1 € [/\0 + 1, min(2Xg, Ao + 2)), by € [2)\07min(3)\07 Ao + 1)) and {3 € [2,3), respectively. Moreover,
in its respective case, the coefficient A; is an analytic function at pg. In addition, for ¢ € {0, 1,2, 3}, there
exist analytic functions x; and R; at pg with x;(uo) > 0 such that we can write

Ag = kodo, A1 =ki1F1+ kiAo, Ao =roly + KA and Azly = (k33 + K3lo)ly, (11)

where recall that Aj:={p € A: A\(u) =1}

In order to show (¢) we can suppose that Ay = kody vanishes at pg because otherwise we have already
proved that Cycl((Fu,Xﬂo),Xu) = 0. On account of this the assumption dj(ug) # 0 implies, see the
definition given in (6), that Aj(pg) # 0 if Ag > 1, Aa(po) # 0 if A\g < 1 and As(po) # 0 if A\g = 1. In the
first case, from (10) and applying Lemma A.7,

05 (57D (53 11)) = 05 (Do) + A1 (p)s + s F;2 (o))
= Ay (p) = AsTA T R (o) + s FR (ko)
= A1 (p) + F2 (o)

for some £ > 0 small enough since we can take ¢; > Ao + 1. Therefore, see Definition A.3, the derivative
Os(s7*P(s; ) tends to Aq(uo) # 0 as (s, 1) — (07, p9). Thus, by applying Rolle’s Theorem,

Cycl (T, Xpo)s Xp) < 20(2(-3 1), 10) < 1,
as desired. Similarly, in the second case (i.e., Ag < 1) we have that
05 (s D(s; 1)) = Mo ()™ + F2 (o) = 5™ (A1) + ' A F2 (o))
for some € > 0 small enough. Then, due to Ay(ug) # 0, we conclude by Rolle’s Theorem as before that

2y (9( S ), Mo) < 1. If A\g = 1 then, from (10) once again and taking ¢3 € [2, 3) into account, the application
of Lemma A.7 yields

05 (s (s511)) = 05 (Ao() + Ag(p)sw(s; 1= X) + Aa(p)s + 57 F (10))
= Ag(p) (Mw(s;1 = A) = 1) + Ag () + F2 (o)

for £ > 0 small enough. Here we use that d;sw(s;a) = (1 — a)w(s; &) — 1, see Definition A.1. Consequently,
if (s,u) — (0T, po) then

9 (57D (s; 1)) 1 Ay(p) F2° (o)
w(s;1—A) = Baln) (/\ Cow(s;l— )\)) w(s;1—A) + w(s;1 —O)\)

— AoAs(uo) # 0,

since lim( o) (0+,0) ﬁ = 0 by (a) in [16, Lemma A.4]. By Rolle’s Theorem again, this implies that
Z0(2(-;1),10) < 1 in the case A\g = 1 as well and completes the proof of assertion (c).
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Let us show finally the validity of the two assertions in (d). The first one concerns the case ug ¢ A1, i.e.,
Ao # 1. If A\ > 1 then, from (10),

s 2D (s51) = Do(p) + A (u)s + fo(s; 1)
= Iiodo =+ (Iﬁ:lFl =+ Rll{()do)s + fQ(S; /1,)
= doko(l + R18) + dik1s + fa(s;p),
where in the first equality fo € s™*F;°(pno) C Fi5.(po) for € > 0 small enough by Lemma A.7 due to

1 > Mo + 1, in the second one we take (11) into account, and in the third one that di(u) = Fy(p) if
A(p) > 1. Thus, setting fo(s;p) = ko(1 + R1s) and fi1(s; u) = k18, we can write

s 2D (s 1) = do () fo(s: 1) + du () f1(s5 ) + fa (s ). (12)
By assumption we have that dy and d; vanish and are independent at uo and that 2(-;pug) # 0 due to
Ru( - o) # Id. Accordingly, since ?;E:Zg = oty and }?E:z; € s 1 Fp. (o) tend to zero as s — 0T, we

can apply Proposition A.12 with n = 2 to conclude that Cycl((Fu, Xuo)s Xu) > 2. If Ay < 1 then following
verbatim from (10) and (11) we get the equality in (12) with fo(s;p) = ko(1 + Ras), fi(s;p) = kes™ and
fa € sTAF2 (o) C Fi2, (1t0). Thus the assumptions in Proposition A.12 are also verified and so the lower
bound Cycl((Fu, Xuo)s Xu) > 2 is true for the case Ao > 1 as well. Let us consider finally the case A\g = 1,
which is slightly different. In this case, from (10) and taking Definition A.1 into account, if u € Ay then

s D(s; 1) = Do(p) — As(p)slogs + Ag(p)s + fo(s; 1)
= doko(1 — Raslogs) — Fykgslogs + Ays + fa(s; p),

where in the first equality f; € s FpC (o) € Frio(po) and the second one follows from (11) due to € A;.
Hence, since d; = F3 on Ay, we can write

3_>‘@(s;u)’#€Al = doly, fo(s; i) + duly, fi(s;p) + fals; p)

taking the functions fo(s; ) = ko(1 — Raslogs), fi(s;p) = —ksslogs and fo(s; ) = Ays + f(s; ). Once

o fi(s) 1 fo(siw) _  Dats™ ' f(sin)
agat, f;(i;fj) - 7ﬁo(fif%;gl<s)g8) and fi(z;ﬁ) - 4:3 logssu
hand, d;| A, and dq] A, vanish and are independent at o by assumption. Consequently, by applying Propo-
sition A.12 with W = A; and n = 2 we get that Cycl((I‘u,X#O),X#) > 2 in case that Ay = 1, as desired.

This proves the second assertion in (d) and concludes the proof of the result. ]

tend to zero as s — 01 and, on the other

3 Proof of Theorem B

The following result shows that to prove Theorem B it suffices to consider a 5-dimensional perturbation.

Lemma 3.1. Any quadratic differential system which is close (in the topology of coefficients) to (7) for
some (ag, by) € R? with ag # —2 can be brought by means of an affine change of coordinates and a constant
rescaling of time to

X, {a’?= 822 4 ey + (1= b)y + az? + eawy + by?, 13)

Y =¢eo — 2zxy,
with (a,b,eg,€1,2) = (ag, by, 0,0,0).

Proof. We consider the group Aff(2,R) of affine transformations

g9(z,y) = (g11= + g12y + 913, 21T + G22y + Go3)
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and the pull-back ¢*(Y,) = (Dgfl) (Yapo0g) of
2 b—2 2
Yopi= (L =by+by* + —— +ax” |0, — 22y0,.

Note that Y, , = wo + aw; + bwse with wg:= (y — %)8,; — 2zy0,, w1 = 220, and wa:= (—y+y* + i)@w. An
easy computation performed with Maple shows that if ap # —2 then the vector fields vy = 9,, v1 = 0, and
vy = xyd, span a complementary to the tangent space at the point (X, g,a,b) = (1,id, ag, bp) of the orbit

{ANg*(Yap): AER", g€ Aff, a,b e R}

in the 12-dimensional space Po of all polynomial vector fields of degree 2. In other words, if ay # —2 then
the map F : U:= R* x Aff(2,R) x R® — P, defined by

F(X g,a,b,c0,e1,62) = A\g*Yap + €000 + €101 + €202

is a local diffeomorphism between neighbourhoods of (1, id, ag, b, 0,0,0) in U and Yy, p, in P2. This proves
the result. m

We stress that henceforth X, refers to the differential system in (13). That being said, the key point for
our purposes is that X,, writes as

{ T =yf(x,y; 1) + g(x; 1),
v = co+yq(z,y; 1),

with f(z,y) = (1 — b) + e2z + by, g(z) = 52 + e12 + az? and q(z,y) = —27, so that X, is a D-system for
€0 = 0. Moreover one can easily check that X, with a € (—2,0), b € (0,2), g =0, €1 = 0 and €2 =~ 0 verifies
assumptions H1 and H2. Accordingly, for these parameter values, X, has a polycycle I',, at the boundary
of the upper half-plane with two hyperbolic saddles, s; = {y = 0,2 > 0} Ny and s2 = {y = 0,2 < 0} N{.
Since gg does not affect the homogenous part of higher degree of X, the location and character of these
two singular points remains unaltered taking ¢; ~ 0 for ¢ = 0,1, 2.

Let us fix any po = (ao, bo, €0, 1,€2) with (ag,bp) € (—2,0) x (0,2) and &; = 0 for i = 0,1,2. We take
two transverse sections on z = 0: 31, parametrized by s — (0,1/s) with s € (0,0), and X5, parametrized by
s+ (0,s) with s € (—0,0). By continuity with respect to initial conditions and parameters, for u ~ ug and
0 > 0 small enough, we have a well defined Dulac map DY (-;u) for X,, from ; to ¥z and a well defined
Dulac map D*(-;u) for —X,, from 3, to 3, see Figure 7. In our next result we study the asymptotic
development of the difference map

Du(s; )= DY (s; ) — D2 (s; ).

It is clear that the positive zeros of this function are in one-to-one correspondence with the limit cycles
of X, bifurcating from I';, to the upper half-plane.

Proposition 3.2. Fiz any po = (ag, b, 0,0,0) with (ag,bo) € (—2,0) x (0,2). Then
Du(s;18) = 6u + AYs™ + Fi°(no), for any L € [Ag, min(2Xg, Ao + 1)),

where A, &, and AY are smooth functions in a neighbourhood of o and Ao := A(po) = —“((’L—jQ. In addition
D (85 110) =0, Oey0u (o) < 0, Oz, 6u(0) = 0=, 04 (o) =0 and

a(b—2)

Af(p) = —ko1(p) (2 XD e+ 52) + K02(1)0u (1),

where Ko; are smooth functions at p = pg for i =1,2 and ko1 (o) > 0. Furthermore the following assertions
are also true in case that ag # —1:
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Figure 7: Phase portrait in the Poincaré disc of the vector field X,
in (13) for g9 = &1 = €3 = 0 (left) and g9 # 0 (right). On the right,
Dulac maps D+ to define the function 2, (s;u) = DY (s; ) — D™ (s; 1)
studied in Proposition 3.2. The points in red are (0, D% (s)) and (0,1/s).

(1) If ag > —1 then Dy(s; p) = 6+ Afs™ + Ay 4+ Fp2 (o) for any L € [Xo+ 1, min(2Xg, Ao +2)), where
AY is a smooth function in a neighbourhood of py satisfying that

At () = ran () (21 + 555502 + olll(erse2) ) + mi2 () A (1) + Faa ()b (1)

where K1, are smooth functions at = po fori=1,2,3 and k11(po) > 0.

(2) If ap < —1 then Du(s;p) = 6y + Afs* + AYs** + F°(uo) for any L € [2X0, min(3Xo, Ao + 1)), where
AY is a smooth function in a neighbourhood of py satisfying that

AR () = raa () (BEEE=er + 20 + o((=1,22))) + Ra2 () A (1) + ras ()00 (),
where Ko; are smooth functions at = pg for i =1,2,3 and ko1 (po) > 0.

For reader’s convenience the proof of Proposition 3.2 is deferred to Subsection B.2.

Let us fix po = (a0, bo,0,0,0) with ap € (—2,0) and by € (0,2). The differential system (13) has only
two finite singularities for 4 ~ i, which are of focus type and close to the points (0, ) and (0, bgl;) 2). Let

us denote them by ¢, (u) and ¢;(u), respectively. We also define the parameter subset
Zu={p~po: Zu(-;pn) =0}

The next result shows that Z, is precisely the center manifold for the focus at (0, %) We remark, in
connection with our discussion in Figure 4, that the subsets Zy and Z; correspond to the components Q¥
and QY respectively. For completeness, we note that the combination of this result with Lemma 4.1

provides also the description of the center manifold for the focus at (0, bg;) 2)

Lemma 3.3. Z, = {u~ o : cu(1) is a center of X,,} and 2, = Zy U Z,, where
Zoii{u%p,oié“o:é‘l:(E‘QZO} anlezz{u%,ug:a+b:50:261+€2:0}.

Moreover, if ju € Z,, then the period annulus of the center at (0,1) is {(z,y) € R? : y > 0} \ {(0, 1)}
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Proof. Let us fix i & po and consider the straight line L passing through the singularities ¢, (fi) and
ce(fr). These two points split L into three open segments where X is transverse because the vector field
is quadratic. Let us denote the unbounded segment having ¢, (1) as endpoint by ¥; and the bounded
segment by 9. We parametrize them analytically by o1: (0,1) — ¥; and o9: (0,1) — X5, respectively,
such that lims_q [|o1(8)|| = 400, lims_1 01(s) = cu(ft), lims_0 02(s) = co(ji) and lims_1 02(8) = eu(iL).
By transversality and the fact that ¢, (/1) and c,(f1) are the only finite singularities of X, the application
of the Poincaré-Bendixson Theorem shows that there is a well defined Poincaré map for X; from ¥,
to Yo. Taking the parametrizations previously introduced, we denote it by Py : (0,1) — (0,1), which is an
analytic function by applying the Implicit Function Theorem. Similarly, we denote by P_: (0,1) — (0,1)
the Poincaré map for —X; from ¥; to X2, which is analytic as well. Observe that, by construction, the
periodic orbits surrounding ¢, (f) correspond to zeros of D:= P, — P_. Moreover i € Z, if, and only if,
D =0 on (0,91) and, on the other hand, ¢, (f1) is a center if, and only if, D =0 on (1 — 2, 1). Accordingly,
since D is analytic on (0, 1), this proves that i € Z, if, and only if, ¢, (1) is a center. So far we have proved
that
Zy ={pu =~ po:cy(p) is a center of X, } =: U.

Our next task is to show that U = Zy U Z;. To prove the inclusion U C Zy U Z; we take any p € U and,
due to U = Z,,, by applying Proposition 3.2 we get that d, () = 0 and Af(p) = 0, which imply

\/b 2
Eonand 2(a7+)€1 + €92 =0.
Va(b—2)

Here the first equality follows by the Implicit Function Theorem using that d,|c, = 0 and 0,0, (o) # 0.
Recall on the other hand that trace equal to zero is a necessary condition for a singular point to be a
center. One can verify that if o = 0 then c,(1) = (0,1) and that its trace is equal to e1 + 3e2. The
vanishing of this quantity, together with the two equalities above, yields to either {eg = €1 = €3 = 0} or
{a +b=-¢e9 =21 + &9 = 0}. Therefore U C Zy U Z;. To prove the reverse inclusion we note first that if
i € Zy then the function

Ho(z,y) = [y|(2* + ly* + my + n),

with | = #27 m = —Z;Jri and n = 222 is a global first integral of X,,. The continuity of Hy at ¢, (1) implies

da
that it must be a center, so that u Ea U. Finally, if p € Z; then one can verify that
Hy(@,y) = [yl (r1 (2, y) + ia12) ™' (1 (2, ) — daq) o0
= [yl (1 (2, 9)? + aFa?)e i MEC o)
with rq(2,y) = 2by + (2 — b) + eoz and a; = \/4b(2 — b) — 3, is a well defined first integral of X, outside

any ray from {r1(z,y) = 0,z = 0} = {c¢(p)} to infinity. In particular it is continuous at ¢, (), so that
again it must be a center and p € U. This proves the result. [ |

Lemma 3.4. Suppose that F(u1,us,v) is a smooth function on a neighbourhood U of (0,0,vy) € R? x R®
verifying F' = o(||(u1, u2)||). Then there exist smooth functions Fy(u1,u2,v) and Fa(ug,v) on U such that
F(uy,u2,v) = u1 Fy (uy, ug,v) + ud Fy(ug, v).
Proof. The hypothesis implies that F'(0,0,v) =0 and 9,,F(0,0,v) = 0. Then

F(u1,uz,v) = F(ui,u2,v) — F(0,u2,v) + F(0,u2,v) — F(0,0,v)

1 1
=u / Ou, F(tug, ug, v)dt +us / Ou, F'(0, tug,v)dt
0 0

F1(u1,u2,v) G(uz,v)
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where F} and G are smooth functions on U. Since G(0,v) = 0,,F(0,0,v) = 0, we also deduce that
G(ug,v) = ugFa(ug,v) where

1
Fg(uz,v):/ Ou, G(tug, v)dt
0

is also smooth on U. Hence we can write F' = u I} + u%Fz and the result follows. |

In the statement of our next result, and in what follows, we denote

e+(p) =224 Z((Zi—zisl and c+(p) = (a+1) £ (1 -0). (14)

Theorem 3.5. Given any po = (ag, bo,0,0,0) with ag € (=2,0) \ {=1} and by € (0,2), there exist a
neighbourhood U of jig in R® and § > 0 such v = ®(u):= (g9,€4,6—,cy,c_) is a local change of coordinates
in U and we can write

Du(8; 1) ma-1(0) = —1191(83 V) — v2ga(s;v) — vavsgs(s;v), (15)
where, setting vy = ®(uo) = (0,0,0,v9,12),
(@) g1(s;v) = k1 (v) + F5° (o),
(0) g2(s5v) = 2 (ra(v) + F5°(v0)) where A(v)|y—a(u) = —42, and
() ga(siv) = ') (ra(v) + F§° (o)) where X (v) = A(v) + min (A(v), 1).

Moreover k1, ko and k3 are smooth strictly positive functions on ®(U).

Proof. The result is a consequence of Proposition 3.2. Note first that, since 0z, (p0) < 0 and 6y |cy=0 = 0,
we can write &, = —poeo With py a smooth positive function. Thus, setting A (1) := A(x) + min (A(p), 1),

_2(at2)(b-1) _ -1 if -1 i —
al::{ CEIE=) if a < —1, OQ::{ o) ifa< -1, andm::{/m ifa > —1,

-1 ifa>—1, ~ 3t 10 ifa>—1, k1g ifa < —1,
we can recap the whole statement of Proposition 3.2 as
— Du(s; 1) = e0(po + %8 + %8 ) + 4 (kors™ + %8V ) + (a1e1 + ases + pa)prs™ + F (o), (16)

where * are unspecified smooth functions on p, p2 = p2(a,b,e1,22) = o(||(e1,€2)||) and L = N (o) + ¢’ for
some ¢’ > 0 small enough. We remark that kg1, k11 and ko7 are smooth strictly positive functions given in
Proposition 3.2. Thus py is a smooth strictly positive function as well.

On the other hand, from (14) we get that a1e1 + asea = ajey + a_e_ with

1 (a+2)(b—1) [a(b—2) .
1 o fa(b—2) 2 (_1 T D) (6-2) b(a+2)> ifa <1,
oy = 9 oo o5 m = I = (17)
i (_ (a+1)0 b(a+2)> if a > —1.

Hence, since v = ®(a,b,e9,€1,€2) := (0,64,6_,¢4,c_) is a smooth change of coordinates in a neighbour-
hood U of g and (p2 0 @71)(v) = py(e+ e cq,c) =o[[(e4,e-)l]), the application of Lemma 3.4 yields

(161 +azez + p2(w)] g 1(,) = (@4 +¥)es + (0= +e_m)em =4ey + (am +e-m)e-  (18)
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with 9y = n1(e_, cy,c_). Here, and in what follows, for the sake of shortness, given a function h = h(u) we
denote h = h(v) = h(i)| =31 (). Following this convention, from (16) and (18) we get

’ ’

~Du(; )]y () = E0(py + x> + x5Y ) + ey (g5t x5 ) + (o +em)p, s +r(siv),
where, setting vy := ®(uo) and applying assertion (h) in Lemma A.7, r € F5°(1p). Note that, by Lemma 3.3,
if u € Zy = {eg = &1 = g2 = 0} then Z,(s;u) = 0. Thus, since ®(Zy) = {e9 = ¢4 = e_ = 0}, we get
that r(s;v)|cy=e,—e_—0 = 0. By applying Lemma A.10 this implies that the remainder can be written as
T =goro + €471 + e_ro with 7; € F° (). Consequently

~Zu(5:27 (1)) = &9 (£0+*si+*sl +7ro(s;v)) +e (@0154+*sx +7r1(s;v)) +e— ((a- +5*771)E13A/ +7r2(s;v)).

Furthermore, by Lemma 3.3 again, if yp € Z1 = {a + b = g9 = 2¢1 + €2 = 0} then Z,(s; 1) = 0. Thus, since
one can easily check that ®(Z;) = {g9 = ¢4 = c¢_ = 0}, we can assert that

0.

(a- + a,nl)plsx + ra(s;v)

EQ=E4=C— =0

Since p1 (o) > 0 and one can verify using (17) that a_ = c_n2 with n2(vp) > 0, the above identity implies
me—,cy,c-)|e_=o =0 and r2(s;V)|cy=c, =c_=0 = 0. Accordingly n1(c_,cq,c) = c_n3(e_,cq,c_) and, by
Lemma A.10 once again, ro = egr3 + €474 + c_r5 with r; € F°(vp). Consequently

~Zu(5;97 (1)) = & (Bo + xs2 4 x5+ 7o (s; V) +eq (@013A + %82 4 7y (s v)) +c_e_ (msl +r5(s;v)).
where the new remainders 7y = rg + r3 and 71 = 71 + 74 also belong to Fr(1vp) and 14 := (12 + 6_7’]3)B1

satisfies 74(v9) = (n2p,)(vo) > 0. By applying Lemma A.7 we can take § > 0 small enough in order that the

. ! /_ _ _ _ ’ . .
functions s2, 2, s2 72§72 and s72 rj belong to Fs(vp). In doing so we obtain

~Pu(5; 971 () = e0(p, + Fs(v0)) + e4 5 (kg1 + Fs(v0)) + c_e_s* (n + Fs(w)).

Since v = (g9,64,6_,cy,c_), from this expression we obtain (15) by renaming the unit functions. This
completes the proof. [ |

Proof of Theorem B. We prove first the assertion with regard to the hemicycle I',. By Lemma 3.1 it
suffices to consider the quadratic 5-parameter perturbation given in (13). We set po = (ag, bo, 0,0,0) and
note that the limit cycles of X, that are close to I';, in Hausdorff sense are in one to one correspondence
with the isolated positive zeroes of

Du(sip) = DY (s; ) — D™ (s ),

see Figure 7. That being said, by applying Theorem 3.5 we know that there exist a neighbourhood U of p
and ¢ > 0 small enough such that v:= ®(u) = (eg,e4,6—,cy,c_) is a local change of coordinates in U and

@u(s; M)llL:‘D*l(V) = - (Hl + ]::;)O(VO)) - V23A(V) (Hg + fgo(l/o)) — 1/31/5SX(V) (H3 + fgo(uo)), (19)

where vg = ®(ug), £i(r9) > 0 and \' = A + min(), 1).
Recall on the other hand, see Lemma 3.3, that Z,(s; ) =0 if, and only if, u € Zy U Z; where

Z0:{€0:€1:€2:O} anlez{a+b:€0:2€1+€2:O}.

One can check in this respect that ®(Zy U Z1) = {v1 = vo = v3vs = 0}. Taking this into account, and
the fact that ®(ug) = vg, we claim that there exist sg > 0 and an open ball B,(vp) of radius r > 0
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centered vy such that (19) has at most two zeros on (0, sp), counted with multiplicities, for all v inside
V= B,(v9) N {v? + v3 + (v3v5)? # 0}. This will imply, see Definition 2.3, that

CyCI((FquM0)7XM) < ZO(-@u( : ;/*5)7/-10) = ZO(-@u( ';(b_l(y))vVO) < 2.

In order to prove the claim we note first that, due to lim,_o (k1(v) + F5°(v9)) = £1(v) # 0 uniformly for
v = 1, we can take r > 0 and sg > 0 small enough such that

Du(8; )| pm—1(2)
K1 + fgo(yo)

RHo(s;v):= — =11 + 1952 (m + ]:500(1/0)) + 1/31/55X(”) (H5 + fgo(yo))

is well defined for all s € (0,s0) and v € B,(1p) and has exactly the same number of zeros, counted with
multiplicities, as Z,(s; @~ (v)). Accordingly Zo(%o(-;v),v0) = Zo(Zu(-; 1), o). We note that the second
equality above follows from (19) by applying Lemma A.7 and that x4:= ko/k1 and ks5: k3/k1 are strictly
positive smooth functions. If v € V verifies 5 = v3v5 = 0 then v; # 0 and, consequently, %y(s;v) # 0.
This remark shows the validity of the claim for all v € V such that vo = v3v5 = 0. To study the other
cases we apply the so-called derivation-division algorithm. To this end we first observe that, by Lemma A.7
again,

DsRo(5;v) = vgs2 ! (Am + .7:(?0(1/0)) + 1/31/53371 (A//-% + .7-"500(1/0))

and

0sZo(s;v)

K1(s;v):= A1 (AM + FEO(VO))

=1y + V3V58A/_A(I€6 + fj;o(yo)),

where kg(vg) > 0. Note that lim,_, o+ (Afm(z/) + fl‘;)o(uo)) = Ak4(v) # 0 uniformly for v = vg. Therefore, by
reducing r > 0 and sg > 0 if necessary, % (s;v) is well defined for all s € (0,s¢) and v € B,.(19) and has
exactly the same number of zeros, counted with multiplicities, as 9s%Zo(s;v). If v € V verifies v3vs = 0 then
we can suppose that vo # 0 (otherwise we end up in the previous case) and, consequently, % (s;v) # 0.
Hence, by applying Rolle’s Theorem, the claim follows in this case. So far we have proved the validity of
the claim for all v € V such that v3vs = 0. To study the case v3vs # 0 we apply Lemma A.7 once again to
obtain

Ro(5;0) 1= 0, %1 (5;v) = vavss® 271 (ky + F§° (1))

with k5 = (A — M)ke # 0 for v ~ vy. Exactly as before, by reducing r > 0 and sy > 0 if necessary, we
have that k7 (v) + F5°(1) # 0 for all v € B, (1) and s € (0, s9). Therefore Z>(s;v) # 0 for all v € V' with
v3vs # 0 and s € (0, sp) and the claim follows in this case by applying twice Rolle’s Theorem. This exhausts
all the possible cases for v € V' and completes the proof of the claim. Accordingly Cycl( Ty X10), X, u) <2

The fact that Cycl((Fu,Xuo),X u) > 2 is also a consequence of (19). Indeed, by applying Proposi-
tion A.12 we can take a sequence lim,,_, o ¥, = vy with 7, € ®(U) N {ry = vy = 0 and w35 # 0} such that,
setting fi, := ®71(7,), we have Cycl((Fu,Xﬂn), Xu) > 2 for all n € N. Since lim,,_, o, fi,, = po this clearly
implies that Cycl((Fu, X)), X“) > 2, as desired.

So far we have proved that the cyclicity of T', when we perturb (7) inside the whole family of quadratic
differential systems is exactly 2. In order to show this for I'y we use an orbital symmetry that preserves
the two-parameter family (7) and interchanges I', with T',. More concretely, we take ¢(x,y) = (nx, —n?y)

with n:= 4/ QEDbo' Then one can verify that the coordinate change (z,7) = ¢(z,y), together with the time

reparametrization ¢ = 7~ 't, induce the parameter change (d@g,bo) = (ag,2 — bg) in the family (7). Due to
#(T¢) =Ty, the result follows because we have already proved its validity for I',,. This completes the proof
of the result. m
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Figure 8: Dulac maps D{ to define %(s;p) = D% (s;p) — D% (s; ).
The points in red are (0, D% (s)) and (0,—1/s).

4 Proof of Theorem C

Lemma 4.1. For each b € (0,2), define the linear map ¢(x,y) = (mx, —n3y) with np:= ’/Tﬁb and consider
the vector field X,, in (13). Then ¢.(X,) = n; ' Xo(u) with o(a,b,9,e1,€2) = (a,2—b, —nicg, Mpe1, —€2/mpb)-

Proof. This follows by an easy computation and it is left to the reader. [ ]

The previous result will enable us to study the limit cycles bifurcating from I'y by taking advantage of
Theorem 3.5, which is addressed to the ones bifurcating from I',. To this end we take two transverse
sections on x = 0, £; and 3o, parametrized by s — (0, —1/s) with s € (0,9) and s — (0, s) with s € (-9, J),
respectively. Then, see Figure 8, we consider the Dulac map Dﬁ( -y ) for X, from 3, to ¥y and the Dulac
map D’ (-;p) for —X,, from ¥; to ¥ and define

PDe(s; )= D' (s; p) — D (s ).

We remark that, according to the parametrization of %, the function Zy(s;p) is defined for positive s.
Taking these definitions into account we now prove the following result. With regard to its statement we
stress that the change of parameters v = ®(u) is the same as the one given in Theorem 3.5, cf. (14).

Corollary 4.2. Given any po = (ag, bo,0,0,0) with ag € (—2,0) \ {—1} and by € (0,2), there exist a
neighbourhood U of po in R® and § > 0 such v = ®(u):= (g0,€4,6_,c4,c_) is a local change of coordinates
in U and we can write

D5 )] 10y = — 11 (5:) — sfn(551) — vaa(s:).
where, setting vy = ®(uo) = (0,0,0,v9,12),
(a)
(b)
() ga(siv) = 2 (ka(v) + F5°(vo)) where N (v) = A(v) +min (A(), 1).

1(s;7) = R (v) + F5° (o),
2(s;v) = s2) (Ro(v) + F5° (1)) where A(V)]y—a() = —2F2, and

a '

Na)Y

>
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Moreover Ry, ko and k3 are smooth strictly positive functions on ®(U).

Proof. By applying Lemma 4.1 (and following the notation given in its statement) one can easily show that
DY (s;p) = —n, DY (n, *s;0(n)). Thus Zy(s; ) = =1, > Pu(n, *s;0(p)) and, consequently,

.@g(s; .u)|u:<1>*1(u) = - 771)_29u(77b_25; U(M)) |M:q>—1(,j)
= iy D (1 25;0(@7 1 (v)))
= =0, 2 Du (1,753 1) | pma—1 (6:0))

where in the second equality we set 7, := np|—¢-1(,) = ,/3*537_;5 and in the third one §:= ® oo o d~ 1.
Some computations show that

6(v) = (=ipvr, —v3/f, —v2 /i, Vs, va).
Therefore, from the equality (15) in Theorem 3.5, we obtain that

De(s3 1)l u=o-10) = =0, > Du (0,253 1) | pmo—1 (6.0

—1, (mV191 (1, 25:6(v)) + vs/fug2 (0, *s;6(v)) + V2V4/77ug3(77525;5’(1/)))7
and so the result follows setting
gi(s:v):= g (0, 25:6(v)), Go(siv):= 1, g2(7, 2s;6(v)) and Ga(s;v) =1, g (9, *s:6(v)),

which satisfy conditions (a), (b) and (c) in the statement due to Ao = A, 7, > 0 and assertion (h) of
Lemma A.7. This concludes the proof of the result. [ ]

Proof of Theorem C. By applying Lemma 3.1 it suffices to consider the quadratic 5-perturbation {X,}
given in (13). To begin with let us take g = (ag, bg, 0,0, 0) with ag # —1 and note that then by Theorem 3.5
and Corollary 4.2, respectively, we obtain that

D (s; o1y . )
=v + I/th(s, v)+ U3V5h3( s V) (20)
and
Ao S e
= + Vghg(s, v)+ 1/21/4h3 V), (21)
where by applying Lemma A.7 we have that
hai=g2/g1 = 2 (ka(v) + F5°(v0)) and hgi= gs/g1 = s* ) (ks(v) + F5°(v0)) (22)
with x;(r9) > 0 and
hai= g2/g1 = $*¥) (Ra(v) + F5°(v0)) and hy:= gs /g1 = s* @) (5 (v) + F5°(v0)) (23)

with #;(r9) > 0. Note that the limit cycles of X, that are close to I, (respectively, I'y) in Hausdorff sense
are in one to one correspondence with the isolated positive zeroes of Z,(-;u) (respectively, Z;(-;p)). In
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turn, those zeroes are in one to one correspondence with the ones of %, (-;v) and Z,(-;v), respectively,
where v = ®(pu).

We claim first that Cycl(({Fu,Fg},X,m),XM) < 3. We prove it by contradiction. If the claim is false
then, since we know by Theorem B that Cycl((T'y,X,,), X,) = Cycl((T¢, X,p), X,) = 2, by applying
Rolle’s Theorem there would exist three sequences s,, — 0%, s/, — 0% and v,, — v := ®(ug) such that
05 R (S Vn) = 0sRi(s),;vn) = 0 for all n. On the other hand, by Lemma A.7 again, from (22) we get that

Oshs(s; .
Sl_i)r(r)1+ &hiéizg = 0 uniformly on v & 1.
Then from (20) we obtain that 0sZ.(sn;vn) = —v20sha(sn; V) — v3v50shs(sp; V)|V:V = 0 for all n and,
consequently, "

v = _785h3(sn; n) — 0 asn — oo.
V3ls v=un ashQ(Sn; Vn)

Therefore lim,, o V;’—f/{ = 0. Exactly the same way, but using (23) and that 0;%;(s,;v,) = 0 for all n,
r
VvaVs lv=v.

v=vy,
V3 |
VolV4a lV=Vp,

we get that lim,, = 0. The combination of both limits implies that ’ tends to 0 as
n — oo, which is a contradiction because lim,,_,oc ¥n = 9 € R®. This proves the claim.

In order to proceed we take e > 0 and sy > 0 small enough such that the functions h;(s;v) and h;(s; v)
for i = 1,2 are strictly positive for all s € (0, sg) and v € B(vp).

We claim next that Cycl(({Tw, e}, X)), Xp) = 3 for all (ag, by) € (—2,0) x (0,2) with ag # —1 verifying
that ag + by < 0 or ag + 2 — by < 0. Let us assume for instance that ag + by < 0 (the other case follows
verbatim). To this end recall, see (14), that vy = ®(ug) = (0,0,0,a9 + 2 — by, ap + bp) and so the fifth
component of vy is not positive. That being said we take 7 € B. (1) N {v1 = v2 = 0,v3 # 0,5 < 0} and
s1 € (0,80) in order that D5%,(s1;7) > 0 and D3%(s1;7) < 0, see (20) and (21), respectively. Next, by
continuity, we can take © € B.(v9) N {r1 = 0,913 > 0} close enough to 7 in order to have

33 >0, Ru(s1;0)%u(s1;7) > 0 and He(s1;0)%e(s1;7) > 0.

We take then sy € (0, s1) small enough such that, on account of (20) and (22), 72%,,(s2; ) < 0. Finally, by
continuity again, we choose v* € B (1) N {r1v2 < 0} close enough to ¥ such that

RBou(s1;V*)Zu(s1;7) > 0 viig >0
Ry(s1;V) R (s1;0) > 0 viis >0
Ry (82, V)R (52;7) > 0

Observe that we can also take s3 € (0, s2) small enough such that, thanks to (20) and (21),
Vi (s3;0°) < 0 and vi%y(s3;v™) < 0.

Then Zy(s1;v*)%(s3;v*) < 0 due to v3vi > 0 and vivy < 0. Therefore, by Bolzano’s Theorem, there
exists sy € (s3,s1) such that Zy(s¢;v*) = 0. On the other hand,

R (83507 )Ry (825 v7) < 0 and Ry, (s2; V") Zu(s1;07) <0

due to viv3 < 0 and v3vi > 0, respectively. Consequently, by applying Bolzano’s Theorem again, there
exist s} € (s3,s2) and s2 € (sg,51) such that 2, (sl;v*) = Z,(s2;v*) = 0. Summing-up, we have proved

u?

that there exist v* € B.(vp) and sy, 55, % € (0,50) with s, # s2 such that

Ry(sp;0*) = %’u(si, V) = %u(si; v*) =0.
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Accordingly Cycl(({T'w,T'¢}, X,1,), Xpu) = 3 because vy = ®(po) and we can take e > 0 and sg > 0 arbitrarily
small. This proves the claim. (For completeness let us note that the case ag + 2 — by < 0 leads to the
simultaneous bifurcation of one limit cycle from I, and two from I'y.)

Thanks to the claim we also have that Cycl(({T'y, T}, X,,,), X)) = 3 for each po = (ag, by, 0,0,0) with
(ag,bo) € {—1}x%(0,2) because in any neighbourhood of such pg there exist a parameter pi,, not in {a = —1},
verifying that Cycl(({T'w, ¢}, X, ), X,) = 3.

Our last task is to show that if (ag,bp) € Ko, ie., ag+ by > 0 and ag + 2 — by > 0 is verified, then
Cycl(({T'w, ¢}, X1p), X)) = 2. To this end, on account of

Cycl(({l“ml"g},X,m),XM) > max{Cycl((l"u,Xuo),XM),Cycl((l“e,X,m),XH)} =2,

it is clear that it suffices to prove that Cycl(({T'u,T'¢}, X,,), X,) < 2. We shall bound this number by
studying the positive zeros of %, (s;v) and Z(s;v), see (20) and (21), bifurcating from s = 0 when v tends
tovg € {11 =va =v3=0,v4 >0 and vs > 0}. Recall here that vy = ®(ug) = (0,0,0,a9 + 2 — b, ag + bo).
On account of (22) and (23), respectively, the application of Lemma A.7 yields

ha(s;0) = ra() (s (1+ F5° (1)))2Y) and ha(s;v) = ka(v) (s (1 + F52 (1)) .
Accordingly, by applying twice Lemma A.9 we deduce that
(t,v) = U(s,v):= (ha(s;v),v) and (t,v) = \il(s; v):= (ﬁg(s; v),v)
are well defined changes of variables satisfying

Ut ) = (a((t/m(u))l/ﬂ”);y),y) and U1 (¢, v) = (6((t//%4(1/))1/5(”); v),v),

where o(u; v) = w(14+F5°(v)) and 6 (u; v) := u(1+F5°(1p)). Our aim is to apply these changes of variables
in (20) and (21), respectively. To this end note that, by Lemma A.7 once again, from (22) and (23) we get

(hs 0o U~N) (t;0) = "W (k(v) + f(t;v)) and (hg o U7 (tv) = 7@ (&(v) + f(t;v))

with 9(v) := X (v)/A(v) = 1+ min(1,1/A(r)) > 1, & and & smooth positive functions, and f, f € )
for some ¢; > 0 small enough. Accordingly, from (20) and (21),

Ry(t;v):= (By o VN (t,v) = v + vt + V3V5t19(")(/<a(u) + f(t;v))
and
By(t; )= (B 0 V™YY (t,v) = v1 + vst + vavgt” V) (R(v) + f(t;v)).

We are now in position to prove that Cycl(({I'y, ¢}, X, ), X,) < 2. By contradiction, if this number is
greater than 2 then (by exchanging the subindices u and ¢ if necessary) for all € > 0 there would exist

(t17t27t37l/) S WEZ: (0,6)3 X BE(Z/()) \ {tl =tyorvy =1y = V3 = O}

verifying that

Ro(t1;v) = Ry (ta;v) = R(ts;v) = 0.

These three equalities can be written as

1 a vt} (k(v) + f(t;v)) v 0
1 b vsts ) (k(v) + f(ta; 1)) v | =] 0
1wty (k) + fts:v)) c Vs 0

23



A necessary condition for this to hold is that the determinant

1 a vsty " (k(v) + f(t1:v))
D(ty,to,t3;v):=| 1 b z/5t129(y)(/<;(1/)—|—f(t2;l/))
1 ut? (k) + flts;v) c

is equal to zero because (t1,t2,t3,v) € W.. An easy computation shows that we can write

D(ty,t2,t3;v)

P P = t3 (1 — V5Cﬂ(y)_1 (I%(V) + f(tg; V)) 14()(1517 tQ; V)) + VstthAl (tl, t2; l/), (24)
2— U

where, for i =0, 1,

O(v)—i . d(v)—i _
Aty tos )= 2 (O F T i) = 2 (k) + f(t;v))

I(v)—i ()= (4O(w)—i, (49—,
_ b 31 (H(u) " fz(tz 7V) fz(tl 77/)) 7

= t2 — tl tg(y)—z _ t’lf(l/)—l

with f;(r;v):=rf (7" Lo ; l/> € Fiis, (1) for some §3 > 0 small enough. By applying (twice) the Mean
Value Theorem there exist «; > 0 between ¢; and ts, together with 38; > 0 between tf(l’)ﬂ- and tg(y)fi,
(depending both on t1, ¢ and v) such that

i

Aty toyv) = (9(v) — i)aﬁ(y)_i_l (k(v) + 0, fi(Bi;v)) for each i =0, 1.

On account of ¥(v) > 1 and 0, f; € F5o(vo) with d2 > 0, we can assert that Ag(t1,t2;1) tends to zero as
(t1,t2,v) = (07,0%, 1g) and that A;(t1,t2;v) > 0 on W, for € > 0 small enough. Since vs > 0, from (24) we
conclude that (to —¢1)D(t1,ta,ts;v) > 0 for all (¢1,ta,t3,v) € W, with € > 0 small enough. This contradicts
D(t1,t2,t3;v) = 0 and so Cycl(({T'w,T¢}, X,i), X)) < 2. This concludes the proof of the result. [ |

5 Proof of Theorem D

In this section we shall demonstrate Theorem D. However, prior to that, we shall give two general results
regarding the notion of boundary cyclicity from inside, see Definition 1.7. Thus, otherwise explicitly stated,
we consider a germ { X, },,~,, of an arbitrary analytic family of vector fields on S?. Given U C S?, we denote
by C(U) the set of compact subsets K C U and, as usual, N.(U) stands for the open e-neighbourhood of U.
We also denote the set of limit periodic sets of the germ {X,},,~,, by £, so that £ C C(S?), see Definition 1.2.

Lemma 5.1. If U is an open subset of S? then Cyclg((BU, X“O),XH) < Cych(((’)U, X[L())7X,U.)'

Proof. Fix a natural number ¢ < Cycl(U;((aU, X,0), X,.). For any p > 0 the set K,:=U \ N,(0U) € C(U)
verifies U \ K, C N,(9U) and, on the other hand (see Definition 1.7), Cyclg ((U \ K,, X,,,), X,,) > ¢. This
means, recall Definition 1.6, that there exists L, € C(U \ K,,) for which Cyclg ((L,, X,0), X,) = ¢, i.e., for
all €,0 > 0 there exists u € Bs(uo) such that X, has at least ¢ limit cycles inside N.(L,) C N.4,(0U).
According to Definition 1.6 again, we conclude that Cych((aU, Xio), Xﬂ) >ec If Cyclg((aU, Xio), Xﬂ) is
finite we can take ¢ = Cycl % ((9U, X,u,), X,u) to obtain that Cyclg ((OU, Xy, ), X,.) = Cyel 4 ((0U, Xpiy), X,u),
otherwise we easily deduce %g((@U, X)), X#) =00 = Cych((aU, XHO),X#). ]

Lemma 5.2. If K € C(S?) then Cyclg ((K, X,,), X,) = Cycl((L(K), X, ), X)), where L(K) = LNC(K).
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Proof. By Remark 1.1, the set {7 limit cycle of X,, contained in N.(K)} contains
{7 limit cycle of X, with dg(v,I') < ¢ for some I' € L(K)}.
Accordingly, on account of Definitions 1.4 and 1.6, it follows that
Cyclg (K, X ), X)) = Cycl((L(K), X,1), X,0).

Fix a natural number ¢ < Cych((K, Xuo), Xu)~ Then, see Definition 1.6 again, for any n € N there exists
ftn € B1/n (o) such that X, has at least ¢ limit cycles 7., ...,7S contained in Ny, (K). Since (C(S?),dp)
is compact (see Remark 1.1 again), by taking a subsequence we can assume that 74 — TV € L(K) as
n — oo. Consequently, for each ¢,§ > 0, there exists n € N such that p, € Bs(uo) and dg(v2,T7) < e.
Therefore, see Definition 1.4, Cycl((£(K), X,.,), X,) = c. If Cyclg ((K, X,,,), X,,) is finite then we can take
¢ = Cyclg ((K, X,,,), X,) to conclude that Cycl((£(K), X,,), X,.) = Cyclg((K, X,,), X,), and the result
follows. Otherwise one can easily show that

CYCIG((K’ Xﬂo)vXu) =00 = Cycl((C(K), Xﬂo)vXu)v

and so the result follows as well. ]

Proof of Theorem D. Let {X,},ca be the whole quadratic family of vector fields and X, the vector
field (7) with (ag,bo) € {(—=1,1), (=%, 2), (=%, 2)}. Setting U = R?\ {y = 0}, so that U =T, UT,, we get

202 2732

(1) (2) (3)
Cycl % ((0U, X 1), Xp1) < Cyelg (U, X)), Xpu) = 2 <3 < Cycl(({Tu, e}, Xpp), X,)

Y Cye((LOU), X,0), X)) 2 Cyelg ((0U, X0, X,0).-

The inequality (1) follows from Definition 1.7 taking K = ). The equality (2) for (ag,bo) = (—1,1) follows
from [8, Theorem 11], for (ag,by) = (—3, 3) follows from [21, Theorem 1.2] and for (ag,by) = (—3,32) is a
consequence of the latter by applying Lemmas 3.1 and 4.1. The inequality (3) follows from Theorem C. The
equality (4) is due to the fact that the only limit periodic sets inside OU =T, UT; are T, and T'y. Finally,

the equality (5) follows from Lemma 5.2. This proves the result. [ |

Remark 5.3. At this point we want to compare our approach with the one made by Dumortier, Roussarie
and collaborators in [2, 6, 4, 13]. Let us explain succinctly the context in those papers using our notations.
To this end let us assume that {X,},~,, is an unfolding of a Hamiltonian vector field X, which has a
center p with period annulus &. Setting U = £ U {p}, we suppose additionally that U is a hyperbolic
2-saddle cycle T' for which at most one connection breaks when p = pg. Similarly as we do in Figure 7
we take a transversal section Y; in the unbroken connection and a transversal section Y5 in the other one,
and we consider the difference map 2(s; ) between the corresponding Dulac maps, which is defined on
(0, s0). The limit cycles of X, that are Hausdorff close to I' = OU correspond to small isolated zeros of the
displacement function Z(s; ). If f(s) is a smooth function on (0, s¢) and I C (0, sp), we denote by Z;(f)
(respectively, Z7*(f)) the number of zeros of f in I (respectively, counted with multiplicities). Then we
have that

Cde((aU7 X,uo)a X/A) = CyCI((FaXuo)a XM) = inf sup Z(O,s) (@(7 :u)) = 2.
€:9>0 1€ Bs (10)

Moreover, if the boundary cyclicity of U from inside is finite then, by applying [10, Theorem 1] and the
Weierstrass Preparation Theorem, it follows that

Cycl ((0U, Xy), Xu) < inf  sup  Z(p (M) =: M,
=Ho



where the above supremum ranges over all the analytic arcs u = £(¢) with 9(5; f(e)) # 0. Hence, by taking
the Taylor’s expansion at € = 0, we can write Z(s;{(€)) = €< (Me(s) + O(e)) where Me(s) is the first
non-identically zero Melnikov function associated to the one-parameter unfolding {X¢(e)}e~o. (We point
out that here we are using € and e.) Following this notation, M < Z is a sufficient condition to have alien
limit cycles bifurcating from OU because then the strict inequality (8) in Definition 1.8 holds. In contrast,
our understanding is that the authors in [2, 6, 4, 13] define alien limit cycle bifurcation when M; < Z,
where M; is defined as M but taking the supremum only over all the analytic arcs { for which k¢ = 1.
On the other hand, Han and collaborators (see [27, 28, 30] and references therein) detect alien limit cycles
according to Dumortier-Roussarie’s definition by showing that there exist a family of arcs ¢ with ks = 2
for which the Melnikov function M has mg > M, simple zeros arbitrarily close to s = 0. Then, by the
implicit function theorem, they can assert that M; < my < Z. d

A The asymptotic expansion of the Dulac map and related results

In order to prove Theorems A and B we will appeal to some previous results from [16, 17, 18] about the
asymptotic expansion of the Dulac map. For reader’s convenience we gather these results in Proposition A.4.
To this end it is first necessary to introduce some new notation and definitions. For simplicity in the
exposition, we use w € {oo,w} as a wild card in €% for the smooth class > and the analytic class €“.
Setting ©:= (A\,v) € W := (0,+00) x W with W an open set of RV, we consider the family of vector
fields {XQ}QGW with
Xo(21,22) = 21 P1 (21, 223 0)0ny + 22P2(21, 725 7) 0, (25)

where
e P, and P, belong to €= (% x W) for some open set % of R? containing the origin,
e Py(x1,0;7) > 0 and Py(0,x9;0) < 0 for all (1,0), (0,22) € % and v € W,

_ _ P(0,0;9)
o A= _Pf(o,o;f/)'

Thus, for all 7 € W, the origin is a hyperbolic saddle of X; with the separatrices lying in the axis. We point
out that here the hyperbolicity ratio of the saddle is an independent parameter, although in the applications
we will have A = A(v). The reason for this is that the hyperbolicity ratio turns out to be the ruling parameter
in our results and, besides, having it uncoupled from the rest of parameters simplifies the notation in the
statements. Moreover, for ¢ = 1,2, we consider a €% transverse section o;: (—¢,¢&) X W — ¥ to X, at
x; = 0 defined by

oi(s;0) = (%1(5;9),01’2(5;3))

such that 1(0,2) € {(0,z2); 25 > 0} and 09(0,7) € {(21,0);2; > 0} for all # € W. We denote the Dulac
map of X, from 31 to Xg by D(-;0), see Figure 9.

The asymptotic expansion of D(s;7) at s = 0 consists of a remainder and a principal part. The principal
part is given in a monomial scale that contains a deformation of the logarithm, the so-called Ecalle-Roussarie
compensator, whereas the remainder has good flatness properties with respect to the parameters. We next
give precise definitions of these key notions.

Definition A.1. The function defined for s > 0 and o € R by means of

){ s 2=l ifa#0,

w(s;a ]
—logs ifa=0,

is called the Fcalle-Roussarie compensator. O
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El N o1 (S)

Figure 9: Definition of the Dulac map D(-;7), where ¢(t,p; ) is the
solution of X passing through the point p € % at time t = 0.

Definition A.2. Consider K € Z>o U {oo} and an open subset U C W c RN+ We say that a function
¥(s; ) belongs to the class €X (U), respectively 4% (U), if there exist an open neighbourhood € of

{(s,0) eRY* %56 =0,0 € U} = {0} x U
in RNV*2 such that (s,7) ~ 9(s;0) is €% on QN ((O7 +00) X U)7 respectively €. O
Definition A.3. Consider K € Zso U {oco} and an open subset U € W ¢ RN*1, Given L € R and 9 € U,
we say that a function ¢ (s;0) € €5 (U) is (L, K)-flat with respect to s at iy, and we write 1 € FK (i), if

for each £ = ({o, ..., n11) € ZY? with || = €y + ...+ n41 < K there exist a neighbourhood V' of 7 and
C, 59 > 0 such that -

O (s; 1)

Logptt ... gpty+r
0s*0 00, O

< Cst=% for all s € (0,50) and # € V.

If W is a (not necessarily open) subset of U then define F&(W):= MNogew FE (). O

Apart from the remainder and the monomial order, the most important ingredient for our purposes is
the explicit expression of the coefficients in the asymptotic expansion. In order to give them we introduce
next some additional notation, where for the sake of shortness the dependence on 7 = (A, v) is omitted. We
define the functions:

N S ESNC

My (u):= Ly(u)d, (?) (0, ) My (u) = La(u)ds <ff> (u,0)

1

On the other hand, for shortness as well, we use the compact notation o;;;, for the kth derivative at s =0
of the jth component of o;(s;?), i.e.,
O'ijk(ﬁ) = 650’@' (0; ﬁ)

Taking this notation into account we also introduce the following real values, where once again we omit the
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dependence on U:

P ~
Sii= s I (1)(070120) = —HL N (1/X, 0120)

20011 o190 \ P2 L1(o120)
. T o <P2>(0210 0) = —72L N1\ om0) 27)
20921 0210 \ P4 ’ Ls(0210) ’

02210210 ,
Sgi= ———— 0
’ Lo(0210) ©

Here M; stands for a sort of incomplete Mellin transform of M; that will be defined by Proposition A.5
below. The next proposition gathers the essential results in [18] that we shall need to prove the first main
result in the present paper.

Proposition A.4. Let D(s;v) be the Dulac map of the hyperbolic saddle (25) from X1 and ¥o and consider
any Ao > 0. Then D(s;0) = Ao(0)s* + F°({Xo} x W) for any £ € [Xo, min(2Xg, Ao + 1)) where Ag is a
strictly positive € function on W and

An(D) = 0?110120 L2(0210)
O(V) - L>‘ A
1(0120) 0221051

Moreover,

(1) If Ao > 1 then D(s;0) = Ng(D)s™ + Aq(D)s* T+ Fp2({Ao} x W) for any € € [Ag + 1,min(Xg + 2,2)¢))
where Ay is a €F function in a neighbourhood of {Ao} X W and Aq(P) = AgASi.

(2) If Ao < 1 then D(s;0) = Ag(0)s* + Ag(9)s** + F2({Xo} X W) for any £ € [2Xg, min(3Xo, Ao + 1))
where Ay is a €% function in a neighbourhood of {\o} x W and Ay(D) = —A3S,.

(3) If Ao = 1 then D(s;0) = Ag(D)s™ + Az (0)sMLw(s; 1= N) + Ay (0) ML+ FX ({1} x W) for any £ € [2,3)
where Az and Ay are € functions in a neighbourhood of {1} x W and Az(9)|x=1 = —A3S53|r=1.

For the ease of the reader, let us explain regarding this result that the structure of the asymptotic
expansion follows from [18, Theorem 4.1], whereas the properties (i.e., regularity and explicit expression)
of the coeflicients follow by applying Theorem A, Corollary B and Proposition 3.2 of the same paper.
Furthermore, the flatness ¢ of the remainder can range in a certain interval depending on Ag. The left
endpoint of this interval is only given for completeness to guarantee that all the monomials in the principal
part are relevant (i.e., they cannot be included in the remainder). The important information about the
flatness is given by the right endpoint. A key tool in order to give a closed expression of the coefficients
A; is the use of a sort of incomplete Mellin transform, which is accurately defined in the next result. For a
proof of this result the reader is referred to [18, Appendix B].

Proposition A.5. Let us consider an open interval I of R containing x = 0 and an open subset U of RM.
(a) Given f(z;v) € €°(I x U), there exits a unique f(o,z;v) € € ((R\ Zso) x I x U) such that
20, f (o, 50) — af (@, 230) = f(x;0).

(b) If z € I\ {0} then 8,(f (e, z;0)|z|~*) = f(x;v)% and, taking any k € Z>o with k > «,

k=1 o
; 9. f(0v) ’ k-1 —ads
. — T i o . -7 . a2
flasaso) = STt lal® [ (o) =T ) b0
where TF f(x;v) = Zf:o JOLf(0;v)a is the k-th degree Taylor polynomial of f(x;v) at = 0.
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(¢) For each (ig, zo,v0) € Zzo x I x W the function (o, x,v) > (ig — o) f (o, z;0) extends € at (ig, 2o, Vo)

and, moreover, it tends to ;- Lot f(0; vo)zl as (o, x,v) = (ig, o, Vo).

(d) If f(xz;v) is analytic on I x U then f(o,z;v) is analytic on (R \ Zso) x I x U. Finally, for each
(v, 0, v0) € Zxo x I XU the function (a, z,v) — (ag —oz)f(a,x;v) extends analytically to (ag, o, Vo).

On account of this result for each M;(u; D) in (26) we have that (o, w; D) — M;(a,u; D) is a well defined
meromorphic function with poles only at o € Z>o. Accordingly, see (27), Ml(l/)\,alzo) and MQ(/\,Uglo)
are the values (depending on 7) that we obtain by taking M, (a, u; 7)) with o = 1/A and u = o190(?) and
by taking Mo (o, u;0) with a = A and u = 0919(?), respectively.

The next result (see [17, Lemma 4.3]) is addressed to study the case in which the separatrices depicted
in Figure 9 are not straight lines.

Lemma A.6. Consider a € family {X,},cr~ of planar vector fields defined in some open set W of R2.
Let us fiz some g € RY and assume that, for all p ~ o, X, has a hyperbolic saddle point at p, € W
with (global) stable and unstable separatrices S+ and S,; , respectively. Consider two closed connected arcs

0+ C Si , having both an endpoint at p,,. In case of a homoclinic connection (i.e., S}t = S, ) we require

addztzonally that £+ N ¢~ = {p,,}. Then there exists a neighbourhood V of (¢ UL™) x {uo} in R* x RN
and a € diffeomorphism ® : V — ®(V) C R? x RN with ®(z,y, u) = (¢, (2, y), u) such that

(S x {uH) NV) € {z =0} x {u} and D((S,; x {u}) N V) C {y =0} x {u}.
In other words, (¢,)«(X,.) = X,, where X,(z,y) = xP(x,y; 1)0s + yQ(x, y; 1)dy, with P,Q € €= ((V)).

Next result gathers some general properties (see [16, Lemma A.3]) with regard to operations between
functions in F&(W) with L € R.

Lemma A.7. Let U and U’ be open sets of RN and RN respectively and consider W C U and W' C U’.
Then the following holds:

(a) FEW) C}—f(W) for anyWCW and ﬂn]:i((Wn):]-"f (U,, Whn).
b) FE(W) c FE(W x W").

c) €X(U) C G (U) C FF(W).

(d) If K > K" and L > L then FE(W) c FE'(W).

(e) F.

(
(

e) FE(W) is closed under addition.

) Iffe FEW) and v € Zg&'l with |v| < K then 8" f € ff:,,l;j‘(W).

(
(9) FLr (W) Fis(W) C Fip(W).
(

h) Assume that ¢p: U — U is a €K function with p(W') C W and let us take g € FE(W') with L' > 0
and verifying g(s;n) > 0 for alln € W' and s > 0 small enough. Consider also any f € FE(W). Then
h(s;n):= f(g(s;m); ¢(n)) is a well-defined function that belongs to F& ,(W').

Remark A.8. From Definition A.3 it follows easily that if 0" f € Ff_, (W) for all v € ZL{™ with [v] < 1
then f € FET1(W). This is a sort of converse for assertion (f) in Lemma A.7. O

Lemma A.9. Let us consider f(s;p) € Fg°(po) with 6 > 0 and define ¥ (s, p) = (s(1 + f(s;p)), 1) for
0 < s <1 and p =~ pg. Then ¢ extends to a local €* diffeomorphism on a neighbourhood of (0, o).
Moreover its inverse, for 0 < s < 1 and p = g, writes as v (s, 1) = (s(1 4 g(s; p)), pn) with g € F5°(1o)-
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Proof. Since f(s;pu) € Fg°(po) with § > 0 then sf(s; ) € Fi5s(po) extends to a €' function on some
neighbourhood of (0, 19) by [16, Lemma A.1]. Thus F(s,u,u) = s(1 + f(s;p)) — u is €* at (0,0, uo),
F(0,0,10) =0 and 9,F(0,0, uo) = 1, and by applying the Implicit Function Theorem (see [11] for instance)
there exists a unique ¢! function o (u, 1) on a neighbourhood (—&, &) x U of (0, p10) such that o(0, uo) = 0 and
F(o(u,p),u,u) =0, ie., o(u,u)(1+ f(o(u,u); 1)) = u. Moreover the uniqueness implies that o (0, u) = 0
for all p e U.

We claim that o € Ng_y Fi* (1o) = F°(po). The proof follows by induction on K € Z¢. Indeed, due
to o(0, ) = 0 for all u € U, we can write

1
o(u, p) = u/ Duo (tu; p)dt € u6L_o(U) C F (o),
0

where the inclusion follows by (¢) in Lemma A.7. Since f € €X,(U), by applying the Implicit Function
Theorem to the equality F'(s,u,u) =0 at the points (s,u, 1) = (0 (U, fx), U, f+) With (ux, uy) € (0,6) x U
and taking the uniqueness of o into account, we deduce that o € €X((U). Furthermore

O F

1
Ouo(u, 1) = — (agF) (J(uvﬂ)vuau) = 1+ fl(U('Ihﬂ);N)

and

B T A GOV )L A CAC DY)
6m0(u7/$) = (8SF>( ( ’M)> 7M) = 1+f1(U(U,u);u) 5

where f1:= f+s0sf € F5°(uo) by (f) in Lemma A.7. On account of these two expressions, and by applying
Lemma A.7 once again, we can assert that if o € F{(ug) then 9,0 € FL (o) and 9,0 € F& (o), and
consequently, see Remark A.8, o € flK (o). Accordingly, since we already proved that o € F(po), we

conclude that o € F{°(uo) and f(o(u, p); ) € F5°(p0) by induction. Hence

o(u,p) = - = - = u(l+ g(u,p))
’ L+ flo(u,p)ip) 1+ F5°(no) ’
with g € F§°(p0), thanks to Lemma A.7 again. This concludes the proof of the result. [ |

The following result is a kind of division theorem among the class of flat functions and its proof can be
found in [19, Lemma 4.1].

Lemma A.10. Let us fit L >0 and n € N. If f(s;pa,. .., pn) € F2(0,) verifies that
f(sspay. ey t—1,0,...,0) =0, for some k € {1,2,...,n},
then there exist fi, ..., fn € F°(0n) such that f =31, wifi.

We give at this point the precise definition of independence of functions that we use in this paper and a
subsequent result addressed to obtain lower bounds for the number of bifurcating zeros.

Definition A.11. Let W be a subset of RY (not necessarily open) and consider the functions g;: W — R
for i = 1,2,...,k. The real variety V(g1,92,-..,9x) C W is defined to be the set of u € W such that
gi(w) = 0 for i = 1,2,..., k. We say that g1,¢2,...,9x are independent at us, € V(g1,92,...,9gx) if the
following conditions are satisfied:

(1) Every neighbourhood of p, contains two points p1, u2 € V(g1,...,gk—1) such that gx(p1)gr(p2) < 0 (if
k =1 then we set V(g1,...,9x—1) = V(0) = W for this to hold).
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(2) The varieties V(g1,...,9i), 2 < i < k — 1, are such that if yg € V(g1,...,9;) and g;41(uo) # 0, then
every neighbourhood of pg contains a point u € V (g, ..., gi—1) such that g;(u)gir1(p0) < 0.

(3) If po € V(g1) and go(1g) # 0, then every open neighbourhood of py contains a point u € W such that
91(1)g2(po) < 0.

It is clear that if W is an open subset of RY and g; € €1(W) for i = 1,2,...,k then a sufficient condition
for g1,92,...,9x to be independent at p, is that the gradients Vg1 (u4), Vga(tis) - .., Vg (u4) are linearly
independent vectors of RY. O

Proposition A.12. Let W be a subset of RN (not necessarily open) and consider
n
F(sip) =Y i) fi(si i) + fara(sim),
i=1

where f;: (0,e)xW — R and §;: W — R are continuous functions (with respect to the induced topology).
If uy € V(61,09,...,0,) C W satisfies

)

(b)

(¢) limg_yq % =0, 1 <7< n, for every p in a neighbourhood of p, in W, and
)

then for every neighbourhood V' of . in W and p > 0 there exists uo € V' such that F(s; ug) has at least n
different zeros inside the interval (0, p).

Proof. Fix any p > 0 and any neighbourhood U of p, in W. Then, by the assumption (a), there exists
s1 € (0,p) such that F(s1;usx) = fa+1(81;1+) # 0. Suppose for instance that F(sq;us) > 0. Then, on
account of (1) in Definition A.11, we can take pu; € U NV (d1,02,...,0,—1) such that &, (1) < 0 and close
enough to p, so that, by continuity, F(s1;pu1) > 0. Observe that

F(s;p1) = 8n (1) fu (85 1) + frp1(s; pa)-

Thus, by (b) and (c), lim, o z((z;f;ll)) = 0n(p1) < 0 and we can take sy € (0,s1) such that F(so;pu1) < 0.

Next, thanks to (2) in Definition A.11, we can choose s € U NV (61,09, ...,0,—2) with d,—1(u2) > 0 and
close enough to p1 so that F'(s1;u2) > 0 and F(sg;ue) < 0. Note that

F(s;p2) = 0n—1(p2) fn—1(8; p2) + 0n(p2) fr(s; pi2) + frr1(s; p2).

Consequently, by (b) and (c), lim,_,0 % = 0p—1(p2) > 0 and we can choose sz € (0, s3) such that
F(s3;p2) > 0. Next we take uz € UNV(01,02,...,0,—3) with d,_2(u3) < 0 and close enough to ps so that
F(s1;13) > 0, F(s2;u3) < 0 and F(s3;us) > 0. We repeat this process n — 2 times after which we find a
parameter fi,11 € U and 0 < 8,41 < 8, < ... < 83 < 81 < p, such that (=1)"T1F(s;; ppr1) > 0 for all
1=1,2,...,n+ 1. By applying Bolzano’s theorem we can assert the existence of at least n different zeros

of F(-; piny1) inside the interval (0, p). This concludes the proof of the result. [ |

B Deferred proofs

In this section, we collect the longest and most technical proofs.
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B.1 Proof of Theorem 2.1

Proof of Theorem 2.1. We shall study first the Dulac map D (-; u) of X, from X, to ¥y. For convenience
we introduce auxiliary transverse sections X7 and ¥ parametrized by o] (s) = (2,1) and oJ(s) = (n,s)

s’ s

with n = 0, respectively. On the other hand, setting ¢, := = + a(y + 1), we perform the projective change
of coordinates (z1,z2) = ¢z, y; ) := (e ; 7-) to the vector field X, that recall is given by

{ T =yf(x,y;p) + g(z; p),
¥ = ya(z,y; ).

In doing so we obtain that

1 _ _
¢(5a), X, = — (w1 Pr(x1, w23 gy @)0s, + T2 Po(w1, 05 41, @) Ogy )

T
where one can verify that

Pi(z1,29; 1) == Py (21,705 1,0) = 202} f (acl , 11) + 2ty (:?1) (28)
and

Py(1, 295 1) := Py(xq, w25 p1,0) = 01} (;1 , M) + m"+1g (H) —xzlq (i, f—f) ) (29)

Let us note at this point, see (2), that

Pz, xip) _ o zq(x,y)

Py(21,22; 1) yf(z,y) +g(x) = K(z1,22). (30)

(-ryy):(ﬁé%
The origin (z1,22) = (0,0) is a hyperbolic saddle of z1¢,(X,; a) with hyperbolicity ratio equal to

Qn(la O)'

A(p) = =K(0,0;1) = =1+
gn+1

By introducing « and 7 (that will make easier the forthcoming computations) we shall work in an extended
parameter space ji:= (p1, a,n) with the admissibility conditions ¥ C {¢, > 0} for i = 1,2. Let D(-;u,a,n)
be the Dulac map of )_(,1 = z14(-;a), X, from X to ¥. The key point is that, by construction, D(-;u,,m)
does not depend on « and that D(-;u, a,0) = Dy(-;pu).

Let us fix any admissible ag and 79. By applying Proposition A.4 to the analytic family of vector fields
Xﬂ =1 Py (21, 095 1, @) O, + 2o Po(1, T2; i1, @)Dy,
at i = (po, @0, 1n0) We can assert that
Ay (@)sM + Fp2 (o) if Ao > 1,
D(s; ) = Do(m)s +§ Da(f)s™ + F72 (o) if Ao <1,
Ag(p)s™w(s; 1= N) 4+ Ag(p)s M + Fo (o) if Ao =1,

for any /1 € [/\0 + 1, min(2Xg, Ao + 2)), ly € [2)\0, min(3Ag, Ao + 1)) and {3 € [2,3), respectively.

We remark that \g = A(ug) = —K(0,0; u) because, although the new vector field X; depends on a,
the hyperbolicity ratio of the saddle does not. We only need to compute the coefficients of the asymptotic
development for n = 0 and to this aim notice that

A ()= Ai(p, 0, 0) = lim Aj(u,e,n) = lim Ay(,0,7),
n—0t n—0+
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where in the third equality we use that the coefficients do not depend on «. So it suffices to perform all

the computations with @ = 0. The parametrisations of the auxiliary transverse sections X7 and X7 in
coordinates (z1,x2) for a = 0 are o1(s) = (;, %) and o3(s) = (%, +) respectively, so that oijx = % for

(1,5, k) € {(1,1,1),(1,2,0),(2,1,0),(2,2,1)}. Taking this into account, by applying Proposition A.4,

) 1/n Py 1(0, 2 z
s o ([ (B0 s 4209 ) ),

where
}5(270) q(l/Z,O) Iﬁ(072) qn(lvz) qn(17z)
=1———- and =1+ =1+ .
PH(Z,O) Zg(l/z) IE(O,Z) Zfﬁ(laz)‘+'gn+1 _'Qn(laz) €n+1(1az)
Consequently

Foo z n(l, 2 2
Af (1) = Do(p, @, 0) = nlgg+ Ao(p,0,m) = exp (—/0 <qz(gl(/1/”f)) + ’\534:1(1, i)> dz>

mo ([ (i) )@

In the third equality we apply the Dominated Convergence Theorem [25, Theorem 11.30] taking into account
that the integrand does not grow faster than z~2 at infinity, which follows by the assumptions H1 and H2.
Moreover, in the last equality, we perform the change of coordinates w = 1/z and take advantage of the
homogeneity of the functions g, and £,,41.

Next, we compute As(j, a, 0) under the assumption Ay < 1. By Proposition A.4, Ay = —(A()2S, with

o222 0211 P 0221 1/
Sy = _ 20 0) — — T2 i, - Vo(M 1
2 20931 a0 P (0210, 0) Lo(o210) 2(A, 0210) Lo(1/1) 2(A, 1/m),

where, see (30) and (26), Ma(u) = La(u)d2 K (u,0) with
dz

Ls(u) :exp/ou (K(2,0)4+ )= .

and we take o5(s) = (717 f]) into account. To perform the limit of Sy as n — 07 we need to study the growth

of the functions that are involved. With this aim observe that, since A(u) < 1 for g = pp, we can take k =1
n (b) of Proposition A.5 to get

. 5 1/n
i) = 222 [ () - a0

Setting f(x1,22) = 27 f (&, ), §(z1,72) = 27q(Z, 22) and (1) = 21 g(5), from (28) and (29),
g(

(32)

11711

%KWﬁFﬂk<g)mﬁ%:ﬂ%®ﬂ%;w§MU@

Hence, using that deg(g) = n+ 1 due to g(0) # 0 (see H1) it follows that 02K (u,0) does not grow faster

than =2 at u = +o0o. We write this assertion as 92K (u,0) < u~2 and in what follows we shall use this
1/n dz
z

= —logn'**, an easy computation yields

log Lo (1/1) = /01/" (K 0)+A 1/" ( q(1/2,0) A) %

29(1/2)
:/01 (1 z(glglz/zo )d §

notation for shortness. Since (A +1) [;

—log 17



Accordingly, due to g(0) # 0 (see H1), setting

G / T

the Dominated Convergence Theorem shows the validity of the limit

lim 77)‘+1L2(1/77) = exp(Gér). (33)
n—0t

In particular, La(u) < u**!. Therefore My(u) = Lo(u)d2K (u,0) < v L. Hence, due to A < 1, we can
assert that (Ma(u) — M2(0))u=*"! < u=*~! < 42, Accordingly, from (32),

. too u
lim Va0 1/0) = [ (Ma(u) — Ma(0) -

n—0t

Finally, the combination of this with (33) yields
AF (1) = Ba(p,0,0) = lim Ag(p,0,n) = — lim ((Ao)?S2)(u,0,7)
n—0+ n—0+

+oo U
(AP exn(=GE) [ (Mat) — Ma0) 57 (34)

Our next task is to compute Aj(u, «,0) under the assumption Ay > 1, which is given by A; = AAgS;

thanks to the first assertion in Proposition A.4. Taking the derivatives of o1(s) = (£,1) at s = 0 into

n’n
account we get that

0111

Li(o120)

where, see (30) and (26), M (u) = L1 (u)01 (%) (0,u) with

b= [ (s + 1) £

1 .
81 () (O,U) — 61 (1 + _ Q(x}7$2) . )

K Tof (@1, 22) + g(21) — 4(@1, 22)
Here the assertion with regard to the growth at infinity is a consequence of f,(0,1) # 0 (see H2), which

implies that f (0, w) has degree exactly n. On the other hand, by applying (b) in Proposition A.5 and taking
1/X < 1 into account, we get

p .
o112 @71( Mi(1/X,0120) = —

S1(p,0,m) = Mi(1/X,1/n),

0,0120) —

1
20111 0120 P2 nL1(1/n)

Moreover

=<
(z1,22)=(0,u)

1/n
Mi(1/X,1/n) = —AM1(0) + 7771/)\/ (M (u) - Ml(o))ufl/)\dfu- (35)
o u

Moreover

/n 1 1Y dz Un rga(1, 2) 1\ dz
log Ly (1 = — 4+ == i) 142 ) 22
=" (zom3) = (an )
1 1
qn(1,2) 1) dz / qn(w, 1) ( 1)
= A gy ) I gy — (14 < ) log,
/o<zn+1<1,z) X) % Ty lea(w D) x) B
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where in the last equality we use the coordinate change z = 1/w. Consequently, by applying the Dominated
Convergence Theorem using that f,,(0,1) # 0,

i Ly (1) = expl(@), (36)

where

1
4 qn(1,2) 1 2Gn(z,1) \ dz
= S UAS 2SN (R UASI R el
@i /0 <€n+1(1az) XY loy1(2,1) ) 2

This implies in particular that Li(u) < u!*/* and, accordingly, M;(u) < u~'*/*. The combination of
this, together with (35) and (36), yields

VAN (1M1

. o 1(1/X,1/n)
lim Sy (u,0,7m) = — 1

oy S0 = = B AL (1)

+o0 U
——ew(-G1) [ O - 4(0) s

Therefore

AT (:u) = A1 <M7 «, 0) = (/\AOSI> (:uv «, 0)

du

“+o0
=— AT exp(—Gf)/O (Ml(u)—Ml(O))W'

(37)

Now we turn to the computation of the coefficient Az(u,a,0) in case that A(u) = 1. By the third

assertion in Proposition A.4 we have that A3|)\:1 =— (A0)253|)\:1 with
02210210 5 1/
S3 = ——— 0
’ L2(0210) )
Note that if A = 1 then the quotient F2H72s — n2L21(1/n) tends to exp(—G3) as n — 07 thanks to (33),
which is true for any A > 0. Consequently, if A = 1 then
AF () = Ba(, @, 0) = lim As(n, 0,m) = —(A])” exp(=G5)M;(0). (38)
So far we have proved that
AT (u)sM + Fo2 (o) if Ao > 1,
Dy (s;ip) = Af ()™ + 4 AT (1)s> + F72 (o) if A < 1

A (u)s* w(s; 1= A) + A (u)s*h + Fpo(uo)  if Xo = 1.

We turn next to the study of the Dulac map D_(-;u) of —X,, from X, to ¥o. To this aim the idea is to
take advantage of the previous results for D (-; ) using the fact that (z,y) — (—x,y) sends —X,, to

Xo= (yf(z,y; ) + gl 1)) 0 + ya(x, y; 1)0y

g(—z) and g(z,y) = —q¢(—=z,y). In particular, following the obvious notation

with f(z,y) = f(~2,y), g(x) x
lny1(—2,y), together with

one can check that ,,41(z,y)

Li(u) = Li(—u) and M;(u) = —M;(—u) for i = 1,2 (39)
is verified. By applying the above assertions to the Dulac map of X u from 31 to X we get that
AT ()™M + Fp2 (po) if Ao > 1,
D_(s;p) = Ay (0)s™ + 3 Ay ()™ + Fg7 (o) if Ao < 1,

Az (s w(s; 1= X) + AL ()™M + Fe (o) if do =1,
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where each coefficient A is the counterpart for X u of the coeflicient A that we have obtained previously
for X,,. We can thus assert that

D (s;p) = Di(s;p) — D_(s; )
Ay (p)s™ + Fpe (o) if Ao > 1,
= Do(p)s™ +§ Aalp)s™ + Fp2 (o) if Ao < 1,

Asg(p)s™w(s; 1= ) 4+ Ag(p) s 4+ Fo (o) if Ao =1,

where A;:= Aj —A; fori=0,1,2,3,4. Our next task is to compute each coefficient. Note that, from (31),

v e ([ (S5 ki) )

—en ([ (S e ll) ).

It is clear now that

+oo (q(z,O) Y qn(z,l)

log(AF) —log(Ay) = —/ o) . 1)) dz =:dy

— 00

On account of this, and the fact that x — logz is strictly increasing, the application of the mean value
theorem shows that Ag = Aar — Ay = kodp for some analytic function ko with xo(uo) > 0.

We turn next to the computation of A;. To this end we again take advantage of the expression of AF
thanks to the fact that (z,y) — (—z,y) sends —X,, to X,,. In doing so, recall (39), from (34) we get

+oo U
A; = —(Aa)2 exp(—G5) /0 (Mz(—u) - M2(O))% (40)

where

- . ' Q(fl/'z,O) ZQ(fsz) %
o= [ (e S S ©

In order to study Ay = AJ — A, we first observe that

et = | (S S S ) (e )

- [ U ) e [ (S )
+oo z, -z,
- i) e
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where in the second equality we perform the change of coordinates w = 1/z. Then, from (34) and (40),

du

+oo
Bo=Af -85 =ep(-67) (837 [ (0na(-) - 21a0) 5

+o0 m
o en(@) [ (el - 3a(0) K )

du

+oo
= ratto + exp(-G )30 ([ () - 30) 557

rep(@a) [ (Mot~ M(0) )

= RalAo + Ko Fy,

where in the second equality we use that G5 — G5 = Go, in the third one we plug AJ = Ag+ Ay to get an
analytic function ke = K2(u) multiplying Ag and in the last one we set k2 = exp(—G5 )(Ay )2 Accordingly
Ay = ko Fy 4+ koA with ka(po) > 0, so the assertion (2) in the statement is true.

In order to obtain the expression for A; = Af — A] we follow the same strategy as before. First we
take advantage of the expression of A] in (37) and the equalities in (39) to get that

_ _ Y e du
Ay = AAg exp(=G )/0 (Mi(—u) - Ml(o))ma (41)
where
1
-1 1 —z,1
Gi:/ (_ (=12 1 2z ))dz
0 bni1(—1,2) A lnpa(=21)) 2
0
an(1,u) 1 ugp(u,1) > du
=— S s ] —
[1 (fnﬂ(l,u) A lpa(u,1) )
Here we use first the homogeneity of ¢, and ¢, and then we perform the change of coordinates u = —z.
Consequently
1
_ n(1,2) 1 zqn(z,1) \ dz
Gf -G :/ (q(’+1++’ — =G
! ! 1 \Unt1(1, 2) A (1)) 2 !
On account of this, the combination of (37) and (41) yields
+ - + L[ du
Al = Al — Al = —)\exp(—Gl ) AO o (Ml(u) — M1 (O))W

+oo U
+A, exp(G1)/O (Ml(—u) - Ml(o))zllil/)\)

du

+oo
—mdo - M e(-GE) ([ () - 30) 55

o0 U
+exp(G1)/O (M (—u) - Ml(o))ulil//\>

= k1o + K1 F1,
where in the second equality we use that G —G] = Gy, in the third one we replace AJ by Ag+A, to obtain
a function K multiplying Ay and in the last one we set k1 = )\Aar eXp(—Gg). Therefore A1 = k1 F1 + k14

with %1(up) > 0. Since one can easily verify that &y is analytic at o with A(ug) > 1, this concludes the
proof of assertion (1).
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It only remains to compute Az = A —A3 in case that A(u) = 1. Exactly as before, since (z,y) — (—z,y)
sends —X, to X, from the expression of AJ in (38) and taking (39) into account we get

Agloy = —(8g)? exp(=Gy ) M5(0) = —(Ag)* exp(=G ) M3(0).
Hence some straightforward computations show that
Aslyoy = = (A7) exp(=G3) = (Ag)? exp(=Gy ) M(0)
= = (B0 +Ag)? exp(=Ga = Gy) = (Ag)* exp(=Gy ) M3(0)
= k3GaM5(0) + K3y,
e 1 - exp(-G)

G
which are analytic functions at po and k3(po) > 0. Finally, due to Ma(u) = La(u)02 K (u,0) with

k3= (Ay ) exp(—G5) and Rz:= —(Ag + 24, ) exp(—Gq5 ) M,(0),

Ms(u) = La(u)02 K (u,0) and Lo(u) = exp /Ou (K(Z,o) + )\)%’

one can easily show that M}(0) = L5(0)02K(0,0) + L2(0)012K(0,0) = 01 K(0,0)0: K (0,0) + 012K (0,0). We
thus obtain that Ag|x=1 = k3F3 + k3Ag with F3 = Go (81K82K + 812K) (0,0), as desired. This proves the
validity of the third assertion in the statement and concludes the proof of the result. [ |

B.2 Proof of Proposition 3.2

In this section we prove Proposition 3.2, which gives the asymptotic development of the difference map
Du(s;p) = DY (s;p) — DL (s; ),
see Figure 7, together with some properties of its coefficients. To this end we need first two auxiliary results.
Lemma B.1. Fiz any uo = (ao, bo, €0, €1, €2) with (ag,bp) € (—2,0) x (0,2) and ; = 0 fori=0,1,2. Then
DY (s;pu) =04 + Aois’\ + F7°(uo), for any L € [)\O,min(2)\0, Ao + 1)),

where \, 0+ and Aoi are € functions on p == pg and Ao:= N ug) = . Moreover, for ag # —1,

_(L0+2
ag

(1) If ap > —1 then DY(s;p) = 61 + AT + AT 4 F2o (o) for any € € [Ao + 1, min(2X0, Ao + 2)),
where Ali is a € function on p = pg.

(2) Iffo < —1 then DY (s;p) = 0z + AT N + AF s + Fpo(uo) for any £ € [2X0, min(3Xg, Ao + 1)), where
AY is a € function on p =~ po.

Proof. For the sake of simplicity in the exposition we omit the superscript in DY}. That being said, let
us prove the result for the Dulac map D, (-;u), the proof for D_(-; u) follows verbatim. We denote the
y-coordinate of the intersection point with = 0 of the unstable separatrix of the saddle at s; by 4 (u).
Since the flow is smooth with respect to initial conditions and parameters, by applying the Implicit Function
Theorem (see [11]) it follows that 04 (u) is € in a neighbourhood of 1 = pg. It is clear moreover that
04 |eg=0 = 0. For convenience we change the parametrisation on o by § — (0, S+ 64 (,u)) for § > 0 small

enough and we denote by ﬁJr (s; ) the Dulac map of X, from ¥, to ¥y with this new parametrisation in
the arrival section. It is then clear that Dy (s;pu) = 04 (p) + Dy (s;p) for s > 0. To study Dy (-;pu) we
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first compactify the vector field X,, by using the projective coordinates (u,v) = ¢1(z,y):= (ﬁ, )
The key point here is that the trajectories of X,, from 3; to X5 do not intersect x +y + 1 = 0. In doing
so we obtain an analytic family of vector fields which is orbitally equivalent to a polynomial one, say Y,
that has a finite hyperbolic saddle at the origin. By construction its stable separatrix is at u = 0 for all
1, whereas its unstable one is at v = 0 only when €9 = 0. In order to straighten both separatrices for all
w we apply Lemma A.6, that gives a €°° family of diffeomorphisms ¢ (u, v; 1) such that the push-forward
((]52)*(}/“) writes as in (25) with @ = co. By construction, setting ¢ = ¢ o ¢1, its Dulac map from ¢(%;)
to ¢(X2), parametrised, respectively, by o1(s; ) = ¢(0,1/s; 1) and oa(s; 1) = ¢(0, s+ 54 (u); 1), is precisely
ﬁ(s; 1). Observe in this regard that the parametrisations of the transverse sections are ¥°°. Accordingly,
by applying Proposition A.4,

. AT ()™ + Fi(po) - if Ao > 1,

Dy (s5p) = AJ ()s™ +

A3 (n)s* + Fe (o) if Ao <1,

for any £ € [2)\o, min(3Xo, Ao 4+ 1)) and ¢1 € [Ag + 1, min(2X, Ao + 2)). Here A = A(u) is the hyperbolicity
ratio of the saddle of X, at s; and Ao = A(po) = —“Z—?. Moreover the coefficient Asr is €°° at ug and,
on the other hand, the coefficient A} (respectively, AJ) is > at o provided that \g > 1 (respectively,
Ao < 1). On account of D (s; ) = 64 (1) + D (s; 1) this concludes the proof of the result. [ |

Lemma B.2. 9.,(64 —6_)(n) <0 for all p = (a,b,0,0,0) with a € (—2,0)\ {~1} and b € (0,2).
Proof. The differential form associated to system (13) is given by
Q:= (Qxy — 50)dx + (bsz +e1x+ (1 —b)y + ax? + eazy + byz)dy.

We know on the other hand that

H(z,y):=y(@® + ty* + my +n)<, (42)
with ¢ = a%_g, m = —ij and n = %2 is a first integral of (13) for g9 = €1 = £2 = 0. We observe in this

regard that
dH dy = 2xzdz+ (20y + m)dy
a—— =a— + )
H Yy 2+ ly?+my+n

which yields
ay'T*H* 'dH = 2zydz + (an + (a + 1)my + az® + (a + 2)ly*)dy = Q) =-,—0 + odu,

where in the second equality we use the expression of ¢, m and n in terms of a and b. This shows that
Q|.,—c,—0 is proportional to Qo := dH — <2 H'~%y*~!dz. On account of this, if we take any iy = (a, b, &9, 0,0)
and denote by I'; ., the oriented arc of orbit of X, that joins the points (0, DY (s; ,uo)) and (0, D™ (s; po))
then we have that

1 E —a,,a—
0= / Qo = H(0, DY (s; po)) — H (0, D* (s; p10)) — ;O/ H(z,y)' " *y* dz,
r FS,EO

s,€0

where DY (s; p) is Dulac map in Lemma B.1. Consequently

H(O, Di(s;uo)) — H(O,Dﬁ(s;uo)) = %O/F H(z,y) "% 1dx for all ¢ ~ 0.

s,e0

The derivative of this expression with respect to g evaluated at fig:= (a,b,0,0,0) yields

1
9y H (0, DY (s; i) ) 8=, DY (55 fio) — Oy H (0, D™ (s; [ig) ) ey D™ (53 fi0) = a/r H(z,y)' "y 'da.
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Our next goal will be to make s — 07 in this equality. With this aim in view note that, by the first assertion
in Lemma B.1, DY (s;u) = d+(p) + F;°(po) for any p > 0 small enough. Consequently, since d+(jig) = 0,
we get that

lim. 0, H (0, DY (5 i0)) oy DY (5 o) = 8, H(0,0)02,54(0) = 1/, ().

S
where in the first equality we use the good properties of the remainder with respect to the derivation of the
parameters, see Definition A.3, and in the second one the expression in (42). Therefore

an'/® (02,04 (fio) = Oeg0— (o) = lim | H(x,y)'~"y"~"dx. (43)
s Tso
Note at this point that T'y ¢ is a periodic orbit of X . Thus it is contained inside the level set H(x,y) = h
where h = h(s) verifies

h=H(0,1/s) = s~ "%l + ms + ns*)=.
Here we use (42) once again and that the parametrization of 3 is given by s — (0,1/s). Since a € (—2,0)

by assumption, this shows that lim,_,o+ h(s) = 0. Accordingly, if we denote by ~, the periodic orbit of X,
inside the level curve H = h, from (43) we get that

1/a o ) — T l1—a a—1
an'’/ 0., (64 — 0-) (fio) }lllg%)h [ny dz.

Y

It is clear then that the result will follow once we prove that the above limit exists and is different from
zero. To this end, setting ;" := v, N {& > 0}, we first observe that

/ y“fldm:2/ v tdx
Th v

h

since X, is symmetric with respect to x = 0. To compute this Abelian integral we perform the projective

change of coordinates (u,v) = (1, %) and in these new variables, see (42), we have that

v C {H(u,v) = b}, where H(u,v):= u"""20%(1 + v + muv + nu?).
A computation shows that

OuH (u,v) _u (u—2v)((b—2)u — 2bv) +4a (44)
A H (u,v) v (u—20)((b—2)u—2bv) +4(a+2)’

which gives, up to a unity, the expression of the partial derivatives of H. Then, taking (a,b) € (—2,0) x (0,2)
into account, it follows that 9, H(u,v) # 0 on 0 < u < 2v and 9, H(u,v) # 0 on 0 < 2v < u. Observe also
that, for each h > 0, the arc 'y;[ has exactly one intersection point with the straight line v = 2v because

H(u,u) = h® if, and only if, u = +c(h) where c(h):= (2*72h® — (€ + 2m + 4n))~'/2. Therefore, by applying
(twice) the Implicit Function Theorem to H (u,v) = h® we can split 7, as

v = {u=wu(v;h),v € [c(h),+00)} U{v=0v(u; h),u € [c(h), +0)}.

Accordingly, from (42) once again,

lim hlfa/ y* tdzr = lim / (22 + ty* + my + n)ifldz
h—0 72— h—0 %—i—

e(h) »
= lim (—/ (1+€U2—|—muv+nu2)lT

h—0 oo v=v(u;h)

+oo
—/ (1+€Uz+mvu—|—nu2)la ue

Opu(v; h)dv) .
(h)

u=u(v;h)
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In order to make this limit let us first observe that limy_c(h) = 0 due to a < 0. On the other hand,
limy, 0 u(v; h) = 0, uniformly in v, and lim,_,o v(u; k) = 0, uniformly in u, because the oval 7} tends to the
polycycle (in Hausdorff sense) as h — 0. Furthermore, due to

dyu(vih) = = = - LY

from the expression in (44) we deduce that |0,u(v; k)| is uniformly bounded since 0 < u(v; h) < 2v for any
v € [e(h),4+00). Taking these facts into account, together with the assumption a € (—2,0), by applying the
Dominated Convergence Theorem we conclude that

1—

“+oo
lim hlfa/ y e = / (1+ nu2)Tu7%du =:p € Ryy.
h—0 ,y;r 0

Hence 0., (64 — 6_) (o) = W < 0 and this finishes the proof of the result. [ |

Proof of Proposition 3.2. The three assertions with regard to structure of the asymptotic development
follow from Lemma B.1 setting A¥:= AF — A for i =0,1,2 and §,:= §+ — §_ because then

AY(p)s M 4+ Foo(po)  if ap > —1,
Du(s) = Doy (5:1) — D—(s: 1) = 8u(i) + AR + (45)
AY(p)s® + Fpo(po)  ifag < -1,

for any /5 € [2)\0, min(3Xg, Ao + 1)) and ¢; € [)\0 + 1, min(2Xg, Ao + 2)) Since we will deal with the “upper
case” only, for simplicity in the exposition we shall omit any subscript and superscript « from now on.

It is clear that Z(s; o) = 0 because X, is inside the center variety when p = p9. On the other hand,
by Lemma B.2, d.,6(uo) < 0. Note also that the straight line y = 0 is invariant in case that g9 = 0.
Hence 6(p)|co=0 = 0 by definition and, consequently, 0., (o) = 9,6(1p) = 0. That being stablished, our
main task is to compute the partial derivatives 0., Ay and 9.,Aj evaluated at poy = (ao, bo, 0, 0,0) for each
k = 0,1,2. To this end the key point is that we can perform the computations setting ¢y = 0 and that
in this case X, is a D-system, more concretely, with f(z,y) = 1 — b+ e2x + by, g(x) = bfTQ +e12 + ax?,
q(z,y) = —2x and n = 1, so that

ly(z,y) = (a + 2)x? + ey + by,

Let us remark that it is only for e = 0 that X, becomes a D-system. Thus, for the sake of consistency we
shall denote @ = (a,b,e1,e2) and fip = (a,b,0,0). That being said, following the notation in Theorem 2.1,
that we stress it is addressed to D-systems, from (2) we have

2

a-+eixy +e2wo + %x% + (1 =b)zixo + bxg'

zq(z,y)

K(xzy,29; 1) = 17W—&-g(m)

@w)=(2.32)

Hence A(fi) = —%2. From (6) we get that

do(fi) 2/+0o : A : d
= Z
oL oo \ 2 +e1z+a2? (a42)22 +e22+b

_2m €1 n )
a Vib—=2)a—¢2  \fabla+2)—e3)
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v/ b(a+2)

On account of this one can verify that do(n) = —po(f) (2 €1 4 €2 ) where pg is a smooth function
iz Polp 02 P
(b

with po(fig) > 0 since ag € (—2,0). Hence, from (45) and applying Theorem 2.1,

bla+2)

e1+e¢ with kg1(@g) > 0.
a(b—2) 1 2) 01(#0)

Ao(p)]y—0 = —ro1 (/1) (2

Consequently, there exists a smooth function p; = p1(u) such that

bla+2)
a(b— 2)

bla+2)

a(b—2) &1+ 52) + Ko2(1)d (1),

Ao(p) = —ko1 () (2 €1+ €2> +eop1(p) = —ror(f2) (2

where in the second equality we use that we can write §(u) = eop2(u) with p2(uo) # 0 due to d(u)|eg—0 =0
and 0.,0(po) # 0. Since ko1 (2) is a smooth function on p, this proves the assertion with regard to Ag(u).

Let us assume now that ag € (—2,—1) and turn to the study of As. This, on account of Theorem 2.1,
leads to the computation of F5. According to (4) its expression is given by

+o0 >
R = [ (Ma(=) — Ma(0) + exp(Ga) (Maz) — Ma(0)) 55 (46)

where My (u) = Ly(u)02K (u,0) with Lo(u):= exp ([, (K(2,0) + X)) . After some lengthy computations
we obtain that

_1
a

9
Lo() = (1+ Zutmu?) * Bau),

where ny:= 22 > 0 for all (a,b) € (—2,0) x (0,2) and

—2 b—2)—e2
Bs(u):= exp ) ———— a ) —eiu .
ay/a(b—2) — &2 g1u+ 2a

The explicit computation of Fy(ji) for arbitrary fi requires a primitive of u + (Ma(u) — M2 (0)) u=1=*, which
is not feasible because Ma(u) = La(u)02 K (u,0) where

2 (b*l)U*52

02K (u,0) = = L+ 5ur n2u2)2.

To bypass this problem the strategy is to compute only the first order Taylor’s expansion of this function
at (e1,e2) = (0,0). In doing so we get

MQ(U) — MQ(O) = M u(l + 772U2)727%

a2
— 2(b—1) u(l+ n2u2)_3_% ((1 + 772u2) arctan(y/mzu) + /n2(1 + 2a)u)51
a*\/m

= 2 () = e ko)

Thus, on account of the parity of each coefficient with respect to u, if we write

too du
| el - 0(0)) 5 = mi 4 miter + mien + o e1,2) ) (47)
0
then it turns out that my = —mJ, m; = m] and m; = mj. Of course to obtain the above equality we

must prove that the higher order terms can also be neglected after integration. To show this let us note
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first that, as a matter of fact, the higher order terms do not depend on €5 because Ms(u; i) is linear in
this parameter. Therefore to get m(jf we need a result to pass the limit €1 — 0 under the integral sign, and
to get m{c a similar result for the derivation with respect to ;. With this aim we appeal to the results in
[31, §17.2] about improper integrals depending on a parameter. More concretely, Proposition 2, which is a
sort, of Weierstrass test for the uniform convergence of an improper integral depending on a parameter, and
Proposition 6, that gives sufficient conditions for the differentiation of an improper integral with respect to
a parameter. To this end the key points are that, on one hand, A = A\(ji) = —“T*z € (0,1) for i ~ fig due
to ag € (—2,—1) and, on the other hand, that By(u; ) and J., B2(u; 1) are bounded for u € (0, +00) and
€1 = 0 by a constant. That being said, some computations show that

2(b—1) [T b— 1)yt a

and

+oo T a+2 .
m;‘ = 2 ((1 +772U2)727% — 1)u%du = 7ﬁ7( 2a ) e

a2 2a2I‘(2a+1)7727 e

a

One can readily check in particular that mg > 0 for all (a,b) € (=2, —1) x (0,2). Computing m] is a little
more involved. In this case

4 ]. +OO 1 2 Foo 1 2
—2ba71mf :—/ (14 neu?)~?"a arctan(\/%u)u1+3du+(1+2a)/ (14 neu?) 3 auTadu
(b—-1) 2 Jo 0
Y G~ WY S 1o
“4(l+a)  A(at DT (2P 4T ()

and after some simplifications we get that

L VAL (T(52) VR s
L 2a2(a 4 1) 12 '

m

On the other hand,

_ oo q(u,0)  q(—u,0) u——L
6= | (g<u> o )d RPN (e e

so that exp(Gy) = 1 + ——22—¢; +o(e1) due to a < 0. Accordingly the substitution of (47) in (46) yields

a3 (b—2)

21

Fy=mg +mje1 +myes+ (1 + 3(1)2)€1> (mg +mier +mfea) +o(||(e1,22)]])
Wb —

_ _ 2 _
=my —I—ma”—i- <m1 +mi + )mf{) g1+ (m2 +m;)52+0(”(61,52)H)

a3(b—2

™
=2 <m1+ + Mmé) o1+ 2mifea +o( (41, o))

and let us note that

+77ﬁbf]_r(3%22) 730.1»2
7a3(b_2)m0 = 2a2a+1r(2a+1)n2 2a

a

43



2(a+2)(b—1
& %m; so that

+ s _
Hence mi + aS(b_Q)m =
2(a+2)(b-1)

R = () (00

€1+e2+ O(||(€1,€2)|)> with p3(fio) > 0.

Finally, from (45) and the last assertion in (2) of Theorem 2.1 we get that

2(a+2)(b—-1)

A2 (1)]eg=0 = K21 (R) ( (a+1)(b—2)

€1 +e2+ o(||(€1752)||)> + r22(f1) Ao(p)l.,—o With r21(fio) > 0.

Let us stress here that ko1 and koo are smooth functions in a neighbourhood of fig provided that ay €
(=2, —1). Consequently, since 6(u)|co—0 = 0 and 9.,0(uo) # 0, we get that

2(a+2)(b—-1)

A2(/J“) = 521(/1) ( (a_|_ 1)(b— 2)

€1 +e2 +o(|(e1, 62))) + a2 () Ao (1) + ka3 ()0 (1)

for some smooth function ko3 and this proves the assertion in (2).

So far we have studied the coefficient Ay assuming ag € (—2,—1), i.e.,, Ag < 1. Our next task is to do
the same for the coefficient A; assuming ag € (—1,0), i.e., A\g > 1. In this case, see (3), we have to compute

+o0 -
R == [ (31(2) = 3100 + explG) (M1 (=2) = 41(0) ) 7. (15)

where M (u) = L1(u)d1 (%) (0,u) with L (u) := exp (fou (m + %) dz—z) . In doing so exactly as before
we obtain that

135} 2 at2
Ly(u) = 1—|—a+2u+771u Bi(u),

where 71 := Q%_Q > 0 for all (a,b) € (—2,0) x (0,2) and

B (u):=exp < 262 <arctan ( /4bla+2) - e%u) )) .

(a+2)y/4b(a+ 2) — €3 eru+ 2(a+2)

Since one can also verify that

31(1) (0,u) = : 2 (1 —b)u+e

K "2 (1 )

it turns out that the function M (u) = Ly (u)0; (+) (0, w) is linear in ;. That being said, some computations
show that

Mi0) = Mi(0) = S (14 )5
! (af2)2 ()35 —1)
20D 2y~ (arctan(yi) — COTIVILY L
(a+2)3 b(a+2)(1+n1u ) ( t (\/ﬁ ) 1+ mu? )€2+ (g1, &2)]])-

Following the obvious notation, if we write

+oo
/ (M (£u) = My(0))u™ " Adu = n +nier +nyer + of||(e1, 22)])),
0
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then ny = —nd, nj = nf and n; = nJ due to the parity of each coefficient with respect to u. Here we
follow exactly the same strategy as before, by using the results from [31, §17.2] about improper integrals
depending on a parameter, to show that the higher order terms can be neglected after integration. Moreover

1
qn(1,2) 1 zqu(z,1) ) dz 2meg
Gz/ (+1++ == :
' —1 \Un+1(1,2) A laga(z1)) 2 (a+2)\/4b(a+2) — 3

so that exp(G1) =1+ W@ + o(e2). Accordingly, from (48) we can assert that

™

Fy=—(nd +nfer+nfe) — | 1+ ————=¢2 | (ng +nye1 +nyez) +o(|(e1,22)|)
ba + 2

_ _ _ s _
=-ng —ng — (ng +nf)er - <n2 +n§+b(a+2)3no> e2 +o([[(e1, €2)])
™
= —27711’»51 — (2“; — W”g) 1S + O(||(517€2)||)-

In order to compute this coeflicients let us note that

2(1-0) Foo 2043 du 1-0 —atl
p i Sl 1 2 at2 — at2
n (a+2)2 /() ( +771U ) Ul/)‘ (a+ 1)(a+2)771

and

. r (L) \
T 2 )2 /Jr ((1 +771U2)72;7r23 - 1) du \/77— 2(at?) | 2@
0

n; = (a+2 W t/x 2(a + 2)2 F(M) 1

a+2

The computations of ng is a little more involved. In this case

2)3./b 2 +o0 .
= 211@ ny Z/ (14 mu?)~ 572 arctan(y/mru)u™ A du
B 0

+oo
—(2a + 3 1 14 nu? 73aar25u1*1/>‘du
( IV (I+n
0

3a+4
_ rla+ 2)2 r (2(a+2)> NG —atl
- 4(a+1) F(2a+3) atr2 |
a+2

where to obtain the expression of the first integral we perform integration by parts. From here some
additional computations show that

_a+l 3a+4
atl ( )
o — ———ng V(b —1)n, ™ 2(a+2)

b(a +2)3 (a+1)\/bla+2)3° T (%)

and, on account of this,

+ s
2n; b(a+2)3 0 a(b—1)
2n} 2(a+1)b



Since nj < 0 for all a € (—1,0) and b € (0,2), we have that Fy (1) = pa(j1) (51 + %52 + o(||(€1752)||))

with p4(fig) > 0. Accordingly, the combination of (45) and the last assertion in (1) of Theorem 2.1 yields

800y = w0 () (214 g Dea + ollen,e0)) )+ mra() Aol o

with k11(fig) > 0. Finally, once again thanks to 0.,(ug) # 0, we can write

Aq(p) = ka1 () (51 + alb—1)

mEQ + 0(”(61’ 52)|)> + Rlz(ﬂ)Ao(M) + ng(u)d(u)

for some smooth function k13 in a neighbourhood of py. This proves the last assertion in (1) and completes
the proof of the result. [ ]
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